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Preface 


Fundamental Heat Transfer is a required course for all mechanical, chemical, 
nuclear, and aerospace engineering undergraduate students. This senior-level 
undergraduate course typically covers conduction, convection, and radia- 
tion heat transfer. Advanced Heat Transfer courses are also required for most 
engineering graduate students. These graduate-level courses are typically 
taught as individual courses named Conduction, Convection, or Radiation. 
Many universities also offer an Intermediate Heat Transfer or Advanced 
Heat Transfer course to cover conduction, convection, and radiation for engi- 
neering graduate students. For these courses, however, there are not many 
textbooks available that cover conduction, convection, and radiation at the 
graduate level. 

I have taught an Intermediate Heat Transfer course in the Department 
of Mechanical Engineering at Texas A&M University since 1980. This book 
has evolved from a series of my lecture notes for teaching a graduate-level 
intermediate heat transfer course over the past 30 years. Many MS degree 
students majoring in thermal and fluids have taken this course as their only 
graduate-level heat transfer course. And many PhD degree candidates have 
taken this course to prepare for their heat transfer qualifying examinations as 
well as to prepare for their advanced-level courses in conduction, convection, 
or radiation. This book bridges the gap between undergraduate-level basic 
heat transfer and graduate-level advanced heat transfer as well as serves the 
need of entry-level graduate students. 

Analytical Heat Transfer focuses on how to analyze and solve the classic heat 
transfer problems in conduction, convection, and radiation in one book. This 
book emphasizes how to model and how to solve engineering heat trans- 
fer problems analytically, rather than simply applying the equations and 
correlations for engineering problem calculations. This book provides many 
well-known analytical methods and their solutions such as Bessel functions, 
separation of variables, similarity method, integral method, and matrix inver- 
sion method for entry-level engineering graduate students. It is unique in that 
it provides (1) detailed step-by-step mathematical formula derivations, (2) 
analytical solution procedures, and (3) many demonstration examples. This 
analytical knowledge will equip graduate students with the much-needed 
capability to read and understand the heat-transfer-related research papers 
in the open literature and give them a strong analytical background with 
which to tackle and solve the complex engineering heat transfer problems 
they will encounter in their professional lives. 


xi 


xii Preface 


This book is intended to cover intermediate heat transfer between the 
undergraduate and the advanced graduate heat transfer levels. It includes 
14 chapters and an Appendix: 


Chapter 1 Heat Conduction Equations 

Chapter2 1-D Steady-State Heat Conduction 
Chapter3 — 2-D Steady-State Heat Conduction 
Chapter4 Transient Heat Conduction 

Chapter5 Numerical Analysis in Heat Conduction 
Chapter6 Heat Convection Equations 

Chapter 7 External Forced Convection 

Chapter 8 Internal Forced Convection 

Chapter9 Natural Convection 

Chapter 10 Turbulent Flow Heat Transfer 

Chapter 11 Fundamental Radiation 

Chapter 12 View Factor 

Chapter 13 Radiation Exchange in a Nonparticipating Medium 
Chapter 14 Radiation Transfer through Gases 
Appendix A Mathematical Relations and Functions 


There are many excellent undergraduate and graduate heat transfer text- 
books available. Although I do not claim any new ideas in this book, I do 
attempt to present the subject in a systematic and logical manner. I hope 
this book is a unique compilation and is useful for graduate entry-level heat 
transfer study. 

While preparing this manuscript, I heavily referenced the following books 
and therefore am deeply appreciative to their authors: 


W. Rohsenow and H. Choi, Heat, Mass, and Momentum Transfer, Prentice- 
Hall, Inc., Englewood Cliffs, NJ, 1961. 

A. Mills, Heat Transfer, Richard D. Irwin, Inc., Boston, MA, 1992. 

K. Vincent Wong, Intermediate Heat Transfer, Marcel Dekker, Inc., 
New York, NY, 2003. 

F. Incropera and D. Dewitt, Fundamentals of Heat and Mass Transfer, Fifth 
Edition, John Wiley & Sons, New York, NY, 2002. 


Finally, I would like to sincerely express special thanks to my former 
student, Dr. Zhihong (Janice) Gao (PhD, 2007). Janice spent a lot of time and 
effort to input most of the manuscript from my original Intermediate Heat 
Transfer Class Notes in 2005-2007. Without her diligent and persistent contri- 
butions, this book would be impossible. In addition, I would like to extend 
appreciation to my current PhD students, Jiang Lei and Shiou-iuan Li for 
their help in completing the book and drawings. 


Je-Chin Han 
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Heat Conduction Equations 


11 Introduction 
1.1.1 Conduction 


Conduction is caused by the temperature gradient through a solid mate- 
rial. For example, Figure 1.1 shows that heat is conducted from the high- 
temperature side to the low-temperature side through a building or a 
container wall. This is a one-dimensional (1-D) steady-state heat conduction 
problem if T4 and T» are uniform. According to Fourier's conduction law, the 
temperature profile is linear through the plane wall. 


1.1.1.1 Fourier's Conduction Law 


ga ect Sk (1.1) 


and 


H 


q "1 or q—4q'Ac 


where 4" is the heat flux (W/m7*), q the heat rate (W or J/s), k the thermal 
conductivity of solid material (W/mK), A. the cross-sectional area for 
conduction, perpendicular to heat flow (m?), and L the conduction length (m). 

Onecan predict heat rate or heat loss through the plane wall by knowing T1, 
T5, k, L, and Ac. This is the simple 1-D steady-state problem. However, in real- 
life application, there are many two-dimensional (2-D) or three-dimensional 
(3-D) steady-state heat conduction problems; there are cases where heat gen- 
eration occurs in the solid material during heat conduction; and transient 
heat conduction problems take place in many engineering applications. In 
addition, some special applications involve heat conduction with moving 
boundary. All these more complicated heat conduction problems will be 
discussed in the following chapters. 
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ee 


FIGURE 1.1 
1-D heat conduction through a building or container wall. 


1.1.2 Convection 


Convection is caused by fluid flow motion over a solid surface. For example, 
Figure 1.2 shows that heat is removed from a heated solid surface to cooling 
fluid. This is a 2-D boundary-layer flow and heat transfer problem. According 
to Newton, the heat removal rate from the heated surface is proportional 
to the temperature difference between the heated wall and the cooling fluid. 
The proportional constant is called heat transfer coefficient; and the same 
heat rate from the heated surface can be determined by applying Fourier 
Conduction Law to the cooling fluid. 


1.1.2.1 Newton’s Cooling Law 


dT 
[oM = h(Ts — Too) (1.2) 
V lat wall 
Also, 
dT 
e Kus | =0 
dy V 
h= (1.3) 
Ts z Tæ Ts = Too 
Velocity or thermal 
Air flow T boundary layer 
Heated surface, A, T, 
FIGURE 1.2 


Velocity and thermal boundary layer. 
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and 


H 


q "1 or q—4"As 


where T; is the surface temperature (°C or K), Too the fluid temperature (°C 
or K), h the heat transfer coefficient (W/m? K), kę the thermal conductivity of 
fluid (W/m K), A; the surface area for convection, exposure to flow (m2). 

It is noted that the heat transfer coefficient depends on fluid properties 
(such as air or water as coolant), flow conditions (i.e., laminar or turbulent 
flows), surface configurations (such as flat surface or circular tube), and so 
on. The heat transfer coefficient can be determined experimentally or analyt- 
ically. This textbook focuses more on analytical solutions. From Equation 1.3, 
the heat transfer coefficient can be determined by knowing the temperature 
profile in the cooling fluid during convection and then taking the cooling 
fluid temperature gradient near the wall. However, this requires solving 2-D 
boundary-layer equations and will be the subject of the following chapters. 
Before solving 2-D boundary-layer equations, one needs heat transfer coef- 
ficient as the convection boundary condition (BC) in order to solve the heat 
conduction problem. Therefore, Table 1.1 provides some typical values of 
heat transfer coefficient in many convection problems. As can be seen, in 
general, forced convection has more heat transfer than natural convection; 
water as a coolant removes much more heat than air; and boiling or conden- 
sation, involving phase change, has a much higher heat transfer coefficient 
than single-phase convection. 


1.1.3 Radiation 


Radiation is caused by electromagnetic waves from solids, liquid surfaces, or 
gases. For example, Figure 1.3 shows that heat is radiated from a solid surface 


TABLE 1.1 
Typical Values of Heat Transfer Coefficient 
Type of convection h, W/m? - K 
Natural convection 

Caused by AT : air 5 

Caused by AT : water 25 
Forced convection 

Caused by fan, blower: air 25-250 

Caused by pump: water 50-20,000 
Boiling or condensation 

Caused by phase change 

Water = Steam 10,000-100,000 


Freon — Vapor 2500—50,000 
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Any surface at Ty £, A, 


FIGURE 1.3 
Radiation from a solid surface. 


at a temperature greater than absolute zero. According to Stefan-Boltzmann, 
radiation heat rate is proportional to the surface's absolute temperature's 
fourth power, the Stefan-Boltzmann constant, and the surface emissivity. The 
surface emissivity primarily depends on material, wavelength, and temper- 
ature. It is between 0 and 1. In general, the emissivity of metal is much less 
than nonmetal. Note that radiation from a surface can go through air as well 
as vacuum environment. 


1.1.3.1 Stefan-Boltzmann Law 


For real surface, 
q" = oT? (1.4) 


For ideal (black) surface, £ = 1 


and 


where e is the emissivity of the real surface, £ = 0 — 1 (e metal < nonmetal e), 
T, the absolute temperature of the surface, K (K = °C + 273.15), o the Stefan- 
Boltzman constant, o = 5.67 x 1078 W/m? K4, and As the surface area for 
radiation (m?). 


1.1.4 Combined Modes of Heat Transfer 


In real application, often radiation occurs when conduction or convection 
takes place. This is called combined modes of heat transfer. For example, 
Figure 1.4 shows heat transfer between two surfaces involving radiation and 
convection simultaneously. 
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Surrounding wall, Tour» sur 


T „h 2 
d rad;net 


Machine or equipment 
Surface A at T,, £ A, 


FIGURE 1.4 
Heat transfer between two surfaces involving radiation and convection. 


Assume: surface A < surrounding sky or building wall surface, Tæ # Tsur 
(or, Too = Tsur) 

Total heat flux from the surface A is due to convection and radiation, and 
can be found as 


q” = Wconv + frad net (1.5) 
where 
Tonv = h(Ts — Too) 
Goad tick = eoT; = O&surO T Sur 
—so(T —Ti,), ife=a, eua 
= so(T2 + TR) Ts + Tsur)(Ts — Tsur) 
=h,(Ts — Tsur) 
Therefore, from Equation 1.5 
q” =h(Ts — Too) + hr(Ts — Tsur) (1.6) 
where 


hy = eo(Te RE T? (Ts + Tsur) (1.7) 


sur 


Also 


where a is the absorptivity, Tsur the surrounding wall temperature (°C or 
K), £sur the emissivity of the surrounding wall, h, the radiation heat transfer 
coefficient (W/m? K), and As the surface area for radiation (m?). Total heat 
transfer rate can be determined by knowing Ts, Tsur, h, £, &ur, o, and As. 
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12 General Heat Conduction Equations 


If the temperature profile inside a solid material T(x,y,z,t) is known, the 
heat rate q through the solid can be determined as shown in Figure 1.5. As 
far as thermal stress is concerned, it is equally important to predict the tem- 
perature profile in some high-temperature applications. In this chapter, the 
general heat conduction equations will be derived. The general heat conduc- 
tion equation can be used to solve various real problems with the appropriate 
boundary conditions (BCs) and initial condition. The heat conduction can be 
modeled as 1-D, 2-D, or 3-D depending on the nature of the problem: 


1-D T (x) for steady state or T(x, t) for transient problem 
2-D T (x, y) for steady state or T (x, y, t) for transient problem 
3-D T (x,y,z) for steady state or T (x, y, z, t) for transient problem 


To determine the temperature profile, the following should be given: 


1. Initial condition and BCs 


2. Material thermal conductivity k, density p, specific heat Cy, and 
diffusivity a = k/pCp 


1.2.1 Derivations of General Heat Conduction Equations 


The general form of the conservation of energy in a small control volume of 
solid material is 


Ein — Eout + Eg — Eg (1.8) 


where Ein — Eout is the net heat conduction, Eg is the heat generation, and Est 
is the energy stored in the control volume. 

Figure 1.6 shows the conservation of energy in a differential control 
volume in a 3-D Cartesian (rectangular) coordinate. If we consider energy 


Ty 


y 


i 
z* 
FIGURE 1.5 


Heat conduction through a solid medium. 


T, 
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FIGURE 1.6 
The volume element for deriving the heat conduction equation. 


conservation in a 1-D system (x-direction only), 


0 
qx — e + rar) + Eg = Est (1.9) 


The conduction heat rates can be evaluated from Fourier's Law, 


oT 
x = E (1.10) 


With control surface area A, = dy dz, Equation 1.9 can be written as 


ə 
ox 


T 
( kdy deo) d+ Eg = Est (1.11) 


The thermal energy generation can be represented by 
Eg = ġ dx dy dz (1.12) 


where q is the energy generation per unit volume dx dy dz. 
The energy storage can be expressed as 


B d(pdx dy dz - Cy T) 


st 5i (1.13) 
Substituting Equations 1.12 and 1.13 into Equation 1.11, we have 
a oT $ 3 (p dx dy dz - Cp - T) 
ET (7) dx dy dz + ġ dx dy dz = P (1.14) 
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Dividing out the dimensions of the small control volume dx dy dz, Equa- 
tion 1.14 is simplified as 


D oT .  9(pCpT) 
uie = —_ 1.1 
Ox (i x) m ot (t43) 


If we consider energy conservation, in a 3-D system (x-direction, y-direction, 
z-direction), the heat equation can be written as 


T T 9(pC5T 
9 (m). ə c E ə c )ei- (pCpT) (1.16) 
Ox N Ox oy \ oy Oz \ OZ ot 


The thermal conductivity k, which is a function of temperature, is hard to 
determine. If we assume that k, p, and Cy are constants, then Equation 1.16 is 
simplified as 


T ƏT ƏT å 1əT 
= 1.17 
aca a kat d 


where a = k/pC, is the thermal diffusivity. 
In a 3-D cylindrical coordinate system as shown in Figure 1.7a, the heat 
conduction equation has the form of 


(1.18) 


183 9. 1əT ƏT cap 1əT 
r or 


"Or Page oe a 


In a 3-D spherical coordinate system as shown in Figure 1.7b, it has the 
form of 


1 94559T 1 ə3/. T 1 T à 1əT 
9 - 1.19 
r2 ðr ¢ x) uam (sin samnt aan ee) 


(a) $ (b) 
T(r, 9, 0) 


FIGURE 1.7 
(a) Cylindrical coordinate system. (b) Spherical coordinate system. 


Heat Conduction Equations 


1.3 


The physical conditions existing on the boundary should be known in order to 
determine the temperature profile in a medium by solving the heat conduction 
equation. Moreover, the initial condition T (x, 0) = Ti should also be known if 


Boundary and Initial Conditions 


the heat transfer is time dependent. 


1.3.1 


There are three kinds of BCs commonly found in many heat transfer 


Boundary Conditions 


applications [1]. 


1. 
2. 


1.3.2 


Initial condition, as shown in Figure 1.11, is required for the transient heat 


Given surface temperature T(0,t) = Ts, as shown in Figure 1.8 
Given surface heat flux, as shown in Figure 1.9a and b 
a. Finite heat flux 


dT (0, t) 
—k =q" 1.20 
ox S ( ) 
b. Adiabatic or insulated surface, which is a special case 
dT (0, t) 
—k——— =q" =0 1.21 
Ag qs (1.21) 
. Given surface convection, as shown in Figure 1.10 
dT (0,t 
—k À ) —h[Tos — T(0,t)] (1.22) 
x 


Initial Conditions 


transfer problem. 


T(x,0) =T; (1.23) 


T(x, t) 


FIGURE 1.8 
Boundary conditions—given surface temperature. 
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T(x, t) 


FIGURE 1.9 
(a) Finite heat flux. (b) Adiabatic surface. 


[o 
14 Simplified Heat Conduction Equations 
1. Steady state dT /dt = 0, no heat generation g = 0 


2T 
1-D E 

ax2 

?T 3T 
53b a PT 

ax2 ay? 

aT ƏT PT 
3-D =0 


FIGURE 1.10 
Convective boundary conditions. 


T(x, 0) = T; 


FIGURE 1.11 
Initial condition. 
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2. Steady state, 1-D with heat source—heater application 


Steady state, 1-D with heat sink—fin application 


aà?T 


q 
EL eui) 
əx? k 


3. Transient without heat generation ġ = 0 


?T 13T 
ip $4. ror 
ax2 aðt 

T ƏT 9T 
2-D zi ie 


9x2 3y aat 


2453 ST CERT VO T DOT 
9x2  8y? əz? sw OE 


The above-mentioned three kinds of BCs can be applied to the 1-D, 2-D, 
or -3-D heat conduction problems, respectively. For example, as shown in 
Figure 1.12, 


9T(0, y,t . 7 
=0, ke) =0 (adiabatic surface) 
9T (a, y,t : 
x=a, RD = h[T(a,y,t) — Tæ] (surface convection) 
aT (x, 0,t 7 
y=0, oe =q" (surface heat flux) 


y=b, T(x,b,t)=Ts (surface temperature) 


Remarks 


In general, heat conduction problems, regardless of 1-D, 2-D, 3-D, steady 
or unsteady, can be solved analytically if thermal conductivity is a given 
constant and thermal BCs are known constants. The problems will be ana- 
lyzed and solved in Chapters 2 through 4. However, in real-life applications, 
there are many materials whose thermal conductivities vary with tempera- 
ture and location, k(T) ~ k(x, y, z). In these cases, the heat conduction equation 
shown in Equation 1.16 becomes a nonlinear equation and is harder to solve 
analytically. 
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T, 
y 
Insulated 4 Toh 
> 
Vile ee ee 
q" 


s 


FIGURE 1.12 
Heat conduction in 2-D system with various boundary conditions. 


In addition, in real engineering applications, it is not easy to determine the 
precise convection BC shown in Figures 1.10 and 1.12. These require detailed 
knowledge of complex convection heat transfer to be discussed in Chapters 6 
through 10. 


PROBLEMS 


1.1 Derive Equation 1.18. 

1.2 Derive Equation 1.19. 

1.3 a. Write the differential equation that expresses transient heat 
conduction in 3-D (x, y, z coordinates) with constant heat 
generation and constant conductivity. 

b. Simplify the differential equation in (a) to show steady-state 
conduction in one dimension, assuming constant conductivity. 

c. If the BCs are: T = T1 ...at...x = x1, T = T2 ...at... X = X2, 
solve the second-order differential equation to yield a temper- 
ature distribution (T). Express the answer (T) in terms of (T1, 
To, X, X1; x2). 

d. Using the Fourier law and the results from (c), develop an 
expression for the heat rate per unit area, assuming constant 
conductivity. Express your answer in terms of (k, T1, T2, x, x2). 


|. —— 1] 
Reference 


1. F. Incropera and D. Dewitt, Fundamentals of Heat and Mass Transfer, Fifth Edition, 
John Wiley & Sons, New York, NY, 2002. 
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1-D Steady-State Heat Conduction 


E 
2.1 Conduction through Plane Walls 


For 1-D steady-state heat conduction in plane wall shown in Figure 2.1, with- 
out heat generation, the heat conduction equation 1.17 can be simplified as 


a?T 
—~ =0 2.1 
ad (2.1) 
dT 
T 
Equation 2.1 has the general solution 
T —cx-4c (2.2) 


with boundary conditions: 


atx=0, T = T3 = c1 -0+ 220 


atx=L, T = T2 = cL + c2 


Solve for cy and c5, 


Ts2 — Ts1 


L 7 C2 = Ts1, 


C1 = 
Substituting c1 and c» into Equation 2.2, the temperature distribution is 


Ts1 — Ts2 
——————X 


T(x) = Ts1 = L 


(2.3) 


Applying Fourier's Conduction Law, one obtains the heat transfer rate 
through the plane wall 


q= paor -pa — Ts» = Ts1 —Ts2 


ax L ~ (L/KA) Ge) 
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Toi h 


i t Cold fluid 

Hot fluid | | 

k, T, h; 

01—» x L 
Ta Ti Ts, Ta» 
q — ANANAS ww" www. _e > 97 
1 L 1 
Ah, Ak Ah, 


FIGURE 2.1 
Conduction through plane wall and thermal-electrical network analogy. 


The heat transfer rate divided by the cross-sectional area of the plane wall, 
that is, heat flux is 
7 q oT Ts LT Ts» 


7 —A ax L m) 


At the convective surfaces, from Newton's Cooling Law, the heat transfer 
rates are 


_ _ Tæ, ud Ts1 
q = Ahı (Too — Tg1) = Am (2.6) 
and 
Ts,2 — Too 
= Ah (Ts2 — T2) = m 2.7 
q 2(Ts,2 — Too 2) ZUS (2.7) 


Applying the analogy between the heat transfer and electrical network, one 
may define the thermal resistance like the electrical resistance. The thermal 
resistance for conduction in a plane wall is 


L 
Reond = kA (2.8) 


The thermal resistance for convection is then 


1 
Rcony = Ah (2.9) 
The total thermal resistance may be expressed as 
1 L 1 1 
Riot = aly (2.10) 


AM KA A, UA 


where U is the overall heat transfer coefficient. 
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Similar to electric current, the heat rate through the wall is 


— Tæ, ES T 00,2 a Too = Too 
(1/Ahy) + (L/kA) + (1/Ahz) Riot 


q = UA(To0,1 = T 0,2) (2.11) 
Figure 2.2 shows conduction through two plane walls with contact resistance 

between them, the total heat resistance becomes 
1 Li Ry Lz 1 


Ris = 
tot Ahı P kA T A E koA T Ah» 


(2.12) 


where Ry. = (T, — Tp/(q/A)) = pre-determined (depends on contact material 
surface roughness and contact pressure). 


2.1.1 Conduction through Circular Tube Walls 


1-D steady-state heat conduction, without heat generation, in the radial 
system shown in Figure 2.3, can be simplified from Equation 1.18 


1d / dT 
ee =C 
dr 


The general solution of Equation 2.13 is 
T(r) 2c«lnr-4 co 
with boundary conditions 
atr=n, T = Ts1 = c1 Inrit+eco 


atr=r, T =T;2 = cln +c 


Contact surface 
Tai hı P 


11 


Hot fluid 


kp, Oy 


Cold fluid 


FIGURE 2.2 
Temperature drop due to thermal contact resistance between surface a and surface b. 
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Inside 


hot fluid N X p 


T; Tong hy Outside 
cold fluid 


1 In(r/r;) 1 
hi2nr,l 2nkl h32nrjl 


FIGURE 2.3 
Conduction through circular tube wall. 


Solve for c4 and cz, one obtains the temperature distribution 


Ts = Ts r 


AN ten In(ro/r1) m 


(2.14) 


The heat transfer rate can be determined from Fourier’s Conduction Law as 


dT aps ope 
= —kA— = —k2nrl— = — S 
1 dr ar ^ (n(/ri/2zk 


(2.15) 


At the convective surface, from Newton's Cooling Law, the heat transfer 
rates are 


Too — Ts 
q 1/3 (Too s1) (A/A) 
and 
Ts2 — Too2 
q 2h2(Ts,2 00,2) (1/Ashy) 


where the cross-sectional area for conduction is A = 2mrl, Ay = 2xil, A? = 
2mrgl. 

Applying the electrical-thermal analogy, the heat transfer rate is 
expressed as 


q= Too = Too 2 Too — To0,2 
(1/hy2nry1) + (dn r2/r1) /2xkl) + (1 /h22 212!) Riot 
= UA(T.,1 — Too) (2.16) 


where U is the overall heat transfer coefficient, UA = U14A1 = U242. 
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If we consider radiation heat loss between the tube outer surface and 
surrounding wall, 


4 4 
(]radiation = A220 (T52 — Tour 


= Aso (T2, + T2.) (Tao + Tour) (Ts — Tsur) 
= A»h, (Ts = Tsur) 


where 
h, = eo(T2) + To) (Ts2 + Tsur) 


and 


q = Yconv + frad 
= Azh2(Ts,2 S Too2) + Agh;(Ts,2 = Tsur) 


If Tsur = To0,2, then 


1 In(r/71) 1 
hy 2x7l 2xkl (ho +h,)2nrol 


Rit = (2.17) 


For three concentric cylindrical walls, with radius r1, r2, r3, r4, respectively, 
the total heat resistance becomes 


1 In T2 [T1 In 13/T2 In ra/ra 1 


Riot = 
tot y2arl — 2x 2xkjl 2xks | ha2nral 


2.1.2 Critical Radius of Insulation 


Consider a tube of insulating material with inside radius r; at constant tem- 
perature T;. At the outside radius of the insulating tube, ro, a surface heat 
transfer coefficient h may be assumed for convection from the outside surface 
of the insulation to the atmosphere at temperature Ta. From Equation 2.16 
for this case: 

Ti — To; 
^ (In(ro/r)) /2xkl) + (1/R2nrol) 


q 


If I, Tj, Too, h, k, and rj are all assumed to remain constant while ro varies, the q 
is a function of rg alone. As rg increases, the term 1/hr, decreases but the term 
(In ro/ri)/kincreases; hence, it is possible that q might have a maximum value. 
Take derivative of the above equation with respect to ro; then set dg/dro = 0 
and solve for (10) critical, the critical radius for which q is a maximum [1], 


k 
(To) critical = A (2.18) 
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FIGURE 2.4 
Flat plate heat conduction with internal heat generation and asymmetrical boundary conditions. 


where k is the conductivity of insulation material, h is outside convection 
coefficient from insulation material. If r; is less than (1) critical, q is increased 
as insulation is added until ro = (ro)aitica. Further increases in ro cause q to 
decrease. If, however, r; is greater than (ro)aiticai, any addition of insulation 
with decrease q (heat loss rate). 


NENNEN 
22 Conduction with Heat Generation 


1-D steady-state heat conduction equation with heat generation in the plane 
wall is (from Equation 1.17) 


ƏT ü 
pn 
% (2.19) 
dT — j "n 
dx k 1 
The general solution is 
ree 
T= aK +c1x + c2 


with asymmetrical boundary conditions [2] shown in Figure 2.4, 
_ TET 
at xL, T-T,,———L^-FaL-4cc 
’ 2k 
at x--L T-Ta--iCD'racD4o 


Solve for c4 and cz, one obtains the temperature distribution 


T(x) = 


ql? fi XY  T32-Tsax , TatTa 
2k 2 L 2 
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FIGURE 2.5 
Flat plate heat conduction with internal heat generation. (a) Symmetric boundary conditions. 
(b) Adiabatic surface at midplane. 


Applying symmetric boundary conditions shown in Figure 2.5a, at x = L, 


T = Ts; x = —L, T = Ts, solve for cı and cz, one obtains the temperature 
distribution 
+72 2 
gL x 
T(x) = T; + —{1-—= 2.20 
(x) S EE 2k ( 3 ( ) 


At the centerline of the plane wall, the temperature is 


To = T, + i (2.21) 
The heat flux to cooling fluid is 
"=— x LS = h(Ts — Too) (2.22) 
From Equation 2.20, one obtains 
GH) ase 
dx | ,=7, k 


From Equation 2.22, h(Ts — Too) = —k(—(@/kK)L) = qL. 
Therefore, the surface temperature in Equation 2.20 can be determined as 


aL 
Ts = Too + $- (2.23) 
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FIGURE 2.6 


Cylindrical rod heat conduction with internal heat generation. 


In 1-D steady-state cylindrical medium with heat generation, the heat 
conduction equation is (from Equation 1.18) 


1d dT 


Mid 


The general solution is 


dT ù > 
de a 05 
dT q C1 
dr |. Ee 


mE D 
T(r) = ar + cilnr +c 


with boundary conditions as shown in Figure 2.6: 
at r=0, —=0=¢ 


at r-ro, T-n--ideao 


Solve for c4 (c1 = 0) and c», one obtains the temperature distribution 


252: 2 
qro r 
= — [1- = 2.2 


m (2.26) 
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The heat flux to cooling fluid is 


dT 
" = A(T; — Too) = — — 2.27 
q (Ts oo) dr tos ( ) 
From Equation 2.25, one obtains 
dT (o 
dr ley, 2k 


From Equation 2.27, A(T; — To) = —k (- (qro/2k)) = (qro/2). 
Therefore, the surface temperature in Equation 2.25 can be determined as 


IEE paar se (2.28) 


23 Conduction through Fins with Uniform 
Cross-Sectional Area 


From Newton's law of cooling, heat transfer rate can be increased by either 
increasing temperature difference between surface and fluid, heat transfer 
coefficient, or surface area. For a given problem, temperature difference 
between surface and fluid may be fixed, and increasing heat transfer coef- 
ficient may result in more pumping power. One popular way to increase heat 
transfer rate is to increasing surface area by adding fins on the heated surface. 
This is particularly true when the heat transfer coefficientis relatively low such 
as air-side heat exchangers (e.g., the car radiators) and air-cooled electronic 
components. Heat transfer rate can increase dramatically by increasing many 
times of surface area with many fins. Therefore, heat is conducted from the 
based surface into fins and dissipated into the cooling fluid. However, tem- 
perature drops when heat is conducted through fins due to a finite thermal 
conductivity of the fins and the convective heat loss to the cooling fluid. This 
means the fin temperature is not the same as the base surface temperature 
and the temperature difference between the fin surface and the cooling fluid 
reduces along the fins. It is our job to determine the fin temperature in order 
to calculate the heat loss from the fins to the cooling fluid. 

In general, the heat transfer rate will increase with the number of fins. But, 
there is limitation on the number of fins. The heat transfer coefficient will 
reduce if the fins are too crowded. In addition, heat transfer rate will increase 
with thin fins with high thermal conductivity. But, there is limitation on the 
thickness of thin fins due to manufacturing concern. Here we are not inter- 
ested in optimizing the fin dimensions but in determining the fin temperature 
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Fin cross-section area 


FIGURE 2.7 
One-dimensional conduction through thin fins with uniform cross-section area. 


at a given fin geometry and working conditions. We assume that heat conduc- 
tion through the fin is 1-D steady state because the fin is thin. The temperature 
gradient in the other two dimensions is neglected. We will begin with the con- 
stant cross-sectional area fins and then consider the variable cross-sectional 
area fins. The following is the energy balance of a small control volume of 
the fin with heat conduction through the fin and heat dissipation into cooling 
fluid, as shown in Figure 2.7. The result of temperature distributions through 
fins of different materials can be seen from Figure 2.8. 


d 
dx — e + Mi ax) hAs(T — Too) 20 (2.29) 


where As = P dx, and P is perimeter of the fin, and qy is from Fourier’s 
Conduction Law shown in Equation 1.10. 


: ( kA) dx — hP dx(T — T4) = 0 (2.30) 


dx 


FIGURE 2.8 
Temperature distributions through fins of different materials. 
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If the cross-sectional area is constant, that is, Ae = constant, and k is also 
constant, Equation 2.30 can be simplified as 


^T^ hP 
da ga 7 =O 
, T (2.31) 
d^(T— Ta) AP 
T —To) 20 
dx? kA. ( œ) 
Let 0(x) = T(x) — Too, Equation 2.31 becomes 
do hP 
GE unc um 2.32 
dx? kA, » (292) 
Let m? = hP/kA., Equation 2.32 becomes 
dégt x 


The general solution is 
0(x) = ce” + coe Y 


with the following boundary conditions: 
At the fin base, 
x =0,T = Ty, then 0(0) = Ty — Too = 05 
At the fin tip, 
x = L, there are four possible cases 


1. Convection boundary condition —k(90T/8x)|,.j, = h(Tr — Too), then 
(00(L)/dx) = (h/ — k)6r 

2. The fin tip is insulated —k(8T/8x)|,.;j, = 0 or (00(L)/dx) = 0 

3. The tip temperature is given as T|x-; = Tr or 0(L) = Ty — T% = OL 

4. For a long fin, L/d > 10 ~ 20, Tl- = Too, or €(L) = Tx — T% = 0, 
which is an ideal case. 


Applying boundary conditions: 


x=0, 0(0)205 2c1- c2 


For case 1: av = Łe, that is, cime”! + co(—m)e"™ = —(h/k)(ce™ + 
cope 4), solve for c4 and c5, one obtains the temperature distribution as 
follows: 

0x)  T(x)- Ts, _ cosh m(L — x) + (h/mk) sinh m(L — x) 


= = 2.34 
Ob Tp — Too cosh mL + (h/mk) sinh mL ( ) 
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The heat transfer rate through the fin base (q¢) is 


CP dT n d6(0) 
gi dp c Ete dz. fAs dx 
sinh mL + (h/mk) cosh mL 


cosh mL + (h/mk) sinh mL 


(2.35) 


where M = vhPkAc®p 


mx 


sinh mx = SO 
2 
ex pe "x 
cosh mx = 
2 
d sinh mx 
—— = cosh mx-mdx 
dx 
d cosh mx 
—— zc sinh mx-mdx 
dx 


For case 2: d6/dx|,_;, = 0, that is, cyme"L — come" = 0, solve for c1 and 
c2, one obtains the temperature distribution through the fin base (qr) as 


0x) TG)-To _ cosh m(L — x) 


= = 2. 
Ob Tp — Too cosh mL (2.36) 
T 0 
qt = x = —kAc - = Aco (9 = y hPkA0, tanh mL (2.37) 
x=0 


For case 3: 0(L) = 01, that is, c1e"- + coe" = 6r, solve for c1 and c2, one 
obtains the temperature distribution and heat transfer through the fin base 
(qr) as 


0x) Tœ- Ta — (0r/0p) sinh mx + sinh m(L — x) 


E E 2.38 
Ob Tp — Too sinh mL ( 
dT [90 cosh mL — 07/05 
= qy = -—kA = hPkA, Op 2.39 
SUE © dx sg dx sinh mL E 


For case 4: very long fins, 0(L) = 0, then c1 = 0, c? = 65, we obtained the 
following temperature distribution and heat transfer rate through the fin base 
(qc) as 


— Lem (2.40) 


qr = qx = —kA S = = M = JhPkAOy (2.41) 
x 
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It should be noted that the above results can be applied to any fins with 
uniform cross-sectional area. This includes the fins with circular, rectangu- 
lar, triangular, and other cross sections as shown in Figure 2.7. One should 
know how to calculate the fin cross-sectional area A, and fin perimeter P 
(circumferential length) for a given uniform cross-sectional area fin geometry. 


2.3.1 Fin Performance 
2.3.1.1 Fin Effectiveness 


Most often, before adding the fins, we would like to know whether itis worth- 
while to add fins on the smooth heated surface. In this case, we define the fin 
effectiveness. The fin effectiveness is defined as the ratio of heat transfer rate 
through the fin surface to that without the fin (i.e., convection from the fin 
base area). 


Ne = (] with fin (2.42) 


without fin 


The fin effectiveness must be greater than unity in order to justify using 
the fins. Normally, it should be greater than 2 in order to include the material 
and manufacturing costs. In general, the fin effectiveness is greater than 5 for 
most of the effective fin applications. For example, for the long fins (case 4 fin 
tip boundary conditions), the fin effectiveness is 


A/hPKAc0y kP 
Ne= cA: "URS Ge) 


2.3.1.2 Fin Efficiency 


We would like to know the fin efficiency after we have decided to add the 
fins. The fin efficiency is defined in Equation 2.42 as the ratio of heat transfer 
through the fin surface to that through a perfect conducting fin (an ideal fin 
with infinite thermal conductivity as super conductors). 


iee (2.44) 


(max 


By definition, the fin efficiency is between 0 and 1. However, the fin effi- 
ciency is around 0.9-0.95 for most of the efficient fin application. For example, 
for long fins (case 4 fin tip boundary conditions), the efficiency is 


JPKA _ ... 
nf = PLO, = 90% (2.45) 
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In order to get the higher fin effectiveness and fin efficiency, we need to have 
a thin fin (larger P/A, ratio) with larger thermal conductivity k (aluminum or 
copper) and low working fluid heat transfer coefficient h (air cooling). 


q = fin + Qnon-fin 
q = Nnfdmax + h(Tp — Too)Anon-tin 


where N is the number of fins and 


max = h(Ty — Toc) As, fin 


dT 
in = —kA.—— 
ffin c dy bes 


It is important to point out that the temperature distribution through a 
fin varies depending on the aforementioned fin tip boundary conditions. In 
general, these temperatures are a decay curve from the fin base to the fin tip 
as shown in Figure 2.8. These decay curves are the combination of sinh and 
cosh functions shown above. In addition, the heat transfer rate through the 
fin depends on the temperature gradient at the fin base and the fin thermal 
conductivity. For example, the temperature gradient at the fin base is greater 
for the steel fin than the aluminum fin. However, heat transfer rate through 
the fin base is higher for an aluminum fin than for a steel fin for the same fin 
geometry and working fluid conditions. This is because the aluminum fin has 
a much larger thermal conductivity than the steel fin. 


2.3.2 Radiation Effect 


If we also consider radiation flux q7, the energy balance equation 2.29 can be 
rewritten as 


d H 
dx (a+ jax) hAST — Too) + Asq! — 0 


where qj = radiation gain from solar = constant, or q/ = radiation loss = 
—eo(T* — Té). If we consider q” = constant, the solution of above equation 
can be obtained by Equation 2.34 by setting 


However, if we consider q! = —to(T^ — Té), the above energy balance 
equation can be rewritten as 


d 
dx (a+ eax) hAs(T — Too) — scA,T — Té) = 0 
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If we let Too = Tsur, I = eo (T? + T^ P + Too), the above equation can be 
written as 
d(T— Ts)  (h-- h)P 
dx? kA. 


(T — Too) = 0 


The solution of the above equation can be obtained by numerical 
integration. 


2.4 Conduction through Fins with Variable Cross-Sectional 
Area: Bessel Function Solutions 


Most often, we would like to have a fin with decreasing fin cross-sectional 
area in the heat conduction direction in order to save material costs. In other 
situations, fin cross-sectional area increases in the heat conduction direction 
such as an annulus fin attaching to the circular tube (the so-called fin tube). In 
these cases, we deal with steady-state 1-D heat conduction through fins with 
variable cross-sectional area. Bessel function solutions are required to solve 
temperature distribution through these types of fin problems [2-4]. Figure 2.9 
shows the heat conduction through variable cross-sectional area fins and heat 
dissipation to working fluid. 
Consider the energy balance of a small control volume in the fin, 


d 
qx (a+ deas) BAT S Ty ZO 


dqx 
dx 


dx — RA,(T — Too) = 0 


where As = P dx, and P is perimeter of the fin, and qy is from Fourier’s 
Conduction law shown in Equation 1.10. 


T 
E ( e ) ax hP dx(T — Tx) = 0 
dx dx 


If k is constant, we have 


d dT\ hP 
=( =) a a a 
d d(T —Too)] hP eg) 
& |^ dx | pu cure 


For example, for an annulus fin with uniform thickness t as shown in 
Figure 2.9b, the fin cross-sectional area from the centerline of the tube is 
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FIGURE 2.9 
One-dimensional heat conduction through thin fins with variable cross-section area. (a) Conical 
fin; (b) annular fin; (c) taper fin; (d) disk fin. 


Ac = 2nr - t. The fin perimeter including the top and the bottom, P = 2 - 2nr. 
Let 0 = T — Too, Equation 2.46 becomes 


d 
dr 


0-20 


[o h - 4nr 


dr k 


d [ dé 2hr i 
d|d| k ~ 


d / do 2hr? 
rs (5) a= 


r (rp) -=o 


(2.47) 


where n? = 2h/kt. 


1. For heat generation problem—Bessel function: The solutions of 
Equation 2.47 can be a typical Bessel function with heat generation 
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as the following format: 


x5 E) -v)9=0 (2.48) 
0 = aoh (mx) --a1Yy (mx), v —0,1,2,... (2.49) 


2. For heat loss problem—Modified Bessel function: The solutions of 
Equation 2.47 can be the typical modified Bessel function with heat 
loss as the following format: 


dx eS) — (m x^ +V ) =0 (2.50) 
0 = aoh (mx) + a,K\(mx), v—0,1,2,... (2.51) 


Comparing Equations 2.47 and 2.50, r = x, the general solution of Equation 
2.47 is the same format as Equation 2.51 with v = 0 


(mr) = aglo(mr) + a1Ko (mr) (2.52) 


with the following boundary conditions: 
At the fin base, r = 4, T = Ty, then 0 = Tp — Too = Op. 
At the fin tip, r = r5, there are four possible cases as discussed before, 


1. Convective boundary 


oT d0(r2) | —h 
-k— =h(Ty -T = — 
ar y (Tro oo) or ar E 
2. The tip fin is insulated 
T 9 
E oT =0 9002) _ 
ar PNE or 


3. Top tip temperature is given 
Ther) — Ty Or (72) = Tr, — Too = br 
4. For a long fin r2/t > 10 ~ 20 
Tl=n =Too or (72) = Too — Too = 0 
For case 2, the fin tip is insulated, for example: 
At r=, 9= % = 4aolo(mr1) + a1Ko(mr), 
00(r2) = dlo(mr) T dKo(mr) 
or dr dr 


r=1r2 T-—ro 


At r-—r», 


= agml (mra) — aymK4(mr2) = 0, 
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where applying the properties of I and K, 


A = mlı(mr) and T = —mKı (mr) 
dr dr 


Solve for ag and a1 
Kı (mrz) 
ao = Ob 
Io(mri)K (nra) + h (mr2)Ko(mr1) 


PR I (mrz) " 
Io(mri)K3 (mr2) + h (nr2)Ko(mrni) 


one obtains the temperature distribution as 


0er)  T(r-Tso — lo(mr)KyGnro) + h(mr)Ko(mr) 


= = (2.53) 
0p Tp — To — Io(mri) Ki mra) + hy (mr2)Ko(mr1) 
Therefore, heat transfer through the fin base can be calculated as 
do do 
qr E E Qxr1)(t) dr. 
I K —-I K 
apes 1 nri) Ka (nr?) — h mr2) Ky (mnn) (2.54) 


Io (mr 1) Ki (nra) + l (mro)Ko(mri) 


And the fin efficiency can be determined as 


qf 


"E 2na- 020; 


It is important to point out that temperature decreases from the fin base 
to the fin tip depending on the specified fin tip boundary conditions. The 
temperature decay curve again is a combination of Bessel function Ig and Ko. 
The characteristics of Bessel functions J, Y, I, and K, and their derivatives are 
shown in Figure 2.10. 


2.4.4 Radiation Effect 


If we also consider radiation effect, q? = constant = positive value, then the 
above solution can be used by replacing 0 = T — Too — (q; /h). However, if we 
consider q? = —eo(T* — T and Too = Tsur, My = eo (T? + Tr + Too), the 
energy balance equation 2.46 can be written as 


d [a (h + hr)P 


dx dx jede cy 


The solution of the above equation can be obtained by numerical 
integration. 
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FIGURE 2.10 
The characteristics of Bessel functions. 


Examples 


2.1. A composite cylindrical wall (Figure 2.11) is composed of two materials of 
thermal conductivity ka and kg, which are separated by a very thin, electric 
resistance heater for which interfacial contact resistances with material A and 
B Rear Rope respectively. Liquid pumped through the tube is at a temper- 
ature To; ; and provides a convection coefficient h; at the inner surface of 


^ ^ 
R tc, A R tc,B 


NS hy Ts 


7 T. 
ka qp th 


qj» (213) 

Tai WA Te, 
qi eme Oi 2 > do 
1 In(ryrj) |. E In(r3/r) 1 
h;2nr, 2nky "OR “A onk, ho2nr3 


FIGURE 2.11 
Thermal circuit of a composite cylindrical wall and all resistance. 
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the composite. The outer surface is exposed to ambient air, which is at Too,o 
and provides a convection coefficient of ho. Under steady-state conditions, 
a uniform heat flux of qy' is dissipated by the heater. 


a. Sketch the equivalent thermal circuit of the system and express all 
resistances in terms of relevant variables. 


b. Obtain an expression that may be used to determine the heater tempera- 
ture, Th. 


c. Obtain an expression for the ratio of heat flows to the outer and inner 
fluids, qg/q;. How might the variables of the problem be adjusted to 
minimize this ratio? 


SOLUTION 


a. See the sketch shown in Figure 2.11. 
b. Performing an energy balance for the heater, Fin = Eout, it follows that 


Th E Too i 
A our = feb / = j 
h CT) = qi + qo (hi2xri)-1 + (In(ro/r)) /2xkg) + Rig 
Th — Too,o 


+ 
(ho2sr3)—! + (In(rs /r2)/2xkA) + Rr A 
c. From the circuit, 


qd, Th- Tæ)  Ci2nr)7! + (n (5/0) /2nkg) + Reg 
q . (Th = Tog). (ho2x73)7! + (In (r3/r2) /2nka) + RGA 


2.2. Heat is generated at a rate q in a large slab of thickness 2L, as shown in 
Figure 2.5a. The side surfaces lose heat by convection to a liquid at temper- 
ature Too. Obtain the steady-state temperature distributions for the following 
Cases: 


a. Q— ġo L — exp? | with x measured from the centerplane. 


b. q— a- b(T — Too) 


SOLUTION 


a. Å= ġo L zs eb? ] 
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dT 
Boundary conditions: x = 0, qm O (symmetry); x = L, 


dT 


Substituting the boundary conditions into the above equation to replace 
C1 and C, 


T- To= BEF 41 (4 -CY +A] 


oT +e [T-(Too- 2)]=0 


Solving the above equation, 


T= (Too — z) = Cj cos (b/k)'/? x + Cosin (b/k)'/? x 


Applying boundary conditions, 


Ve h cos (b/k) * (a/b) x 


T T. = 
u b?  hcos(b/k)'? L+ (b/k)'? sin(b/k) ^ L 

2.3. A long gas turbine blade (Figure 2.12) receives heat from combustion gases 
by convection and radiation. If reradiation from the blade can be neglected 
Ts « Too, determine the temperature distribution along the blade. Assume 


a. The blade tip is insulated. 
b. The heat transfer coefficient on the tip equals that on the blade sides. 
The cross-sectional area of the blade may be taken to be constant. 


SOLUTION 


If the blade is at a much lower temperature than the combustion gases, radi- 
ation emitted by the blade will be much smaller than the absorbed radiation 
and can be ignored to simplify the problem. An energy balance on an element 
of fin Ax long gives 


—kAc 8r + kAc a — hPAx(T — Too) + GradPAXx = 0 
x 


dx x+Ax 


Dividing by Ax and letting Ax — 0, 


dT AP Grad P 
TT = 
qo hee oO a 
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FIGURE 2.12 


A turbine blade modeled as a fin with constant cross-sectional area. 


Since rad is a constant, we rewrite this equation as 


2 
eal re 


which defines an "effective" ambient temperature Th = Too + qraq/h. Then 
the solutions can be obtained by replacing Too with Th- 


a. Insulated blade tip. 


T — (Too + qad/h) _ cosh m(L- x) 


Tp — (Too + Graa/h) cosh mL 


b. Tip and side heat transfer coefficient equal. 


T — (Too + Qrad/h) _ cosh m(L — x) + (h/mk) sinh m (L — x) 
Th — (Too + Graa/h) cosh mL + (h/mk) sin mL 


2.4. The attached Figure shows a straight fin of triangular profile (Figure 2.13). 


Assume that this is a thin fin with w >> t. Derive the heat conduction equation 


of fin: determine the temperature distributions in the fin analytically; and 
determine the fin efficiency. 


SOLUTION 
From Figure 2.13, 


d dT\  hdA 
a (F) kd (T7 To) =0 (2.55) 


tw dT | twdT 2hw y ET 
ET L dx k ( 00) = 
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LoS Tah 


= 


FIGURE 2.13 
A triangular straight fin with variable cross-sectional area. 


L(T — To) = 0 
ae de upra c Ie) 
do d 
2 2 = 
x am ge Lx0 =0 (2.56) 
where 
t 
AUS OX 
dA, = 2w dx 
02 T — T% 
2h 
Duct 
m= 
As c 2wL 


But we need z? (d20/dz?) + z(d6/dz) — z20 = 0, for the modified Bessel 
function solution 
So, Z2? ~ x, Z Jx 


From the solution form, lo (2m2), imply z ~ /x = 2m xL 


dx" AmVL. zx cH E m = 
de de dz d^e d (de) dz 
dx dz dx’ dx? dz\dx/ dx’ 
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Substituting into Equation 2.56 


z ao tag eae (2.57) 
The solution to the above equation is 

90 = Cy lo (Z) + Co Ko (2) 
Boundary conditions 


at x=0, Kyo > mw, Q=0, 


at x=L, 0=%, 


lo (2mvx1) 
PRS aan 
dT li (2 mL) 
=+kAc | = 95 ktwm — 
H= EA quie Se el) 
1 hQ mL) 
T qr E 1 


= hóp2wL — mL Ig(2 mL) 


2.5. A hollow transistor (Figure 2.14) has a cylindrical cap of radius ro and height 
L, and is attached to a base plate at temperature Tp. Show that the heat 
dissipated is 


i hmL 
nes Inkrot (Th O faa) Pa E (mro) sinh mL + h (mro) cosh m | 


lo (mro) cosh mL + h (mro) sinh mL 


where the metal thickness is t, m — (h/ke)!/2, and the heat transfer coef- 
ficient on the sides and top is assumed to be the same, h, and outside 
temperature, Toc. 


| 


> 


mM 
SN. 
eos sche See dE 
o 
14s 
= 


->| let: 


777777777 


Ty 


FIGURE 2.14 
A hollow transistor modeled as a fin. 
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SOLUTION 


The cap is split into two fins, (1) a straight fin of width 27ro and length L, and 
(2) a disk fin of radius ro. 
For the straight fin with T = Tp at x = 0, 


Ty — Too = C1 sinh mx + (Ty — Too) cosh mx; m= (hyk) (2.58) 
For the disk with dT/dr = 0 at r = 0, 
: 1/2 
h — Too = Qb (m); m= (h/kt) (2.59) 


The constants C4 and C, are determined by matching the temperature and 
heat flow at the join, 


T1(L) = Ta(to);  dT/dx| - dT /dr| (2.60) 


x=L rm 


Since kAc is the same for both fins at the junction. Substituting Equa- 
tions 2.58 and 2.59 into Equation 2.60 gives 


Cy Ip (mro) = Ci sinh mL + (Tp — Too) cosh mL 
-Ch (mro) = Cy cosh mL + (Th — Too) sinh mL 


Solving, 


lọ (mro) sinh mL + h (mro) cosh mL 


Ci (Tp — Too) lọ (mro) cosh mL + h (mro) sinh mL 


The heat dissipation is the base heat flow of fin 1, 


dT; 
qj = —kAc quies kAcmCy 


lọ (mro) sinh mL + f (mro) cosh mL 


= 2nkrot (Th — T. 
kot (Tp — Too) lo (mro) cosh mL + h (mro) sinh mL 


Remarks 


This chapter deals with 1-D steady-state heat conduction through the plane 
wall with and without heat generation, cylindrical tube with and without 
heat generation, and fins with constant and variable cross-sectional area. 
Although it is a 1-D steady-state conduction problem, there are many engi- 
neering applications. For example, heat losses through building walls, heat 
transfer through tubes, and heat losses through fins. In undergraduate heat 
transfer, wenormally ask you to calculate heat transfer rates through the plane 
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walls, circular tubes, and fins, with given dimensions, material properties, and 
thermal boundary conditions. Therefore, you can pick up the right formulas 
and plug in with these given numbers and obtain the results. 

However, in this intermediate heat transfer level, we are more focused on 
how to solve the heat conduction equation with various thermal boundary 
conditions and how to obtain the temperature distributions for a given phys- 
ical problem. For example, how to solve the temperature distributions for the 
plane walls, circular tubes, with and without heat generation, and fins with 
constant and variable cross-sectional area, with various thermal boundary 
conditions. In particular, we have introduced one of very powerful mathe- 
matical tools, Bessel function, to solve the fins with variable cross-sectional 
area with various thermal boundary conditions. This is the only thing new as 
compared to the undergraduate heat transfer. 


PROBLEMS 


2.1. The performance of gas turbine engines may be improved by 
increasing the tolerance of the turbine blades to hot gases 
emerging from the combustor. One approach to achieving high 
operating temperatures involves application of a thermal barrier 
coating (TBC) to the exterior surface of a blade, while passing 
cooling air through the blade. Typically, the blade is made from 
a high-temperature superalloy, such as Inconel (k ~ 25 W/m K) 
while a ceramic, such as zirconia (k ~ 1.3 W/m K), is used as 
a TBC. 

Consider conditions for which hot gases at Too,o = 1700 K and 
cooling air at Tæ, = 400 K provide outer- and inner-surface con- 
vection coefficients of ho = 1000 W /m? K and hi = 500 W/m? K, 
respectively. If a 0.5-mm-thick zirconia TBC is attached to a 5- 
mm-thick Inconel blade wall by means of a metallic bonding 
agent, which provides an interfacial thermal resistance of RE c= 


1074m? K /W, can the Inconel be maintained at a temperature that 
is below its maximum allowable value of 1250 K? Radiation effects 
may be neglected, and the turbine blade may be approximated as 
a plane wall. Plot the temperature distribution with and without 
the TBC. Are there any limits to the thickness of the TBC? 

2.2. 1-D heat conduction through a circular tube, as shown in Fig- 
ure 2.3. Determine heat loss per tube length as the following 
conditions: 

Given: 


Steam Inside the Pipe Air Outside the Pipe Steel Pipe AISI 1010 


Toot = 250°C Too» = 20°C 2r, = 60mm 
hy =500W/m2K hy = 25W/m?K 2r) = 75mm 
e = 0.8 


Find: q/L =? 
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2.3. 


2.4. 


2:5. 


2.6. 


FIGURE 2.15 


Heat is generated at a rate 7 in a long solid cylinder of radius 

o, as shown in Figure 2.6. The cylinder has a thin metal sheath 

and is immersed in a liquid at temperature Too. Heat transfer 

from the cylinder surface to the liquid can be characterized by 

a heat transfer coefficient h. Obtain the steady-state temperature 

distributions for the following cases: 

a. d = ġo L — (r/ro)?|. 

b. å =a+b(T — Too). 

1-D, a hollow cylindrical copper tube fin with constant cross- 

sectional area (Figure 2.15). Disk-shaped transistor dissipates 

0.2 W during steady state. Good insulation at the base plate. 

L = 15mm, ro = 7.75 mm, ri = 7.5 mm, Assume: hy = 0 (no cool- 

ing) 

t = 0.25 mm 

Air cooling: Too = 25°C, hy = 50W/m?K 

Find: copper tube temperature distribution. 

A thin metal disk, as shown in Figure 2.9d, is insulated on one side 

and exposed to a jet of hot air at temperature Too on the other. The 

convection heat transfer coefficient h can be taken to be constant 

over the disk. The periphery at r 2 R is maintained at a uniform 

temperature TR. 

a. Derive the heat conduction equation of disk. 

b. Determine the disk temperature distributions. 

c. Do you think the disk temperature is hotter at the center or the 
periphery? Why? 

Given a relatively thin annular fin with a uniform thickness, as 

shown in Figure 2.9b, that is affixed to a tube. The inner and outer 

radii of the fin are r; and ro, respectively, and the thickness of 

the fin is f. The tube surface (i.e., the base of the annular fin) is 

maintained at a temperature of Tp or T(rj) = Ty. Both the top 

and the bottom surfaces are exposed to a fluid at To. The con- 

vection heat transfer coefficient between the fin surfaces and the 

fluid is h. 

a. Derive the steady-state heat conduction equation of the annu- 
lar fin, and propose a solution of the annular fin temperature 
distribution with the associate boundary conditions. 


Th hy = 


TAM ur Ls 


Ty 
o zx Lr N 


Transistor 


A hollow cylindrical copper tube fin. 
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b. If during the air cooling, the annular fin has also received radi- 
ation energy from the surrounding environment, Tsur, can you 
sketch, compare, and comment on the fin temperature profile 
T(r) with that in (a)? 


2.7. Both sides of a very thin metal disk, as shown in Figure 2.9d, are 


2.8. 


2.9. 


2.10. 


heated by convective hot air at temperature Too. The convection 

heat transfer coefficient h can be taken constant over the disk. The 

periphery at r = R is maintained at a uniform temperature TR. 

a. Derive the steady-state heat conduction equation of the disk. 

b. Propose a solution method and the associated boundary con- 
ditions that can be used to determine the disk temperature 
distributions. Sketch the disk temperature profile T(r). Do 
you think the disk temperature is hotter at the center or the 
periphery? Why? 

c. If during theair heating, the disk has also emitted a netuniform 
radiation flux qf, qto the surrounding environment, derive the 
steady-state heat condition equation of the disk and propose 
a solution method to determine the disk temperature distri- 
butions. Can you sketch, compare, and comment on the disk 
temperature profile with that in (b)? 

The front surface of a very thin metal disk is cooled by convective 

air at temperature Too while the back surface is perfectly insulated, 

as shown in Figure 2.9d. The convection heat transfer coefficient h 

can be taken to be constant over the front surface of the disk. The 

periphery at r = R is maintained at a uniform temperature Tg by 

a heat source. 

a. Derive the steady-state heat conduction equation of 
disk. 

b. Determine the disk temperature distributions with the associ- 
ated boundary conditions. Sketch the disk temperature profile 
T(r). 

c. If during the air cooling, the disk has also emitted a net uniform 
radiation flux da q to the surrounding environment, derive 
the steady-state heat conduction equation of the disk and 
determine the disk temperature distributions. Can you sketch, 
compare, and comment on the disk temperature profile with 
that in (b)? 

A thin conical pin fin is shown in Figure 2.9a. Determine analyt- 

ically the temperature profile in the pin fin. Also determine the 

heat flux through the pin fin base. 

Given: 

Pin fin tip temperature: Tg > Too Pin fin height: l 

Pin fin base diameter: d Pin fin base temperature: Tp 

Cooling air at Too, h Hot wall at Tp 

The wall of a furnace has a height L — 1 m and is at a uni- 

form temperature of 500K. Three materials of equal thickness 

t — 0.1m, having the properties listed in the table attached, are 

placed in the order shown in the Figure to insulated the furnace 
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Air 
Furnace 
A|B 
500K c T..= 300 K 
V..=1.5 m/s 
1 2 3 4 


FIGURE 2.16 
A furnace composite plane wall model. 


wall (Figure 2.16). Air at Too = 300K blows past the outer layer 

of insulation at a speed of Vo; = 1.5m/s as shown in the figure. 

a. Assuming 1-D, steady conduction through the insulation lay- 
ers, calculate the heat flux from the wall to the surroundings, 
q. For this, choose the most appropriate of the following two 


correlations: 
hL 
T = 0.664 Rej Pr! (Rej, < 105; laminarflow) 
hL 0.8 1/3 5 
= (0.087Rej"^ — 850)Pr ^" (Rer, > 10°; turbulentflow) 


where h is an average heat transfer coefficient, Rey, is the 
Reynolds number based on L and Væ, and Pr is the Prandtl 
number of air. 

b. For the arrangement shown in the figure, calculate the tem- 
peratures at surfaces 2, 3, and 4. 

c. How should the materials A, B, C be ordered to obtain the 
steepest temperature gradient possible between surfaces 1 
and 2? 

d. For this new arrangement, calculate the temperatures at 
surfaces 2, 3, and 4. 


Material K(W/mk) p(kg/m?) V (kh/m s) Cp (kJ/kg K) 


A 100 

B 10 

C 1 

Air 0.026 1.177 1.846 x 10-5 1.006 


2.11. A very long copper rod of small diameter is moving in a vac- 
uum with a constant velocity, V (Figure 2.17). The long rod is 
moving from one constant temperature region, Tg, at x = 0, to 
another temperature region, Tr, (at x = L). Solve for the steady- 
state temperature distribution in the rod between x — 0 and L. 
Neglect thermal radiation. 
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Copper rod 


ves 


FIGURE 2.17 
A moving fin model. 


a. Write down the governing equation for axial temperature 
distribution when V = 0. 

b. Determine the axial temperature distribution which satisfies 
the specified boundary conditions when V — 0. 

c. Write down the governing equation for axial temperature 
distribution when V Æ 0. 

d. Determine the axial temperature distribution which satisfies 
the specified boundary conditions when V # 0. 

(Make any necessary assumption. For example, the thermal 

conductivity of the copper rod isk...) 

2.12. A thin long rod extends from the side of a probe that is in outer 
space. The base temperature of the rod is Tp. The rod has a diam- 
eter, D, a length, L, and its surface is at an emissivity, e. State all 
relevant assumptions and boundary conditions. 

a. Starting with an energy balance on a differential cross section 
of the pin fin, perform an energy balance on the rod and derive 
a differential equation that could be used to solve this problem. 

b. Sketch on the same plot the temperature distribution along 
the rod, and compare the heat loss through the rod for the 
following four cases: (1) The rod is made of aluminum; (2) 
apply paint on the aluminum rod; (3) the rod is made of steel; 
(4) apply the paint on the steel rod. 

2.13. Given a relatively thin annular fin with uniform thickness that is 
affixed to a tube. The inner and outer radii of the fin are r; and 
To, respectively, and the thickness of the fin is w. The tube surface 
(i.e., the base of the annular fin) is maintained at a temperature of 
Tp, or T (ri) = Ty. Both the top and bottom surfaces of the fin are 
exposed to a fluid at Too. The convective heat transfer coefficient 
between the fin surfaces and the fluid is h. 

a. Show that, to determine the steady 1-D temperature distribu- 
tion in the annular fin, T(r), the governing equation may be 
written in the form of a modified Bessel’s equation. 


dy 1dy 2 n 
=0 
dà xdx D d 


where y = y(x), and c and n are constants. 
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2.14. 


2.15. 


2.16. 


2.17. 


b. The general solution of the above modified Bessel's equation 
is y = CyIn(cx) + CoKn (cx), where Cy and C2 are constants, 
and In and Ky are the modified Bessel's functions of the first 
and second kinds of order n, respectively. Assuming that 
the heat transfer on the outer surface of the fin is negligible 
[i.e., dT/dr = 0 at r = ro], solve the governing equation to 
obtain the steady 1-D temperature distribution in the annular 
fin, T(r). 

c. You may also determine the steady 1-D temperature distribu- 
tion in the annular fin numerically using the finite difference 
method. Give the finite-difference equations for the nodes at 
r = rj and r = ro and for a typical interior node. Please rear- 
range the equations to give expressions for the temperatures 
at the nodes. 

An engineer has suggested that a triangular fin would be more 

effective than a circular fin for a new natural convection heat 

exchanger. The fins are very long and manufactured from Al 2024- 

T6. The triangular fin has an equilateral cross section with a base 

dimension of 1.0 cm and the second fin has a circular cross sec- 

tion with a 0.955 cm diameter. If the base temperature of the fin is 
maintained at 400? C, which fin will transfer more heat and which 
fin has a greater effectiveness? 


[h — 25 W/m? K, k2024-T6 = 177 W/mK, Too = 25°C] 
tin = (MPKA)? -0p eg = qn /hAcp 


A thin conical pin fin is attached to a hot base plate at Tp. The 
cooling air has temperature Too and convection heat transfer coef- 
ficient h. Determine analytically the temperature profile in the pin 
fin. Also, determine the heat flux through the pin fin base. 

Solve temperature profile for the annulus fin geometry as shown 
in Figure 2.9b, assume that the fin tip is exposed to convection 
fluid with same given temperature and convection heat transfer 
coefficient. 

Solve the temperature profile for the annulus fin geometry as 
shown in Figure 2.9b, assume that the fin tip is fixed at a given 
temperature between the fin base and the convection fluid. 


. Determine the solutions shown in Equations 2.36 and 2.37. 
. Determine the solutions shown in Equations 2.38 and 2.39. 
. Determine the solutions shown in Equations 2.40 and 2.41. 
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2-D Steady-State Heat Conduction 


3.1 Method of Separation of Variables: Given 
Temperature BC 


Most often heat is conducted in two dimensions instead of one dimension 
as discussed in Chapter 2. For example, we are interested in determining the 
temperature distribution in a 2-D rectangular block with appropriate BCs. 
Once the temperature distribution is known, the associated heat transfer rate 
can be determined. The following are the steady-state 2-D heat conduction 
equations without heat generation and the typical BCs with given surface 
temperatures. 


3T T 
320  9?0 ; 
TUT if let 0 = T — To (3.2) 


Boundary conditions: 


x = 0, T = 0 or x = 0, 0 = 0 homogeneous BC 
x =a, T = 0 or x = a, 0 = 0 homogeneous BC 
y =0, T = 0 or y = 0, 0 = 0 homogeneous BC 
y =b, T = T; or y = b, 0 = Ts — To = 06; nonhomogeneous BC 


Here, we defined a homogeneous BC as T = 0, or dT /dx = 0, ƏT /ðy = 0; 
0 — 0, or 00/dx = 0, 00/dy = 0, that is, temperature or temperature gradient 
at a given boundary surface (in the x- or y-direction) equals 0. In contrast, 
we define a nonhomogeneous BC as T Æ 0, dT /dx £0, dT/dy £0; or 0 £0, 
80/0x Æ 0,00/8y z 0, that is, temperature or temperature gradient at a given 
boundary surface (in the x- or y-direction) does not equal 0. 

Equations 3.1 and 3.2 can be solved by the method of separation of variable. 
By means of this, we can separate the temperature from depending on two 
directions, T (x, y), to one direction each, T (x) and T (y), respectively. The final 
2-D temperature distribution is a product of each 1-D temperature solution, 
that is, T(x, y) = T(x) - T(y). The following outlines the method of separation 
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Isofluxes 


Isotherm 


FIGURE 3.1 
2-D heat conduction with three homogeneous and one nonhomogeneous boundary conditions. 


of variable [1-4]. We need four BCs, two in the x-direction and two in the 
y-direction, to solve the 2-D heat conduction problem. One important note is 
that, among four BCs, only one nonhomogenoeus BC is allowed in order to 
apply the principal of separation of variable method. For a given problem, 
we need to make sure that only one nonhomogeneous BC exists either in the 
x- or in the y-direction. The principal of superposition will be used for the 
problems having two, three, or four nonhomogeneous BCs. We will begin with 
the simplest case, as shown in Figure 3.1, with given surface temperatures as 
BCs. Then we will move to more complicated cases with surface heat flux and 
surface convection BCs as well as the problems required in the principal of 
superposition. 


TG, y) = X@)YY) (3.3) 


Then take the derivatives 
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(3.4) 
ldX T1qdY 


X dx? Ydy 


The equality can hold only if both sides are equal to a constant as each side 
of Equation 3.4 is a function of an independent variable. The constant can 
be positive, negative, or zero. However, the positive number of the constant 
is the only possibility for the BCs in this case. The readers may note that 
zero and negative constants do not satisfy the BCs. Therefore, we express 
Equation 3.4 as 

1dXx 1dY 


2 
xa Ya” 


Then we have 


d?X /dx* + 32X =0 > X = X(x), the equation for two homogeneous 
BCs, 

d?Y / dy? -MY=053 Y= Y (y), the equation for one homogeneous BC, 

X(x) = C1 cos Ax + C» sin Xx, the solution for equation with two homo- 
geneous BCs, 

Y (y) = Cae! + C4e™ or (Y(y) = C3 sinh Xy + C4 cosh ry), the solution 
for equation with one homogeneous BC. 


Solve C1 and C» for the x-direction equation 


atx = 0, T = 0, > X = 0, then C4 = 0, 
atx =a,T = 0,=> X = 0,then C sin Aa = 0 > ya = n,n = 0,1,2,3,...and 
then, 


ni 
n= — 
a 


Therefore, 


X(x) = C sin UE 


48 Analytical Heat Transfer 


Solve C3 and C; for the y-direction equation at y = 0, T 20, Y = 0 = C3 + 
C4 > C4 = —C3. 


Y(y) = Cze ™™Y — Cze™Y = Ca (e «V — enl) 


With sinh(x) = (e* — e~*)/2, let C5 = C3/2, the above equation can be 
written as 
Y(y) = C5 sinh(4y) 


Then solve for the product equation, and let C2C5 = Cy. 


T(x,y) = XQ) - Y) = CaCs sin —— sinh Z = Y Cp sin — sinh ZY 
ü ü ü ü 


aty — b, T = T, = } Ca sin(nx /a)x sinh (nn /a)b. 
Multiplying both sides by sin(nnx/a) dx, one obtains 


. MTX . nux . nnb . max 
sin —— - T; dx = XC Cn sin — sinh — sin —— dx 
a a a a 
Cn can be determined by the integration over x, 


e J Ts sin(mzx/a) dx 
"5 fsin(nnx/a) sinh(nxb/a) sin(mnx/a) dx 


(3.6) 


C,=0, ifmznm; 


" J Ts sin(nxx/a) dx 
m f sin? (nxx/a) sinh(nnb/a) dx’ 


How does one perform integration? From the integration table, one 
obtains 


1. 


ü 
= (1 — cos(nx)) 
nu 


0,n = even 


ü ny] 
-£n-en-[2 


—,n = odd 
nt 


a 


>. [sin ax = a EE l un | _4 
a a 2 a jọ 2 


or 
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Therefore, one obtains 


_ Qn) - (-)"ITs 


Cn sinh (nxb/a) 


Finally, the 2-D temperature distribution follows: 


oo 
E . ATX ,, nmy 
T(x,y) = 2 Cn sin A sinh ER (3.7) 
oo 
(2/nn)[1—(-1)"]T,; . nax ,, nny 
T = j 
(x,y) 3 SERIA) sin : sinh : (3.8) 


The second-order partial differential equations (PDEs) T (x, y) are split into 
two second-order ordinary differential equations (ODEs) T (x) and T (y). The 
second-order ODE with two homogeneous BCs is the so-called eigenvalue 
equation. The solution of the eigenfunctions, sine and cosine, depend on 
the two homogeneous BCs. The eigenvalues, 4, can be determined by one 
of the two homogeneous BCs (either both in the x-direction, or both in the 
y-direction). The solution of the other second-order ODE is a decay curve 
of combining e(x) and e(—x) for an infinite-length problem, or sinh(x) and 
cosh(x) for a finite-length problem. The only nonhomogeneous BC will be 
used to solve the final unknown coefficient Cn. The integrated value C, can 
be determined by performing integration of sin, sin-square or cos, cos-square, 
depending on the given BCs, by using the characteristics of the orthogonal 
functions. 

If we let 0 = T — To, follow the same procedure, the 2-D temperature 
distribution becomes 


_ E . NTX .  NTY 
0(x,y) = 00y) = X Cn sin — sinh —= (3.9) 
ve Q/n;)[l- D] . nux | nxy 
0(x,y) = 3 REG sin 7 sinh : (3.10) 


3.2 Method of Separation of Variables: Given Heat Flux 
and Convection BCs 


3.2.1 Given Surface Heat Flux BC 


The following shows the similar principal of using the separation of variable 
method to solve the 2-D heat conduction problems with one nonhomogeneous 
boundary specified as surface heat flux or surface convection condition [2]. 
As the aforementioned procedure, we need to make all BCs homogeneous 
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FIGURE 3.2 
2-D heat conduction with three homogeneous and one heat flux nonhomogeneous boundary 
conditions. 


but one. For example, in Figure 3.2, the three temperature BCs become homo- 
geneous by setting 0 — T — T; and the only nonhomogeneous heat flux BC 
becomes g? = —k(80/8y). The solution will be the product of sine and cosine 
in the x-direction (two homogeneous BCs) and sinh cosh in the y-direction 
(one nonhomogeneous BC). As before, the nonhomogeneous heat flux BC will 
be used to solve the final unknown integrated value Cy. 

Given a long rectangular bar with a constant heat flux along one edge, 
other edges are isothermal. In order to obtain homogeneous BCs on the three 
isothermal edges, let 0 = T — T3. Laplace's equation, Equation 3.2, applies to 
this steady 2-D conduction problem. 


Boundary conditions: 


atx=0, y=0, x=a, 9=0 
aty=b, -—k(80/8y) = q; 


The solution is subject to the three homogeneous BCs with 0 replacing T, 


oo 
0x, y) = bye sin m sinh nny 
n=1 


Applying the last BC, nonhomogeneous, to solve for Cy, 


30 
ay 


A oo 
=- ds m . NAX NN nnb 
PE a k = 20 (sin z ) E cosh z 
—(9§/k) Jo sin(nzx/a) dx 
a (n7/a) cosh(nmb/a) Jo sin? (nnx/a) dx 
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b 
FIGURE 3.3 
2-D heat conduction with one convective boundary conditions. 
| Qs /Eya/nz)n — (-1)"] 
~ (nx/a) cosh(nnb/a)[(a/2)] 
| -(q;/K)Q/nr)l1 — (-1"] 
~  (nx/a) cosh(nmb/a) 
Therefore, we obtain 
= 2q'a[1 — (-1)"] nux nay 
T =T S i inh —- 3.11 
9) à » kn?x2 cosh(nnb/a) iur wa a Gap) 


3.2.2 Given Surface Convection BC 


A similar procedure can be applied for the only nonhomogeneous convection 
BC problem [2] shown in Figure 3.3. Again, the solution will be a product of 
sine and cosine in the x-direction and sinh and cosh in the y-direction, and 
the nonhomogeneous convection BC will be used to solve the final unknown 
integrated value of Cy. 

A long rectangular bar with one side cooled by convection and the others 
maintained at a constant temperature T1. 

Define 0 = T — T3. Laplace’s equation applies to this steady 2-D conduction 
problem. 


x0, O<y<b: 0z0, 
y=0, 0«x«a 0—0, 
x=a, O0O<y<b: 0=0, 
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T 
MT- To) = EL 

T-T 

y=b, 0<x<a: MT — T) - Te- TD] = A D 
kieres n 
dy 


The solution is subject to the three homogeneous BCs with 0 replacing T, 


oo 
6(x,y) = Y Cn sin i sinh id 
n=1 


and at y = b, applying nonhomogeneous BCs to solve for Cy: 


00 yc . nnxnmx h nnb h we . nnx inh nnb 0 
— = in cos = sin si 
əy Z EET HA" a Ere à a a is 


b h b h 
E sin VAL RU cosh pr + — sinh A Oso 
a a a k a k 


G= (1/k)85, fo sin(nxx/a) dx 


((nx/a) cosh(nxb/a) + (h/k) sinhinab/a) f sin? (nnx/a) dx 
0 
u (1/k)6s5 (a/nx) [1 — (-1)"] 
^. ((nr/a) cosh(nxb/a) + (h/k) sinh(nnb/a)) [(a/2)] 


E Qo0(2/nm) [1 — (-1)"] 
^. (sinh(nmb/a) + (nn/a)(h/k) cosh(nmb/a)) 


Therefore, we obtain 


T-T% _ Y (2/nx) [1 — (—1)"] sin(nzx/a) sinh(nxy/a) 


To —Ti 4 sinh(nnb/a) + (nx/a)(h/k) cosh(nnb/a) ey 


3.3 Principle of Superposition for Nonhomogeneous BCs 
Superposition 


In some applications, we may have all three kinds of surface BCs applied 
to a given problem. For example, Figure 3.4 shows a 2-D heat conduction 
problem with given surface temperature, heat flux, and convection BCs, 
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90 
h, T. h0-- oy 
20. Superposition 
T 2729 |T 0 Y 98, |g > 
q yp 99. 
oy 
90 90 90 
h0,--k — h0,--k — hð; = -k — 
dy dy oy 
"2o 98 o= -k 9& o= -k 995 
oy oy oy 
[S e 


FIGURE 3.4 
Principle of superposition for two-dimensional heat conduction with four nonhomogenous 
boundary conditions. 


respectively. The problem becomes involving three, nonhomogeneous BCs 
after letting 0 = T — Too. We have to use the superposition principal, split- 
ting the problem with three nonhomogeneous BCs into three individual 
problems [1]. For each of the problems, there is only one nonhomogeneous 
BC. Then the method of separation of variable can be applied. It is impor- 
tant to note that both the heat conduction equations and the associated BCs 
must satisfy the superposition principal, respectively, that is, 0 = 01 + 92 + 05 
for both heat conduction equation and four BCs. From the aforementioned 
discussion, we know how to obtain the solution for 0; (two homogeneous 
x-BCs and one nonhomogeneous at y = 0), 0? (two homogeneous y-BCs and 
one nonhomogeneous at x = 0), and 03 (two homogeneous y-BCs and one 
nonhomogeneous at x = b). Applying superposition, the final temperature 
distributions is 0 = 04 + 02 + 65. 


3.3.1  2-D Heat Conduction in Cylindrical Coordinates 


Figure3.5 shows 2-D cylindrical coordinate systems. The following equations 
can be solved using the method of separation of variables as discussed above. 
The detailed solutions can be found from any advanced heat conduction 
textbook. 


eT 1aT 190T 


xmi T2 387 02 T=R(NO(O) (3.13) 


1 T 2T 
Ofte) et 26 se EROE) (3.14) 
ror\ ar az? 
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T(r,0) 
z z 
^ 
T(r,z,0) T(r,z) 
r r 
f 
id 


FIGURE 3.5 
2-D heat conduction in cylindrical coordinates. 


3.4 Principle of Superposition for Multidimensional Heat 
Conduction and for Nonhomogeneous Equations 


3.4.4 3-D Heat Conduction Problem 


Sometimes we need to solve the 3-D heat conduction problems in Cartesian 
(rectangular) coordinates as shown in Figure 3.6. Basically, we are first to 
convert the 3-D into the 2-D heat conduction problem and then solve the 2-D 
problem by using the separation of variable method discussed earlier. The 
following is a brief outline on how to solve this type of problem. 

The steady-state 3-D heat conduction equation without heat generation is 


3T ƏT FT 


m ae an ° (3.15) 


T; T, 


T, 


FIGURE 3.6 
3-D heat conduction in Cartesian coordinates. 
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Let 0 = T — T1. 
The above governing equation and the associated BCs become 


920 " 920 " 929 — 
ox? ay? oz 


x = 0, 0 = 0, or 00/dx = 0; x = a, 0 = 0, two homogeneous BCs, 
y =0, 0 = 0, or 00/dy = 0; y = b, 9 = 0, two homogeneous BCs, 
z=0, 0 = 9; z =c, 0 = 0, one nonhomogeneous BC. 


Let 0 = X(x)Y(y)Z(z). Put its derivatives in the above 3-D heat conduction 
equation and obtain 


tax 1dY 1dz ., 


= = 1 
Xd? Y dy? tzaz SSH) 


This implies 


2 
X 
= SEN =0 (3.17) 
Id c 1 d?°Z ay 

Yd? Z dz? 


The last equation can be further written as 


—. +yu7Y =0 
(3.18) 
Z — (2+ p7)Z =0 


Therefore, we need to solve two eigenvalue equations. The x-direction solu- 
tion will be sine and cosine, the y-direction solution is sine and cosine, and 
the z-direction solution is sinh and cosh. The only nonhomogeneous BC 
in the z-direction will be used to determine the final unknown integrated 
value Cy. 

From the previous discussion, the solutions for X, Y, and Z follow: 


X Zi c1 cos Ax + c2 sin Ax 
Y Z c3 cos py + c4 sin py 


~ ZAJ KEU PFa 
Z S cse M+WZ E cce X^-Fu^Zz 
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3.4.2 Nonhomogeneous Heat Conduction Problem 


The problem of steady-state 2-D heat conduction with uniform heat genera- 
tion can be split into two problems shown below, 0(x,y) = wW(x,y) + o(x). We 
already know how to solve these two problems. 


8320 30 q 
S Vi end 3.19 
ax? ay? P 
9? 9? 
ae 
ax ay? 
p å 
EU itis 3.20 
ox T k ( ) 
where 
Vy = X(x)Y(y) = (c1 cos Ax + czsin Ax) - (ce? + c4e™”) 
Examples 


3.1 A 2-D rectangular plate is subjected to the following thermal BCs: 
x=0, O<y<b: T= 
x=a O<y<b: T=To 
y=0, O«x«a: T= 


y=b, 0«x«a: T=cx 


a. Derive an expression for the steady-state temperature distribution T(x, y). 
b. Sketch the isotherms and isofluxes. 


SOLUTIONS 
a. 
8320 320 
—L—20 (3.21) 
ax? gy? 


Let 6 (x, y) 2 X G9 - Y (y); 


X ax ay? 
32 
acc eg (3.22) 
a2 Y 


—.-MY20 (3.23) 
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X = C1 cos (Xx) + C5 sin (Ax) 
Y= Gye 9 + Gey 


0 = [Ci cos (Ax) + C» sin Q9] [Ge + Cae” | (3.24) 


Boundary conditions: 


i. x =0:0=0 
ii. x 2a:020 
iii. y 20:020 


iv. y = b: 0 = cx — To 

Applying BC (i) into Equation 3.24, C1 = 0 

Applying BC (ii) into Equation 3.24, C» sinh (a) = 0, Xn = nn/a. 
Applying BC (iii) into Equation 3.24, C3 = — C4. 


0 (x, y) = € - Ca sin (=) (gis? E eher) 


oo GRR nny (3.25) 
Dy = 2. Ch sin (—) sinh (—) 
n= 


Applying BC (iv) and using orthogonal functions to evaluate Cn, 


a _ A 
fo (cx — Tg) sin (nxx/a) dx (3.26) 


Cn = : 
sinh (nxb/a) f sin? (nxx/a) dx 
0 


a 


Je- To) sin (=) dx 


o 
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ad 
2 ! 
Je — To) sin (C dx = Z (— cos (nx)) + ‘ors (cos (nx) — 1) 
0 
a 2 T 
Je — Tp) sin (C dx = Z (EFE P [(-1)" 1] 
0 
f Ti 
Je — To) sin (=) dx = Z (—1)" (-ca + To) — Ug 
0 
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cx 


Isotherms 0 Isofluxes 


FIGURE 3.7 
Sketch for the isotherms and isofluxes. 


_ 2(-1)"*! (ca— To) — 2To 
m nx sinh ((nzxb/a)) 


Hence, 


2 & EY (ca— To)— To c (HA nny 
0 = 
(x,y) x 2. n sinh (nxb/a) sin ( A ) sinh ( : ) 


b. See the sketch in Figure 3.7. 


3.2. A long rectangular bar O < x < a,0 < y < b, shown in Figure 3.8, is heated 
at x = 0 with a uniform heat flux and is insulated at x = a and y = 0. The 
side at y = b loses heat by convection to a fluid at temperature Too. 


a. Determine the temperature distribution T (x, y). 


b. Sketch the isotherm and isoflux. 


0 oT _ a x 0 90 | a x 
pr oe 


FIGURE 3.8 
A long rectangular bar with heat flux as one nonhomogenous boundary condition. 
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SOLUTIONS 
a. 
2 2 
0 0 
CANNA NUNT (3.27) 
ax? y? 
Let 6 (x, y) = X 69 - YCyX 
18?x 2Y ə 
ETE 
X ax ay? 
3X ə 
— —A^X20 3.28 
z2 (3.28) 
2Y 3 
E uec (3.29) 
ay? 


X = C sinh (x) + C? cosh (x) 
Y = G sin (Ay) + C4 cos (Ay) 
0 = [Ci sinh Qo) + C cosh (Ax)] [C3 sin (xy) + C4 cos(xy)] (3.30) 


Boundary conditions: 

i. x = 0: qs = —k(80/8x) 

ii. x = a: 00/dx = 0 

iii. y = 0: 00/dy = 0 

iv. y = b: hð = —k(80/8y) 
Applying BC (iii) into Equation 3.30, C3 = 0. 
Applying BC (ii) into Equation 3.30, C1 cosh (Xa) + Co sinh (Xa) = 0, 

Cy = —C1 coth (Aa). 
9 = Cy [sinh (Ax) — coth (Xa) cosh (Xx) ] cos (Ay) (3.31) 

Applying BC (iv) into Equation 3.31, 


hCn [sinh (Ax) — coth (~a) cosh Q.)] cos (Xb) 
= +k Cn [sinh (Ax) — coth (Xa) cosh (.x)] sin (Xb) 


h 
àtan (Xb) = k 
oo 
0- Ji Cn [sinh (.5x) — coth (Ana) cosh (.5x)] cos (ny) (3.32) 
n=1 


where p tan (nb) = (h/k). 
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Applying BC (i) into Equation 3.26, 


oo 
qs = —k 5 Cn {[~n cosh anx) — coth (Ana) An sinh (.5x)] cos (Any) } 0 


n=1 


oo 
qs = —k 5 Cnn cos (Any) 
n=1 
b b 
qs 2 
UR | cos (Any) dy = | Cn cos* (Any) dy 
0 0 
qs à ex 2 sin (Any) cos (Any) : 
Eo sin (Any) = Cn zh n» f 


2qs sin (Anb) 
kin (sin (Anb) cos (Anb) + bàn) 


Ch = 


T Y 2qs sin (Anb) 
~ kin (sin (Anb) cos (Xnb) + bx.) 


n=1 


x [= sinh (nx) + coth (Ana) cosh (Anx)] cos (Any) 


3.3. A thin rectangular plate, O < x < a, 0 < y x b, as shown in Figure 3.9, with 
negligible heat loss from its sides, has the following BCs: 
x=0,0<y<bT=7, 
x=a0<y<bT=T 
y=0,0<x <a: qf =0 (insulated) 
y=b,0<x<a T= 


FIGURE 3.9 
A thin rectangular plate with two one nonhomogenous boundary condition. 
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a. Determine the steady-state temperature distribution. 
b. Sketch the isotherms and isofluxes. 


SOLUTIONS 
a. 

3T 3T 
— t —-0 
ax? ay? 

Let 0 = T — T4, then 
020 39 
— T —-0 
ax? y? 

Let 0 = 01 + 05, 
3204 026, 
eh es eS) 
ox? ay? 
820, 9285 
MAC TDI CEN 
ax? ay? 


64 = [Ci cosQ.x) + €» sin(ax)] [C3 cosh(ay) + C4 sinh. y)] 


x=0, 01-20, Cc; =0 
X=a, 04-0, —^a-—nm An =(nNa/a) n=1,2,3,... 
y=0, 00;/ay=0; — C420 


oo 
0 = 5 Cn cosh (Any) sin(5x) 


n=1 
= nib nux 
064(,b) = (B — 11) = 5 Cp1 cosh (=) sin (=) 
n=1 
z (T3 — 71) fo sin ((nxx/a)) dx 
~ cosh ((nxb/a)) fà sin? ((nxx/a)) dx 


|. (73 —T)a- (1—cos(nm)/nx). 203-0) [1- C0] 
= (a/2) cosh ((nxb/a)) = nx cosh ((nxb/a)) 


01 = 5 ADM CDS -cosh (777) sin (ZX) 


zn cosh ((nxb/a)) 


n=1 
Solution for 69 


6» = [Ci cosh(rx) + C» sinh(rx)] [Cs cosy) + C4 sinQay)] 
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y=0, 00/ay=0; — C420 
y=b, 0020; >hn=nn/2b 
x=0 


=0, 0020 C; =0 
oo 
0) = Y Cm sinhQnx) cos(rny) 
Nodd 


oo 
0»(a, y) = (T — T1) = Y, Cg sinh(.na) cos(any), 
Nodd 


(Tz — T1) JË cos ((nny/2b)) dy 
sinh ((nxa/2b)) m cos? (Any) dy 


Cu) = 


EJ A(T) — Ti) sin ((nx/2)) 
^ nx sinh ((nxa/2b)) 


where sin((nzx/2)) = (—1)9-1/2 for n odd 


oo 


ACD TOC DIA so dex nxy 
0) = h =i 
: 2 ny sinh ((nxa/2b)) m ( 2b ) cos ( 2b ) 


Finally, 


m 2m- T) SS [1- 00] DXyN , (xx 
T(x y)= h+ Wm 2 cosh (amb/ay ^ F ) sin ( z ) 


n=1 


An-n) (VP zx nny 
+ nx 2. sinh ((nxa/2b)) sinh ( 2b ) cos (55) 


Nodd 


3.4. Along rectangular rod O < x < a,0 < y < b, as shown in Figure 3.10, has the 
following thermal BCs: 


x=0, O<y<b:T=To 
x=a O<y<b:T=19+ Tisin(xy/b) 
y=0, 0<x<a:T=To 


y=b, 0<x<a:T=I19+ "h sin(nx/a) 


a. Determine the steady-state temperature distribution. 
b. Sketch the isotherm and isoflux. 
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T= To + T, sin(nx/a) 


yo MX 


T = To + T, sin(ny/b) 


T=Ty 


0 T=Tp a 


FIGURE 3.10 
A long rectangular rod with two nonhomogenous boundary conditions. 


SOLUTIONS 
a. Let @ = T — To, then 
a70 39 
ea rte eu 
ax2 oy? 
x=0; 020 
x=a; 0-—Tsin((xy/b)) 
y=0; 0-20, 


| (TX 
y=b; 0- Tz sin (=) 
Let 0 = 04 + 05 with 04 and 05 satisfying the following BCs at 


x=0, 620, 69-0 


x—a 04-20, 02 = Tı sin (ZZ) 


y=0, 01 =0, 090 = 0 


pot SiO) quee 
Solutions for 6; and 6» are obtained as 

inane am) 

rc e 


and T = To +9 
T = 19+ 91 + 92 
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Remarks 


In this chapter, we have introduced a very powerful mathematical tool, the 
method of separation of variables, to solve typical 2-D heat conduction prob- 
lems with various thermal BCs. In the undergraduate-level heat transfer, we 
normally employ the finite-difference energy balance method to solve the 
2-D heat conduction problems with various thermal BCs. The finite-difference 
numerical methods and solutions will be discussed in Chapter 5. Here we 
are more focused on the analytical methods and solutions for various 2-D 
heat conduction problems. In general, all kinds of 2-D heat conduction prob- 
lems with various BCs can be solved analytically by using superposition of 
separation of variables. 

The most important thing for applying separation of variable is that you 
have to set up your problem where only one nonhomogeneous BC is allowed. 
If you have more than one nonhomogeneous BC, you have to employ the 
superposition principle to split into two or three subproblems in order to 
use separation of variables. The problems become more complicated if you 
work with 3-D heat conductions with heat generation and with complex BCs, 
but they are still workable. However, if you are interested in solving for the 
2-D and 3-D cylindrical coordinate systems and for the 2-D and 3-D spherical 
coordinate systems with complex BCs, they are beyond the intermediate-level 
heat transfer, you need to look at the advanced heat conduction textbook for 
solutions. 

Another popular method is using the finite-difference method to be dis- 
cussed in the later chapter. It is particularly true when you deal with 
complicate BCs such as convection. In real-life engineering applications, the 
convection heat transfer coefficients normally are varied along the solid sur- 
face. This will cause additional complexity for the separation of variables 
because we normally assume the uniform convection BCs to simplify the prob- 
lem. This will not cause any complexity at all by using the finite-difference 
numerical method. 


PROBLEMS 


3.1. A long rectangular bar 0 < x xa, 0 < y < b, and a, b << L, the 
bar length, is heated at y — o and y — b, respectively, to a uniform 
temperature To and is insulated at x = 0. The side of x = a loses 
heat by convection to a fluid at temperature Too with a convection 
coefficient h. 

a. Write down, step by step, a solution method and associated 
BCs, which can be used to determine the bar steady-state 
temperature distributions. 

b. Sketch the heat flows and the isothermal profiles in the 
rectangular bar. 

3.2. An infinitely long rod of square cross section (LXL) floats in a 
fluid. The heat transfer coefficient between the rod and the fluid 
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3.3. 


3.4. 


3.5. 


3.6. 


is relatively large compared to that between the rod and the ambi- 

ent air, that is, hg >> h or hg = oo. Determine the steady-state 

temperature distributions in the rod with the associated BCs. 

a. Use the analytical approach. 

b. Sketch the isotherms and isoflux in the rod, if T; < To; and 
h — a constant value. 

A long fin of rectangular cross section (2LXL) with a thermal con- 

ductivity k is subjected to the BCs is shown on the sketch (the 

left side is kept at To, the right side is perfectly insulated, the 

upper side is exposed to a constant flux, and the lower side is 

exposed to a convection air flow). q” = constant; steam To, h = oo; 

air h = constant, Too. 

a. Determine the temperature distribution in the fin. 

b. Approximately plot the temperature and heat flow profiles in 
the fin, if To > Too. 

Refer to Figure 3.1, and determine the temperature distributions 

for 2-D heat conduction with the following BCs: 


(1) x20,T = To (2) x=0,T=To 
X —glr-ls x-—a,T-To 
y 2-06 T-—To y=0,T=Ts 
y =b,T = Ts y=b,T = To 
(3 x=0,T = To (4) x=0,T=Ts 
x=a,T=Ts v= 0, 2g. 
y=0,T=T y -06,T-— To 
y=b,T=To y=b,T=To 


Refer to Figure 3.2, and determine the temperature distributions 
for 2-D heat conduction with the following BCs: 


0 x=0,T=T; GO) x=0,T=T 
x=a,T=T x=a,T =T 
y=0,T=T y =0, qs = —k(ƏT/ðy) 
y =b, qg = —k(əT /dy) y-bT-T 

(3 x20 T-2T4 (4) x=0,q¢ = —k(8T/8x) 
x = 4,qg = —k(90T/àx) x=a,T=T 
y=0,T=T; y=0,T=T; 
y=bT =T y=b,T =T. 


Refer to Figure 3.3, and determine the temperature distributions 
for 2-D heat conduction with the following BCs: 


(1 x=0,T=T (2 x=0,T =T] 


x= a, T = Ta x-—a,oT-—T; 
y-06,T-2Ti y -0,—k(8T/8y) 

= h(T — Too) 
y —b,—k(9T/8y) = h(T — Too) y=b,T =T; 
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3.7. 


3.8. 


3.9. 


3.10. 


3.11. 


Analytical Heat Transfer 


(3) x=0,T=T, (4) x=0,—Kk(8T/8x) = (T — Too) 


x =a,—k(dT/dx) Sal Ti 
=h(T — Too) 

y=0,T =T; y=0,T =T; 

y=b,T =T y=b,T =T; 


Use the principle of superposition to determine the temperature 
distribution for 2-D heat conduction with four nonhomogeneous 
BCs shown in Figure 3.4. 

Refer to Figure 3.6, and determine the temperature distributions 
for 3-D heat conduction with the following BCs: 


( x=0,T=T Q) x20T-T 


x=aT=Ty x=a,T=T 
y=0,T =T; y=0,T = T1 
y=b,T =T; y=bT=T 
z=0,T=T 9 z=0,T=Tj 
2= 0.017 z= = To 


Refer to Equation 3.19, and determine the temperature distribu- 
tions for 2-D heat conduction with uniform heat generation with 
the following BCs: 


(1) x20,—-k(80T/8x) = 0 (2) x=0,T = To 
x =a,—k(dT/dx) = h(T — Too) x=a,T = To 
y =0,T = To y —0,—k(8T/8y) = 0 
y=b T =To y = b,—k(dT/dy) 
= h(T — Too) 


Obtain an expression for the steady-state temperature distribution 

T (x, y) in a long square bar of side a. The bar has its two sides and 

bottom maintained at temperature T1, while the top side is loosing 

heat by convection. Consider the surrounding temperature to be 

Too, the heat transfer coefficient at the top wall be denoted by h, 

and let the thermal conductivity of the bar be equal to k. 

a. Sketch the domain and write the governing equation and BCs 
for this problem. 

b. Define the temperature 0(x, y) = T(x, y) — Tı, and find a series 
solution using separation of variables. 

c. Using the BCs write the expression for the coefficients used in 
the series solution for 0(x, y), and write an expression. 

d. Write an expression for (T(x, y) — T1)/(Too — T1). 

Given a very long and wide fin with a height of 2L. The base of 

the fin is maintained at a uniform temperature of Ty. The top and 

bottom surfaces of the fin are exposed to a fluid whose temper- 

ature is Too (Too < Tp). The convective heat transfer coefficient 

between the fin surfaces and the fluid is h. 
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3.12. 


3.13. 


3.14. 


a. Sketch the steady 2-D temperature distribution in the fin. 

b. If you were to determine the steady 2-D temperature distribu- 
tion in the fin using a finite-difference numerical method, you 
would solve a set of algebraic nodal equations simultaneously 
for the temperatures at a 2-D array of nodes. Derive the equa- 
tion for a typical node on one of the surfaces of the fin. Please 
do not simplify the equation. 

c. Using the method of separation of variables, derive an expres- 
sion for the steady local temperature in the fin, in terms of the 
thermal conductivity of the fin, k, the convective heat transfer 
coefficient, h, the half-height of the fin, L, and the base and 
fluid temperatures, Tp and Too. 

Note that 


[cos? (aw)] dw = quw + sin (2aW)] 


om 


WwW 
and | [cos(aw) - cos(bw)] dw 20, when a z b. 
[U 


A long rectangular rubber pad of width a 2 W and height b — 2W 
is a component of a spacecraft structure. Its sides and bottom 
are bonded to a metal channel at constant temperature To, and 
the temperature distribution along the top of the pad can be 
approximated as a simple sine curve T = Tg + Tm sin(xx/W). 

a. Write the differential equation and BCs needed to solve for the 
temperature distribution in the pad. 

b. Find the solution for the temperature distribution from the 
differential equation and BCs. 

A long rod of right triangular cross section has the horizontal 
length “a” at temperature T, the vertical length "b" at temper- 
ature T5, and the inclined length perfectly insulated. Obtain an 
expression for the steady-state temperature distribution T (x, y) in 
the long rod of triangular cross section as stated. Assume that the 
thermal conductivity of the material of the rod is constant. 

A long rectangular bar < x < a, 0 < y x b, and a, b << L, the 

bar length, is heated at y — 0 and y — b, respectively, to a uniform 

temperature To and is insulated at x = 0. The side of x = a loses 
heat by convection to a fluid at temperature Too with a convection 
coefficient of hoo. 

a. Write down, step by step, a solution method and the associ- 
ated BCs, which can be used to determine the bar steady-state 
temperature distributions. You do not need to obtain the final 
solution of the steady-state temperature distributions. 

b. Sketch the heat flows and the isothermal profiles in the 
rectangular bar. 


67 


68 


Analytical Heat Transfer 


3.15. Given a very long and wide fin with a height of 2H. The base of 
the fin is maintained at a uniform temperature of Tp. The top and 
bottom surfaces of the fin are exposed to a fluid whose temper- 
ature is Tæ (Too < Tp). The convective heat transfer coefficient 
between the fin surfaces and the fluid is h. 

a. Derive an expression for the steady 2-D local temperature in 
the fin, in terms of the thermal conductivity of the fin, k, the 
convective heat transfer coefficient, h, the half-height of the fin, 
H, and the base and fluid temperature, Tp and Too. 

b. Sketch the steady 2-D temperature and heat flux distribution 
in the fin. 

Note that 


x. 
| [cos? (x) dx = ja [2ax + sin2ax)] and 
0 


x 
| Icos) -cos(bx)] dx =0 whena z b. 
0 
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Transient Heat Conduction 


The temperature in a solid material changes with location as well as with time, 
and this is the so-called transient heat conduction problem. We may have 
1-D, 2-D, or 3-D transient heat conduction problem depending on the real 
applications. However, some problems can be modeled as zero-dimensional 
(0-D) because the temperature in a solid material uniformly changes only with 
time and does not depend on location. This is a special case of the transient 
heat conduction problem. The finite-length solid material of 1-D, 2-D, or 3-D 
transient problem can be solved by separation of variable method and the 0-D 
transient problem can be solved by the lumped capacitance method. Figure 4.1 
shows typical finite-length solid materials of the 1-D transient problem for the 
slab (or the plane wall), cylinder, and sphere coordinates. The semiinfinite 
solid material of the 1-D transient problem can be solved by the similarity 
method, the Laplace transform method, or the approximate integral method. 
The unsteady 3-D heat conduction equation with heat generation is 


WT HT UT qc 1 aT 
əx?  0y? əz k aðt 


(4.1) 


The simplified case of the unsteady 1-D heat conduction equation without 
heat generation becomes 


eT 1əT 


TaT 2) 


We need both the initial and two BCs in order to solve the temperature 
depending on (x, t) as sketched in Figure 4.2. The solution of separation of 
variable method is 


T-—T(x,t) 


Initial condition: 


t=0, T(x,0) =Ti. 
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(a) ; (b) (c) 


-L — L —r 
x 
0 x r 
X c Bre Ae. Real ge M. OS x gg 4 
8; L à; fn. B, "x 0, fn) B, m 
Thick slab Cylinder Sphere 


FIGURE 4.1 
1-D transient heat conduction and the characteristic length. 


Boundary conditions: 


dT 
=0, — = 
E dx 
T(L,t 
ie eee cee, tesi ) AIT, 8) — Ta] 


De 
41 Method of Lumped Capacitance for 0-D Problems 


In real applications, many transient heat conductions in a solid material 
can be modeled as a 0-D problem. The important assumption is that the 
entire material temperature changes only with time. If that is the case, those 
solid geometries shown in Figure 4.1 can be solved by the following lumped 


i 
Txt) 
| yg” 
! NI 
EE h, Ta s I 
-L 0 L -L 0 L 


FIGURE 4.2 
1-D transient problems for a slab or a plane wall. 
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(a) 
0 
m fn(Bi Fo) 
8 
Pepe Neal, Alec ie ] 
4b caen E 
0-D Transient problem-lumped 1 pVe 
capacitance method Thermal time constant 
: > 
G U Ta t 
The solution of 0-D heat conduction 
FIGURE 4.3 


Method of lumped capacitance. 


capacitance method. Note that the lumped method can be applied to any irreg- 
ular geometry as long as the assumption of the entire material temperature 
uniformly changing with time is valid during the transient. Therefore, we do 
not need to solve for 1-D, 2-D, or 3-D transient conduction equations. 

Consider the energy balance on the solid material during the cooling (or 
heating) process as shown in Figure 4.3: 


d(pVCT) _ 


d hAs(T — Too) (4.3) 


Let 0 = T — T» then 


dé 
VC— = —hA,0 
p Cai s 


dó — hA, 
dt pVC 
hAs 
=|- 0dt 
| g | pVC : 


0_ T-T% — e7 (tAs/pVO) — e7 hLe/K) (at/L) — @—Bi-Fo =f(Bi,Fo) (44) 


6  Ti- Tæ 
where Bi = (hLc/k), Fo = (at/L2), Lc = (V/As) = (volume/surface area). 
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The above temperature decay solution is plotted in Figure 4.3. Therefore, the 
solid temperature can be predicted with time for a given material with certain 
geometry under the cooling or heating condition. The material with a smaller 
thermal time constant (x; = (pVc/RAs)) can quickly reach the environment 
temperature. 

Now, the question is under what condition the lumped capacitance solu- 
tion can be used. The answer is that the Biot (Bi) number must be less than 
0.1. Therefore, to use 0-D solution, the condition Bi = (hiL;/k) < 0.1 must be 
satisfied. The Biot number is defined as the ratio of surface convection (h, the 
convection heat transfer coefficient from the solid surface; Le, the characteristic 
length of the solid material) to solid conduction (k, the thermal conductivity 
of the solid material). The smaller Bi number implies a small-sized mate- 
rial with high-conductivity exposure to a low convection cooling or heating 
fluid. For the case of smaller Bi, the temperature inside the solid material 
changes uniformly (independent of location) with environmental cooling or 
heating during the transient. Of course, Bi — 0.1 implies that we may have 
10% error by using the lumped solution. The smaller Bi is better for using 
the lumped solution. Another point is that the solution can be applied to any 
geometry if the condition of Bi « 0.1 is valid. For a given solid geometry, 
the characteristic length Le = (volume/surface area) = (V/As). For example, 
as shown in Figure 4.1, the characteristic length Le = L is for a 2L-thick slab 
(plane wall), 


1 1 
Es zRo for the cylinder and Le = zRo for the sphere coordinate. 


4.1.1 Radiation Effect 


If we also consider radiation flux q7 and internal heat generation ġ, the energy 
balance equation 4.3 can be rewritten as 


d(pVCT) _ 


T hAs(T — Tx) +ġV + Asq! 


where q{ = radiation gain from solar flux = constant, or 17 = radiation loss = 
eo(T^ — T4); ġ = heat generation = I?R due to electric current and resistance 
heating — constant. 

If we consider q! = constant and ġ = constant, the solution of the above 


equation can be obtained by Equation 4.4 by setting 


jV + Asq! 
eere r6) 
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However, if we consider q = 0, but q! = —eo(T^ — T4 


sur); the energy balance 
equation can be rewritten as 


d(pVCT) _ 
dt ——— 


hA — Tæ) — eoAs (T4 — T4 


sur 
If let Too = Tsur, hr = eo (T? + Te + Too), the above equation can be 


written as 


A(T —Too) | (hA z 
a towe 5-69 


The solution of the above equation can be obtained by numerical 
integration. 


4.2 Method of Separation of Variables for 1-D and for 
Multidimensional Transient Conduction Problems 


4.2.1 1-D Transient Heat Conduction in a Slab 


The solution of the 1-D transient conduction problem for a slab (plane wall) is 
expected as T (x, t). The separation of variable method used for the 2-D steady- 
state heat conduction problem can be applied here if we consider T (x, t) 
similar to T (x, y). In other words, we separate the temperature T(x, y) into 
the product of T (x) - T(y) for the 2-D steady state and T (x, t) into T (x) - T() 
for the 1-D transient, respectively. Then we can follow the similar procedure 
as before in order to solve the 1-D transient problem [1]. 

For a 1-D plane wall transient problem, as shown in Figure 4.4a, with the 
convection BC, 

3T 1əT 


ax a Ot 


Let 0 = T — T% and 0(x, t) = X (x)t(t), then, 


320 130 
EN 4.5 
9x? aðt (45) 
d?X 
dz th X= 
x + at =0 


X = c sin Ax + c? cos Ax 


2 
T=c3e Mat 
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-L 0 L -L 0 L 


Constant surface 


Convective boundary condition temperature boundary condition 


FIGURE 4.4 
1-D transient heat conduction. 


Initial condition: 


0(x, 0) = 0; = Ti = Too 


Boundary conditions: 


00(0,t) — 0 
ax cy = 0 
Mi “ t) — AOL, t) —kc5(— sin XL) = hc» cos XL 


ksin(XL) - X = hcos(XL) 


h 
Aa = n cot(,L), 


hL 
Anl = T cot(A,L) = Bi cot(X4L). 
hn is determined by the convection BC. 
0 = C2 COS Xn X - cze ^ot = Cn COS(AnX) eet, 


where c; = C2C3. 
Applying the initial condition 


0; = Cy cos(Xax) e, 
0; cos(A4X) = Cy cos? (A.X), 


9i fo COS(Anx) dx u 0;2 sin X; 
E js cos? (x) dx ha Sin Ag COS An” 


n 


where X, L =, 
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= 0 =T — To = Y cn cos(ax) e f, 


B T-T% Y 2 sin n cos Aa (x/L) Leo. 


—— = 4.6 
0; Ti — Too eo) 


Ag + Sin Ay COS Ay 


In addition to T(x, t), the ratio of the total energy transferred from the wall 
over the time t is 


Q  [»CyITi - TG, t) dV 


= 4.7 
Qo oC, V (T; — Too) Ven 
1 0 
Lu 1——]dV 
V | ( x) i 
- y 2sin A, sin Ag Leo (4.8) 


Ag + Sin An COS Ag Xn 


where Fo = (at/L2). 
Similarly, for the case of a given surface temperature as BC shown in 
Figure 4.4b, 
aT(0,t 
(0) _ 0 
ax 
atx=L, T(L,Ð) =T; 


atx=0, 


The solution can then be obtained as 


@ T-T xw 2c 1Y x — (n1) stro 
aen te deeem i ind 


4.2.2 Multidimensional Transient Heat Conduction in a Slab (2-D or 3-D) 


The governing equation for multidimensional heat conduction, as shown in 
Figure 4.5, is 


00 30 80 180 


= 4.10 
axe ay? + 32 aai malt) 
O, y, z, t) = x Go t) : Oy(y, E) + 92G, t) (4.11) 

920, 10806, 

ax2 a at 

2 

Pe, 190 

9y? a 8t 

070, 10, 
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FIGURE 4.5 
Multidimensional transient heat conduction. 


where 0,(x,t), 0, (x, t), and 9,(x,t) can be solved by the aforementioned 
method of separation of variables with a given surface temperature or 
convection BCs. 


4.2.3 1-D Transient Heat Conduction in a Rectangle with Heat Generation 


The governing equation for 1-D transient heat conduction with heat 
generation is 


4. 100 
+= (4.12) 


The temperature profile can be solved by separation of variables. For 
example, to use the separation of variables method, we define 


0 = 61(x) + o2 t) (4.13) 
d26, q 
dx? j k n 


where 6; can be solved by 1-D heat conduction with internal heat generation 
and 6? can be solved by the aforementioned method of separation of variables 
with a given convection or surface temperature BCs. 

For 3-D transient heat conduction with heat generation, as shown in 
Figure 4.6, the following equations can be used to solve temperature profiles 
T(x,y, z, t) or 0(x,y,z,t): 


3e 3/0 36 4$ 190 
8x32 0y? 02 k aðt 


(4.14) 


6 = 01x) + 610) + 01(z) + 62x, £) Oyy, D) * 922(Z, t) (4.15) 
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FIGURE 4.6 
Multidimensional transient heat conduction with heat generation. 


where 
820 
11o 
Ox? k 
020», 139z 
ax2 a ðt 
920», 1865, 
9y a Ot 
920», 13065; 
əz? a ðt 


A general form of the solution of 1-D transient heat conduction with the 
convection BC applicable to a slab, a cylinder, and a sphere, as shown in 
Figure 4.1, can be written [2] as 


oo 
NU 
B= Y Of Onn es (4.16) 
: n=1 
Q = 2 
a; 71- DE CaF On) en? (4.17) 
Qo at 
Geometry 0x, t) Cn f Oan) FO) 
Slab (820/8x2) (2sin X4/ cos(hy (x/L)) Sin An/ hn 
= (1/a)(6/d8) + sin Xn COS kn) 


Cylinder  (1/7)(3/8r)(r(30/8r) Jr An) /OnU2 On) Jo®n(r/ro)) Q An)/^n) 
= (1/r) (00/91) HOD) 


Sphere (1/r?)(8/ðr)(r?(80/3r)) (2[siNn An — Nn COS dul/ (SINAn(r/ro))/ 3(SiN Xn 
= (1/r)(30/0t) (An — sin Ay cos An) Qai GG /To)) — An COS 4)/3 
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With the eigenvalues as 


i : x . hL at 
Bicos hy — d\n sink,» =0 for theslab, n = T Bi = P" Fo= H 
à . r . hro at 
Anjin) — BifoQn) =0 for the cylinder, n = —, Bi=—, Fo= = 
Yo k r5 
; . r . hro at 
hn COS Ay, + (Bi—1) sind, 20 forthe sphere, n = —, Bi= a Fo= a 
To rà 


43 1-D Transient Heat Conduction in a Semiinfinite 
Solid Material 


4.3.1 Similarity Method for Semiinfinite Solid Material 


The semiinfinite solid is characterized by a single identifiable surface. If a 
sudden change in temperature occurs at this surface as shown in Figure 4.7, 
then transient 1-D conduction will take place within the solid. The similarity 
method can be employed to solve this kind of problem [3]. The 1-D transient 
heat conduction equation in a semiinfinite solid without heat generation is 


^ 

T, T (x,t) Heating 
q'—, 
> T, 
IL——» X 
q” 
> 
q” 
d Cooling 
T, 
Y 


FIGURE 4.7 
1-D transient heat conduction in a semiinfinite solid material. 
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given by 
eT  138T 
əx? aðt 
The surface BC is 
T(0,t) 2 Ts 


And the interior BC is prescribed by 
T(co,t) = Tj 


The initial condition is 


T(x,0) = Tj 


By applying the similarity method, we may transform the PDE, which 
involves two independent variables (x and t), to an ODE expressed in terms 
of a single similarity variable (n). 

As x ^ Jat (Jat is the diffusion length), we define the similarity variable 


n = (x/V 4at); therefore T(x,t) = T (n), 
x = nv 4at (4.18) 


Let 0 = ((T — T) / (Ts — Ti)). 
The 1-D transient heat equation can be expressed as 


30 1080 
əx? at 


Applying the similarity variable into 0, that is, 0(x, t) = 0(n) 
Therefore, 


06 ddan dof -x 
dt dnat dy Ferd 
00 ddan dof 1 

ax — dy dx B dy (=) 


30 d (2)2- d [5 ( 1 )( 1 )- 1 3?9 
ax? dn Lax] 0x — dn Ldn V Aat Aat)  4at 3n? 


Inserting the above terms into the heat equation, we obtain 


1d0 1 -x = dé 


4at dw? — a2t(4at)12 dn 
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Rearranging it, we obtain 


a d | -x de 
4at dw? — 2t(4at)12 dn 
d?a —2x do | dé 


2 — 4.19 
dw? /4at dn "dn or) 


For the case of given constant surface temperature, 


x=0, n=0, 90-1 


x-—oo, moo, 0(co)-O 


Let P = (d0/dw); rearranging the equation and integrating it, we obtain 


dP 


dP 
paar ees 
| P | ndn 


In P= —n? +c 
n 
0- a [ean + c2 
0 


From the BC, 


2-0, 021 > &=1 


From the BC, 


OO 
2 
02a [etui aa —(-—— 
0 


2 Va 


Inserting c4 and c» into the integral, we obtain the following results as 
sketched in Figure 4.8. 


n 
DER 2 E Eos ly u x _ x 
oa ae =z |e du=1 erf =erf ( EE ef ( =) 


0 
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0 = erfc (n) 


Hog 
FIGURE 4.8 
Solution of 1-D transient heat. 
and 
oT 00 
qs = k = —k(T; — Tj) 
dx x=0 ax x=0 
2 n 
ER n ee I | ea 
Ox Wei 0 x=0 
3 : (4.21) 
2 
S(T | e" | 
i ' An 4/4at |n=0 
M k(Ts — Ti) 
A/ Tat 


4.3.2 Laplace Transform Method for Semiinfinite Solid Material 


The 1-D transient conduction problem in a semiinfinite solid material can be 
solved by the Laplace transform method [1]. The heat diffusion equation for 
1-D transient conduction is of the form 


eT  138T 
əx? a Ot 
Case 1: Constant surface temperature BC 
T(0,t) 2 T; 
T(co,t) = Tj 


Initial condition: 
T(x,0) = Tj. 
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Let 6 = T — Tj, therefore, 


P» 1m 
0x? aðt 
00, Sd m T. m 
0(x,0) = 0 
0(co,t) = 0 


Defining the Laplace transform of a given temperature, 


LT) =T= | Te “di (4.22) 
0 
L(Ti) = ot 
S 
L(0) 20 


T "m 

(m) 
ot 

n nT 

L o"T = ƏT 

ox" ox" 


T (x,t) = T(x,s) 


Applying the Laplace transform to 1-D transient heat conduction, 


a?T 18T 
L (5) =L (<>) (4.23) 


T E 
= —[s6 — 6(x, 0)] (4.24) 

a 
From the initial condition, (x, 0) =0. 

35 
0 EC m 
a ipd 6 = c e VI 4 cy evs/ox 
a 


Applying the Laplace transform to the BCs, 


0(c0,5) 20, co=0 


= 0 0 
6092, aq2- 
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T (x,t) 


FIGURE 4.9 
Solution of 1-D transient heat conduction with given surface temperature boundary condition. 


So 


§ = e-v 
S 


Applying the inverse Laplace transform from a given table, we obtain the 
following results as sketched in Figure 4.9. 


e T-T; 


x 
= = erfc 4.25 
Os Ts — Ti f Vv 4at ( ) 
Case 2: Constant surface heat flux BC: 
T(x,0) = Tj 
T(œ,t)= Tj 
T(0,t 
TOD _ 
Ox 
Let 0 2 T — Tj, then 
0(x,0) 20 
6(co, 0) = 0 
0(0,t 
4200.1) y 
ox 
The Laplace transform solution is 
= qs 1 —/s/ax 
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T (x,t) 


> 
0 T (x,t) 


FIGURE 4.10 
Solution of 1-D transient heat conduction with constant surface heat flux boundary condition. 


Applying the inverse Laplace transform from a given table, we obtain the 
following results as sketched in Figure 4.10. 


qs Aot — (x? /4at) ( x ) 
T-Tj- e —x-erfc | —— 4.26 
LE | m fe( -= (4.26) 
" / Aat 
dixc uem f (4.27) 
Case 3: Convective surface BC: 
T(x,0) = Tj 
T(co,t) = Ti 
9T(0,t 
—k 2o =h[To — T(0,t)] 
ox 
Let0 = T — Tj 
0(x,0) 20 
0(09,0) = 0 
90(0,t 
Eau h[655 — 000, £] 


Ox 


Applying the inverse Laplace transform from a given table, we obtain the 
following results as sketched in Figure 4.11. 


Uer esc ee as er ( = ) — eC (i/E-ca RV) orfo (=z d 3] 


Ooo Too — Ti A^/ 4at Vv 4at 
(4.28) 
q' =—k STD h(T4 — T(0, t)] (4.29) 


Ox 
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h, To A 


ttt Teo 


> 
0 T (x,t) 


FIGURE 4.11 
Solution of 1-D transient heat conduction convective surface boundary condition. 


4.3.3 Approximate Integral Method for Semiinfinite Solid Material 


Let0 = T — Ts, 
69; = Ti- Ts t=0 
00(8,t 
9(0,t) = 0, ( ) 50, t>0 
Ox 
80 820 (4.30) 
— = y s 
at ax2 
è 
0 2 
[Sax = [e 
at ax2 
0 
E 90 
EX dos PN lessee 
ax x=% ax x=0 
where 
ET ds d d f dà 
d 
= iS Q, s + —Ox-9 = — LT B 
FI at | OU 7 green + reo FILS ap t 
0 0 


Assume a temperature profile is a second-order polynomial, 


0(x,t) = a 4- bx + cx? 
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T (x,t) 


L ] T, 
x S) 
Penetration depth 


FIGURE 4.12 
Solution of 1-D transient conduction for semiinfinite solid material using approximate integral 
method. 


subject to BC: 
0 x x42 
OC (5) ei 
—-, dx=sdy 
Then 
d f 2a0 
ab: 
& | | een sen cea | = 2 
0 
ds? 
=> —-12a0=0 att=0, 80)=0 
dt 
=> ð = v 12at 


From the approximate integral method, we obtain the following results as 
sketched in Figure 4.12: 


0 x x42 2x x? 
—2 = 4.31 
0; à (3) ^/12at 12at ( 


44 Heat Conduction with Moving Boundaries 


There are many engineering application problems involving heat conduc- 
tion with moving boundaries such as freezing or melting for solar storage 
systems. Other examples are related to high-temperature droplet evaporation 
and ablation applications. The problems can be solved by using the similarity 
method or the integral approximate method [4]. 
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» Water 
ds <4— 
Moving boundary 
T, © 
0 —x x= &() 


FIGURE 4.13 
Heat conduction with moving boundary problem—freezing. 
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4.4.1 Freezing and Solidification Problems Using the Similarity Method 


Freezing—Neumann solution (exact solution) [4], as sketched in Figure 4.13: 


Governing equation: 


6=T—-Tm 
9200 1 86; 
əx? o4 Ot 
0200 1 02 
ax2 o4 Ot 


Boundary conditions (4.33): 
x=0, 0026, 
x=, 05-0. 
x—-(D, 6-0 
05 = 0 


904 . 86; d$ 
k bo asd 
Lag c o Pl 


where L represents the latent heat of melting. 
Initial conditions: 


1-0, 820, T=T 


Assume p1 = (2. 
Neumann applied the similarity method: 


x 
064 = c1 + coerf —— 
prc 


60 = ch + cef —— 
A/Aoot 


(4.32) 


(4.33a 
(4.33b 
(4.33c 
(4.33d 


— we Dae we 


(4.33e) 


(4.33f) 


(4.33g) 
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At x = 5, 8 ~ VE to obtain 6; = 0,8 = bt. 
Insert Equations 4.33a through 4.33d into Equations 4.33f and 4.33g 


c1 = 0$ 
— 0s 
£9 = ————— 
erf (b/ A/ A01) 
c= EE RN 
?' erfc(b/ Aag) 


EY ee ee 
“1 2 erfc(b/A/ 4o) 
From Equation 4.33e, 


—k1 ôs exp(—b?/4a1) k29% exp(—b?/4a2) A 
Jmayrf(b] Jin)  magerfe(b/ og) — 12 


(4.33h) 


2 8 2 

zu -n 
slr mel an 
2 ond fe a2 
dx dn 

mae 0 

2 1 —x? 
= ex 

Jt /404¢ P 4o4t 


~. b can be obtained from Equation 4.33h: 
à = bt 
01 can be obtained from Equation 4.33f, 0? can be obtained from Equation 4.33g 
q =k x : can be determined 
Special case: slow freezing, as sketched in Figure 4.14, approximately linear. 
=> 055 = 0: 


64 = erf (x//4a4t) 
0, erf (b//401) 


b can be obtained 


$ = bt 


(4.34) 
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Water 


Moving boundary 
Linear 


approximation 


FIGURE 4.14 
Slow freezing: Too = Tm. 


4.4.2 Melting and Ablation Problems Using the Approximate 
Integral Method 


Melting—integral technique by Goodman (1958) [4], as sketched in 
Figure 4.15: 


5(0) =0 
Let0 =T — Tg, 
ao 190 
EAM d 4.35 
əx? a at oo) 
Initial condition: 0(x,0) = 0. 
BCs for slow melting (Figure 4.16): 
6(0,t) = Ts — Tm = 95 
o, t) = 0 
4. 
k 00 d$ nee) 
OX ls Pat 


Liquid Solid 


> Moving boundary 


FIGURE 4.15 
Heat conduction with moving boundary problems. 
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Liquid Solid 


Moving boundary 


OD Sx 


FIGURE 4.16 
Slow melting: Tm = T;. 


where L is the latent heat of melting. 


TERR ORON 


0 


Assume 0 = c1 (x — 8) + c2 (x — 8)? (4.37) 
Boundary conditions: 


6, = —c18 + c28? (4.37a) 


0, 
$ 0 
- aE dat (F), hatis e, =0 
at 
| (æ oem a0 
— ONUS fe pb. 3t); 


- 


a: 2c = Ê —. (4.37b) 


where p = (20,Cp/L) is the Stefan number. 
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— $5 
a > Xm 
= 
are 
— [| nm. "e 
x=0 x=L, c 


FIGURE 4.17 
Ablation at surface of flat wall. 


Then, inserting Equation 4.37 into Equation 4.35, we obtain 


,d8. 6a [1- VTE u] 
d' -SsWwdwvLirp 


è = byt 
1—-yl1-c-p»p-cu Wu 
b= 2Via[ Tt 
54+yt+/Ttp 


Linear approximation for small y: 
8 ~ bt ~ J/2ayut 


4.4.2.1 Ablation 


Ablating heat shields have been successful in satellite and missile reentry to 
the earth's atmosphere as a means of protecting the surface from aerodynamic 
heating. In this application, the high heat flux generated at the surface first 
causes an initial transient temperature rise until the surface reaches the melt- 
ing temperature, Tm. Ablation (melting of the surface) begins and follows 
a second short transient period, and then a steady-state ablation velocity is 
reached. The melted material is assumed to run off immediately. The prob- 
lem can be simplified to 1-D transient heat conduction with moving boundary 
due to ablation. Figure 4.17 shows ablation at the surface of the flat plate with 
an imaging ablation velocity, Va, moving to the left [5]. The heat conduction 
equation for this reference frame is Equation 4.38 with an added enthalpy 
flux term associated with the moving velocity Va: 


D oT oT oT 
— (k— Vac = pc 4.38 
sí x) “ax e^ 3t ( ) 


The problem can be solved by three stages: (1) the initial transient before 
the surfaces reach Tm, (2) the second transient period during ablation, and 
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(3) after the steady-state ablation velocity has been reached, the temperature 
distribution in the material is steady. The initial transient problem has been 
solved before (i.e., V4 — 0, given the surface heat flux BC). The second tran- 
sient problem, Equation 4.38, can be solved by the finite-difference method. 
For the steady-state problem with constant ablation velocity, Equation 4.38 
becomes 


a / ƏT aT 
- (x x) = ps (4.39) 


With the accompanying low thermal conductivity material (such as glasses 
and plastics) the temperature gradient at the surface is very steep so that x — L 
may be considered as x = oo. Proper BCs are as follows: 


xc. T = Th 
x=00, T=Tə%=T; 
oT 

SS (4.40) 
ox 


For constant properties k, p,c, and for the case of constant surface heat flux 
q., Equation 4.39 is solved by integrating twice and evaluating the integration 
constants with Equation 4.40. Let 0 = (dT/dx), then 


d Va 
Tyana 
dx a 

se = =e 

dé Va 
Je-] s 


V 
In02 -x +C 
Q 


dT 
0 = d — C1 e Va/a)x + Co 


where at x = oo, (dT /dx) = 0 = 0, ~». C2 = 0. 
Then (dT/dx) = C e-(Va/ox. 


Jar = Je e7 (a/0x dx 


Pace ow PG 


a 
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atx-—oo, T =T% = C3 


arai Te Te cR 
Vi 
V V. 
—C1 = (Tm — C3) = (Tm — Too) = 
Qa Qa 


Therefore, 


T = (Tm — Pees ume am. 


T — Too —(Va/o)x 
————- E 4.41 
ToT, T° (4.41) 


Applying energy balance on the surface in order to determine the ablation 
velocity Va (assuming L as the heat of ablation of the material), 


oT 
Is — pLVa = —k Fx = pCVa(Tm — Too) (4.42) 
x=0 
q? 
4 s 
H pL + pC(Tm — Too) 


(4.43) 


a 


The total heat conducted into the solid material evaluated with the 
temperature distribution, Equation 4.41, is 


oo 
qé = 0C | (T — To) dx = 
0 


k(Tm — Too) 


v (4.44) 


The total heat transferred to the surface in time t is q7 - t. Then for this period 
of time t, the fraction of the total heat transferred which was conducted into 
the solid materialis obtained by substituting Equation 4.43 into Equation 4.44: 


K _KTm- Too)lol + pC — Taj] (4.45) 
a fe 


Comparing Equations 4.43 and 4.45, a large magnitude of [pL + pC(Tm — 
Too)] is desirable to reduce the amount of material ablated, but a small mag- 
nitude is desirable to reduce the fraction of q% which is conducted into the 
solid material. A compromise is necessary. 


Examples 


4.1. Solve transient temperature profiles of a convectively cooled cylinder, as 
shown in Figure 4.1b, by separation of variables. 
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SOLUTION 
13 (90 130 320 180 100 
rar\ ər) adat ər? rər a8t 
Boundary conditions: 
: 90 
i r=0, FF ta = 
ii. r=fo, —k 38 = hð; 
Separation of variables: 
0 = R(r)x(t) 
ð 
ÜaX-0 t= Qet 
ðt 
2 
R 1əR 
; Ld a 
8r  ràr 


R(r) = Ceo Qn + G Yon 


Applying BCs 


aR 
or 


= — Cı 1 (0) + C2 Y1 (0) = 0, 


r=0 


ƏR 
ke 
ar 


r=fo 


XnJ1 An) — Bio An) = 0 


where Bi = (hro/k), 


A(0020 > Q=0 


h 
= kC 1 Aro) = hok, JA (Aro) = o0) An = do 


oo 
o= M Cp e/a Mit yy (5) 
o 


n=1 


att=0, 9=1 


oe r 
i È co(n) 


n=1 


| SO tloO-n(r/ro)) dr 


(13 Pai Orn) 


^7 fe nltro» dr — (3 /2UB On) +O] 


pat bn [3 On) +R An] 


where Fo = (at/r2). 


2/4 0-noO-nG/ro)) : e Mo 
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4.2. Solvetransienttemperature profiles of a convectively cooled sphere, as shown 
in Figure 4.1c, by separation of variables. 


SOLUTION 
1 32 180 
EIE OE tcn. ee 
r or? r9) a ðt 
Boundary conditions: 
i. r= fo — k88 = hbr 
ii. t=O 021 
Let U(r, t) = r0(r, t), 
à2U  18U 
ər? a Ot 
LR atr=0 
BCs 4 aU h 1 
7 +(Z-a)u=0 at r — ro 
U=r fort=0 
U = R(r)x(t) 
5 torre = 0; = (= Get 
a2 2 
—- HAC R(r)=0 
3p (r) 


R(r) = Cy sinr) + Cy cos(Ar) 
atr=0, U=0, > Q=0 


h 1 
Cy cos(X.ro) + (; — z) Ci sin(aro) = 0 
k ro 


An = Ato 
Xn COS(An) + (Bj — 1)sin(àn) = 0 


where B; = (hro/k), 


oo 
U= Y Casin (t) e nfo 


n=1 9 


where Fo = (at/r2). 
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Att=0, 0=1, U=r, 


B Im r sin(.n(r/ro)) dr 


Cn = 
j di. sin? (AnGr/r9)) dr 
2(sin(.5) — Xn cos(5)) 
Ch = 


An — SiN(An)COS(An) 


ac 2 2 [sin(an) — AnCos(an)I SiNCan(F/to)) 25 


Ex k= sin(kn)COS(An) Xn(r/ro) 


4.3. Solve transient temperature profiles in a semiinfinite solid body using the 
Laplace transform for the following BCs of constant surface heat flux. 
If at time t = 0 the surface is suddenly exposed to a constant heat flux 
qz —for example, by radiation from a high-temperature source—the resulting 
temperature response is 


qt | ( 4at TAS -x a x 
r= £[(& e SIEHE LR 


SOLUTION 
1-D transient: 
ƏT 13T 
ax2 a at 
Initial condition: 
f=0; T-T, 
Boundary conditions: 
: i aT 
i x=0; -k =q; 
i. x> œ; T=T; 
Leto — T — Tj, 
020 130 
ax2 a at 
Initial condition: 
t=0; 020 


Boundary conditions: 


i. x =0; —k 3 = q! 


i. x > œ; 0-0 
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Applying the Laplace transform, 


x2 =o (1) 
Boundary conditions: 
i. x= 0; -k = g 
ii. Xx > œ; 0=0. 
Solving, 
5 = Cy e- Vx 4. ce 2) 


Applying BC (ii), Co = 0. 
Applying BC (i), Cq = (q2/s)(1/k/s/a). 
Substituting this into above (2), 


b= qi 1 e^ s/ax (3) 


Rearranging, 


g = BLK xi vas 
93/2 


Applying the Laplace inverse, 
_ ie x x x 
0- k vail z 97a mre ial 
= (y^ x x 
T= = k ( a exp | -Zat Ke apu 


4.4. Solve transient temperature profiles in a semiinfinite solid body using the 
Laplace transform for the following BCs of convective heat transfer to the 
surface. 

If at time t = 0 the surface is suddenly exposed to a fluid at temperature 
Too, with a convective heat transfer coefficient h, the resulting temperature 
response is 


T — Tj X 
= erfc 
Too — Tj (4at)!/? 


hx/k4-(h/k)?at x h 1/2 
efx erfc (acc + ge? 


SOLUTION 
1-D transient 
ƏT 49r 
əx? a Ot 
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Initial condition: 


Boundary conditions: 


i. x =0; —k2% = h(0% — 09) 


i. x> œ; T=; 


Lett0=T- T;, 
320 130 
9x? a at 
Initial condition: 
t=0; 020 


Boundary conditions: 


i. x 20; —k# = h@% — 09) 


i. x— œ; 0-0 
Applying the Laplace transform, 
0320 s 
ax2 a 
Boundary conditions: 
TN d6(0,t) _ p(o _ 6 
i. x=0; -kË = h( 2 — 800, 9) 


ii. x > oo; 020 


By solving, 


oc Cie s/ax +© ev 5/ax Q) 


Applying BC (ii), Co = 0. 
Applying BC (i), 


_ (h/ Ko 
17 hK + Q/s/ays 


Substituting this into above (2), 


6 — (h/k) 80 —A/sfax 
O= UE QS 3). 9) 


By rearranging, 


=o UIOVa — s (x/ fa) s 
0 = Co (Gh 0 Jat 5)s € i 
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Applying the Laplace inverse, 


0 2, L2 h x x 
8 hO terk (z ia A) ( ) 
=-e e erfc at+ + ertc 
056 k ~ Aat ~v Aat 
T — T; X hx/k--Ch/k 2 x h 1/2 
— erf x/ kr (h/ K)' at arg e / 
TT erle apie e eríc aj A + aad) 


Remarks 


There are many engineering problems involving 0-D, 1-D, 2-D, or 3-D tran- 
sient heat conduction with various thermal BCs. In the undergraduate-level 
heat transfer, we have focused mainly on how to apply the lumped capaci- 
tance solutions to solve relative simple engineering problems. For 1-D and 
multidimensional transient conduction problems, we normally do not go 
through the detailed mathematical equations and solutions. Instead, students 
are expected to apply these formulas to solve many engineering relevant prob- 
lems by giving solid material geometry with appropriate thermal properties 
and thermal BCs. 

In the intermediate-level heat transfer, Chapter 4 we have introduced sev- 
eral very powerful mathematical tools such as similarity method, Laplace 
transform method, and integral approximate method, in addition to the sep- 
aration of variables method already mentioned in Chapter 3. Specifically, the 
separation of variables method is convenient to solve the transient conduc- 
tion problems with finite-length dimensions such as the plate, cylinder, and 
sphere with various thermal BCs. However, the similarity method, Laplace 
transform method, or integral approximate method is more appropriate to 
solve the transient conduction problems with semiinfinite solid material for 
various thermal BCs. 

1-Dtransient heat conduction with moving boundaries belongs to advanced 
heat conduction material. (Readers can skip these topics.) 


PROBLEMS 


4.1. The wall of a rocket nozzle is of thickness L = 25 mm and is made 
from a high-alloy steel for which p = 8000 kg / m, c = 500J/kgK, 
and k = 25 W/mK. During a test firing, the wall is initially at 
T; = 25°C and its inner surface is exposed to hot combustion gases 
for which h = 500 W/m?K and Too = 1750°C. The firing time is 
limited by the nozzle inner-wall temperature when it reaches 
1500°C. The outer surface is well insulated. 

a. Write the transient heat conduction equation, the associated 
BCs, and determine the nozzle wall temperature distributions. 


100 Analytical Heat Transfer 


(Note: The diameter of the nozzle is much larger than its thick- 
ness. No need to perform integration of orthogonal functions 
if you run out of time.) 

b. Sketch several nozzle wall temperature profiles during tran- 
sient heating. 

c. To increase the firing time, changing the wall thickness L is 
considered. Should L be increased or decreased? Why? The 
value of the firing time could also be increased by select- 
ing a wall material with different thermophysical properties. 
Should materials of larger or smaller values of p, c, and k be 
chosen? 

4.2. A one-side-insulated metal plane wall with a thickness of L is 
initially at temperature T; and suddenly the other side is heated 
by forced convection water at temperature Too with a convection 
heat transfer coefficient h. 

a. Outline, step by step, the procedures and the associated initial 
and BCs that may be used to solve the temperature distribu- 
tions in the plane wall. You do not need to solve the transient 
temperature distribution. 

b. Sketch the temperature profiles in the plane wall during the 
heating process. Also, estimate the surface temperature at the 
final steady-state condition. 

4.3. Along metal plane wall with a thickness of 2L is initially at tem- 
perature T; and suddenly both sides are heated by convection 
fluid flow at temperature Too with a convection heat transfer coef- 
ficient h. Outline the procedures that may be used to solve the 
temperature distributions in the plane wall and sketch the tem- 
perature profiles in the plane wall during the heating process for 
two different cases. 

a. Fluid flow is natural convection air. 

b. Fluid flow is forced convection water. 

c. Also, estimate the surface temperature at the final steady-state 
condition. Which fluid flow will reach the steady temperature 
faster? Why? Make appropriate assumptions in order to justify 
your answers. 

44. A large flat plate (with a thickness of 2L) initially at T; is suddenly 
plunged into a liquid bath at Tæ. Derive an expression for the 
instantaneous temperature distribution in the plate, if, 

a. The heat transfer coefficient between the two surfaces of the 
plate and the liquid, h, is given as constant and finite. 

b. The heat transfer coefficient h between the two surfaces of the 
plate and the liquid is very large so that the temperatures on the 
two surfaces of the plate may be assumed to change abruptly 
to the temperature of the liquid (i.e., T(L,t) = Too, for t > 0). 

c. Sketch the instantaneous temperature distribution in the plate 
for both (a) and (b) if Too > Tj. 

4.5. A semiinfinite solid initially at a uniform temperature T; and 
suddenly exposed at its surface to a constant heat flux q”. 

a. Determine the temperature history in the solid. 
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4.6. 


4.7. 


4.8. 


4.9. 


4.10. 


b. Approximately plot the temperature profiles for the following 

BCs: 

i. Constant q” at the surface. 

ii. Constant temperature at the surface, Ts(0,t) > Tj. 
iii. Constant fluid temperature Tz and h, T; > Tj. 

A semiinfinite carbon steel block is initially at a uniform tem- 

perature T; and its surfaces is suddenly exposed to a constant 

irradiation flux q”, simultaneously to an ambient air of h, Too. 

a. Determine the temperature history in the solid and sketch the 
temperature profiles in the solid assuming T; = Too. Analytical 
method. 

b. Ifasemiinfinite pure copper block will be operated at the same 
condition, state that the time required for the surface of the 
block to reach Ts will be longer or shorter than that of the steel 
block. Why? 

A liquid confined in a half-space x > 0 is initially at a temperature 

T; which is higher than its freezing temperature Tm. For times 

t > 0, the surfaces at x = 0 are subjected to the following BCs. 

Plot the temperature history both in the liquid and the solid. 

a. Constant heat flux is g”; this q” is removed away from the 
surface. 

b. Constant surface temperature To, To < Tm. 

c. If natural convection takes place in the liquid region with 
a constant h, plot the temperature profiles and freezing dis- 
tance è with time in both case (a) and case (b). Explain the 
difference. 

Asolid simulated as a half-space, x > 0,is initially ata temperature 

T; which is equal to its melting temperature Tm. For time t > 0, 

the surface at x — 0 is subjected to the following BCs. Plot the 

temperature history both in liquid and solid: 

a. Constant heat flux is q”; this q” is applied to the surface. 

b. Constant surface temperature Ts, Ts > Tm. 

c. Convection to the surface with heating fluid at Too, h. 

Refer to Equation 4.14, and solve the temperature distributions 

for the 3-D block with the following BCs: 


(1) X = TA, = Ts 
y= +b, P= Ts 
z= IC, T= Ts 
(2) x=a, (—kdT(4a,t)/dx) = h[T (+a, t) — Too] 


y=+b, (—kdT(£b,1)/ay) = h{T(£b, t) — Tool 
z=c+c, (—kdT(+c,t)/dz) = hT (+c, H) — Too] 


A semiinfinite solid is initially at uniform temperature T;. The 
surface of the semiinfinite solid is suddenly exposed to a constant 
temperature Tw. 

a. Write the governing equations and the BCs. 
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b. Nondimensionalize the governing equations and BCs by 
appropriate choice of temperature variable, length scale, and 
timescale. 

4.11. An infinite body of cold liquid initially at uniform temperature 
Ts is brought in contact with a heated horizontal wall of infinite 
length maintained at a constant temperature (Tw). It is expected 
that after infinite time the liquid temperature profile will be linear 
within a thermal boundary layer of thickness 8. Neglect gravity or 
body forces and liquid convection and assume that heat transfer 
in the liquid is by conduction only. 

a. Write the governing equations and the BCs. 

b. Nondimensionalize the governing equations and BCs by 
appropriate choice of temperature variable, length scale, and 
timescale. 

c. Solve the governing equations to obtain the transient tem- 
perature profile. Verify if the solution for the transient 
temperature profile satisfies the linear temperature pro- 
file when steady-state conditions are reached (at infinite 
time). 

4.12. A plate is initially at temperature T; when laid on an insulated 
surface and cooled by air flow at temperature Too, with the heat 
transfer coefficient h. The length of the plate is /, width w, and 
thickness b (I > w, 1 >> b, w > b). The thermal diffusivity of the 
plate is a and the thermal conductivity of the plate material is k. 
The viscosity of air is u and density is p. Estimate the time required 
for the bottom surface of the plate to cool to Tp, when 
a. Theplate materialis made of copper (the conduction resistance 

in the slab is negligible). 

b. The plate material is made of plastic (the convection resistance 
on the slab is negligible). 

4.13. Along metal plane wall with a thickness of 2L is initially at tem- 
perature T; and suddenly both sides are heated by a convection 
fluid flow at temperature Too. Outline the procedures and solve 
the temperature distributions in the plane wall and sketch the 
temperature profiles in the plane wall during the heating process 
for two different cases. 

a. Fluid flow is natural convection air. 

b. Fluid flow is forced convection water. 

4.14. a. Consider a large wall, separating two fluids at T551 and Ts5» 
(Too < Tæ1). To prevent heat transfer from the hot fluid at 
To01 to the wall, a thin foil guard heater (of negligible thick- 
ness) on the surface of the wall exposed to the hot fluid at 
To01 is used to raise the surface temperature to Too1. Sketch 
the instantaneous temperature distributions at several differ- 
ent times in the fluids near the wall and in the wall, before and 
after the surface temperature is raised with the thin foil guard 
heater, until a steady state is reached. 

b. Consider a large wall, separating two fluids at T5451 and To 
(Toc. < To01). Instead of the thin foil guard heater in (a), heat is 
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4.15. 


4.16. 


4.17. 


generated uniformly in the wall to prevent heat transfer from 
the fluid at T5541 to the wall. Sketch the instantaneous temper- 
ature distributions in the fluids at several different times near 
the wall and in the wall, before and after heat is generated uni- 
formly in the wall to prevent heat transfer from the hot fluid 
to the wall, until a steady state is reached. 

c. Consider a large wall with a thickness of 2L its surfaces main- 
tained at T1 and T? (T2 # T1). Heat is generated uniformly in 
the wall. Beginning with the steady-state, 1-D, heat conduction 
equation and appropriate BCs (T = T1 at x = —L and T = T»? 
at x = +L), derive an expression for the steady-state 1-D tem- 
perature distribution in the wall, T (x). Using the expression, 
show that the rate of heat generation is equal to the sum of the 
rates of heat transfer from the two surfaces. 

The plane wall has constant properties and no internal generation 

and is initially at a uniform temperature T;. Suddenly, the surface 

x = Lis exposed to a heating process with a fluid at To. having a 

convection coefficient h. At the same instant, the electrical heater 

is energized providing a constant heat flux qo at x — 0. 

a. OnT — x coordinates, sketch the temperature distributions for 
the following conditions: initial condition (t « 0), steady-state 
condition (f — oo), and for two intermediate times. 

b. On qz — x coordinates, sketch the heat flux corresponding to 
the four temperature distributions of (a). 

c. Ong; — t coordinates, sketch the heat flux at the locations x = 0 
and x = L. That is, show qualitatively how q{(0,t) and q% (L, t) 
vary with time. 

d. Derive an expression for the steady-state temperature at the 
heater surface, T (0, oo), in terms of 19 , Toc, k, h, and L. 

The plane wall has constant properties and a uniform internal 

generation of q(W/ m?) thatactivates only when the electric heater 

is energized. The wall is initially at a uniform temperature T;. 

Suddenly, the surface x = L is exposed to a cooling process with a 

fluid at Too having a convection coefficient h. At the same instant, 

the electrical heater is energized providing a constant heat flux 15 

at x = 0. 

a. On T — x coordinates, sketch the temperature distributions for 
the following conditions: initial condition (t < 0), steady-state 
condition (f — oo), and for two intermediate times. 

b. On q% — x coordinate, sketch the heat flux corresponding to 
the four temperature distributions of (a). 

c. Ong — t coordinates, sketch the heat flux at the locations x = 0 
and x = L. That is, show qualitatively how q{(0,t) and q{(L,t) 
vary with time. 

d. Derive an expression for the steady-state temperature 
at the heater surface, T(0,co), in terms of 15 , d, Too, k, h, 
and L. 

A 10 m-long 2 cm-diameter copper rod is immersed in a heat- 

ing bath at a uniform temperature of 100°C. This rod is suddenly 
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exposed to an air stream at 20?C with a heat transfer coefficient 
of 200 W/m? K. Find the time required for the copper rod to cool 
to an average temperature of 25?C. Write all assumptions if nec- 
essary. Thermal conductivity, specific heat, and density of copper 
are 401 W/mK, 385]/kg K, and 8933 kg/ m? , respectively. 

4.18. Determine the temperature profile for 1-D transient heat conduc- 
tion problem in a cylinder at constant surface temperature as 
shown in Figure 4.1b. 

4.19. Determine the temperature profile for 1-D transient heat conduc- 
tion problem in a sphere at constant surface temperature as shown 
in Figure 4.1c. 

4.20. Determine the temperature profile for 1-D transient heat conduc- 
tion problem in a vertical plate at constant surface temperature as 
shown in Figure 4.4b. 
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5.1 Finite-Difference Energy Balance Method for 2-D 
Steady-State Heat Conduction 


The above-discussed principle of separation of variable is a powerful method 
to solve the 2-D heat conduction problem. However, the solutions become 
tedious for various nonhomogenous BCs. With the help of modern computers, 
the heat conduction problem can be easily solved by using the finite-difference 
energy balance method for complex BCs. For example, Figure 5.1 shows the 
typical numerical grid distribution for 2-D heat conduction with given sur- 
face temperatures as BCs. It requires detailed mathematical procedures if we 
choose the separation of variable method to solve this problem. Of course, 
the accuracy of the numerical solutions depends on the number of finite- 
difference grids used for energy balance calculations. In general, the accuracy 
improves with the increase of grid points. It should be noted that each grid 
point actually represents the temperature of a small area Ax Ay. So we obtain 
the discrete temperature distribution by using the finite-difference method. 
However, when Ax and Ay become very small (approaching zero), the tem- 
perature distribution predicted by the finite-difference method will be the 
same as those calculated using the separation of variable method. 

In general, the grid size in the x-direction is not necessarily the same as that 
in the y-direction. We need to use smaller grid size (more grid points) in the 
high-temperature gradient direction. The energy balance can be performed 
for each grid point shown in Figure 5.1. The number of unknown temperatures 
is the same as the number of energy balance equations (the number of grid 
points). Therefore, the unknown temperatures can be solved. Note that we do 
not need to perform energy balance on the boundary points if the boundary 
temperatures are already given. But, we need to perform energy balance on 
the boundary points if the boundary is exposed to heat flux or convection 
in which their boundary temperatures are unknown and to be determined 
using the finite-difference method. The following outlines the finite-difference 
method to solve the 2-D heat conduction problem shown in Figure 5.2. We 
can begin the energy balance at the interior points and then extend to energy 
balance at the boundary points with various BCs. 
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AY T (x,y) 


Grids cells 


To To 


> x 
To 
FIGURE 5.1 
Finite difference method to solve 2-D heat conduction problem. 
Energy balance at the interior nodes: 
4 
Y iso j(Ax- Ay: 1) =0 (5.1) 
i=1 
Tı — To T5 — To T3 — To 
21e kAy-1- ———— + kAx-1- 
kAy-1 Ap + kAy AT + kAx 
TA—T 
+kax-1. A —À + 4(Ax- Ay) =0 (5.2) 
If Ax 2 Ay, 
1 qAXAX 
n2i(nenenen-! n ) (5.3) 


Energy balance at boundary nodes (not needed if the surface temperature 
is given): 
Convection boundary on the surface nodes: 


T1—T A T4 — T A T3 — T 
1 0 ik T oda 4 B s x Es 0 
AX 2 Ay 2 Ay 


kAy-1- 


^ 
CHAT c Tye i> Ay =0 (5.4) 
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Given surface temperature 


cre: T, 


Cee 
TTT 

Insulated ——--HzHd 

Ex PESE 

-— 


FIGURE 5.2 
Finite difference method to solve 2-D heat conduction problem. 


Uniform heat flux at the surface nodes: 


A T, —T eed A T2 —T 
pen por pA. ge eg EU eee 
Ax Ay 2 Ax 


av, (5.5) 


+ q Ax- Ltd Ax =0 


If insulation BCs applies to the surface nodes, then qf = 0. 

In general, To, Ti, T2, T3, and T4 can be replaced by Tin, l4, 
Tuin, Tma-i and Tmn or by Tij Tja luis Tg-n and ly 
where m = 1,2,3,..., n = 1,2,3,... or i = 1,2,83,..., j =1,2,3,..., to obtain 
Tia, T15, Ti5, ise Pu; Tiz, T23, Ey ahd T31 T35, T55, T 
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Another approach is to make grid nodes directly from the heat conduc- 
tion equation. The 2-D steady-state heat conduction equation with heat 
generation is 

T T Å 


m ay p 


The finite-differential format of the steady-state 2-D heat conduction 
equation with heat generation can be written as 


(Tm—1,n = Tmn)/ AX T (man =, Tmn)/ AX 


AX 
+ (Tmn-1 E Tmn)/Ay T (mna = Tmn)/ ^y KS q -0 (5.6) 
Ay k 
Let Ax = Ay, and one obtains 
(nn + Tni + Tmn-1 st Tm n1) + 7 (Ax)? x AT inn (5.7) 


where m = 1,2,3,...,n =1,2,3,.... 

The above linear equation can be applied to any interior nodes. Theoreti- 
cally, one would obtain m x n linear equations, and therefore, temperature 
T(x,y) = Tm, can be solved using the matrix method [1,2]. For example, 
let Tj, = T1, T2, T, ..., TN, and the above linear equations can be applied 
Tı, Tı, T5, ..., TN. Rearranging the equation, one obtains 


a1 T1 t 442T2 + a13T3 +--+ aNTN = C1 
45111 + dooT2 + a23T3 +--+ + donTn = C2 


(5.8) 
anıTı + 4n2T2 + aN3T3 +--+ aNNTN = CN 
Using the matrix notation, these equations can be expressed as 
[A] [T] = IC] (5.9) 
where 
ap 2 BN Ti Cı 
an1 02 aN T2 C2 
[A] = , [T]2 , [C] 
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The solution may be expressed as 


[T] = [AT [C] (5.10) 


where [A]! is the inverse of [A] that is defined as 


bg b «s+ byn 
[Ai = by bo >- bw 
byi bn2 ©- bNN 


Therefore, temperature can be determined by 


Ty = byCy + b12C2 +--+ + binCn 
T5 = b34€4 + bo2C5 +--+ + boNCN 
(5.11) 


TN = bniCi + bn2C2 + +--+ bNNCN 


Example 5.1 


We use Figure 5.3 as an example to demonstrate how to solve the 2-D heat 
conduction problem by using the finite-difference method. Let Ax = Ay, q = 0. 
Rearrange the temperatures from the energy balance on node 1, 2, 3, .... 


1 
Ti soe b+h+h) > 
—4h +In+3+04+04+04+0+0=-27, 


1 
Ip eet +T) 
211 — AT? +0+%+0+0+0+0=~-T, 


1 

Tj Ges tg) 
1 

T, = 4 (T3 + To + T3 +T) 
1 

T5 = Use T7 + Te + T3) 
1 

Te = 5 (Ts + Te + Ts + Ta) 

D= | (27 ERIR T ) 
P v hax N O oon eg um 
1 hAx 
ed ee ea 
8 Qoa]; Us QU x) 
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P4 oem i o N€M. 
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FIGURE 5.3 
Example of using finite difference method to solve 2-D heat conduction problem. 


Place temperatures on the left-hand side of the equation and the constants on the 
right-hand side. We can form a coefficient matrix [A], temperature matrix [T], and 
column matrix [C]. The linear equations of the finite-difference energy balance 
on each grid point can be represented by the product of [A][ T] = [C]. Therefore, 
the temperature distribution can be obtained if we know how to solve [T] from 
[A] and [C]. So the main job for this method is how to obtain [A] and [C]. The 
solution for [T] is 


[T] = [A] [C] 


-4 1 1 0 O0 0 0 0 

2 -4 0 1|» 0 0 0 0 
1 0 -4 1 1 0 0 0 | 
0 1 2 -4 0 1 0 0 | 

0 0 1 0 -4 1| 1 0 
MU us g Se. e -SE- ded 0 1 | 
2h | 
Ü- 0 0 0 2 @ 4+ TAx 1 | 

h 

Gf 0 0 0 Qs 1 1 -(2 + rax) | 


| ff 
IC] = -Ts [m= 
M 
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Example 5.2 


We use Figure 5.4 with T(x, y) = Tm,n, when m= 1,2,3,4,5, n= 1,2,3,4,5, 
respectively. We need to solve the temperature column matrix [T]. Let Ax — Ay, 
ġ = 0, and write down the linear equations of the finite-difference energy bal- 
ance method on each mode, and obtain a coefficient matrix [A] and a column 
matrix [C]. Therefore, the temperature matrix can be solved by [A] [T] = [C], 
[T] = [A]! [C], where all [T], [A], and [C] are equal: 


figs ha Ba Tar o 753 Ta 
h2 h2 T32 T42 15,2 T22 
[T] 2 |THh3 h3 T33 T43 Ts3|— 


Na ha 134 T44 T45 


Ns 125 135 T45 T55 T5 
12,5 
[ss] 
C11 
C541 
E 
eS Qi Gi C41 2d lGa] 
Ci2 C2 C32 Gr C2 hes 
[C] Ci3 G3 G3 G3 G3l=| . | 
C4 Co4 Ga Ga Cas | | 
C5 C25 C35 Cas Css | Cis | 
| G5 | 


a1 2821 2831 a4 a51 

412 822 832 842 852 

= j a13 403 4333 4243 53 
Ee a24 834 844 ass 


a15 325  Á 435  d45 4855 


The above-mentioned finite-difference energy balance method can be used for 
solving 2-D and 3-D heat conduction problems with Cartesian, cylindrical, and 
spherical coordinates with various BCs; for example, for the 3-D problem as shown 
in Figure 5.5. 
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T, given surface temperature 
5 
Ne 77 
4 
4,70 WA h, T. 
insulated: -3 Convection 
wall 7A 
2 
n=1,...,5 
y V 7 7 
2 3 4 5 
og q; uniform heat flux 


FIGURE 5.4 


Example of using finite difference method to solve 2-D heat conduction problem with various 
boundary conditions. 


Let T(x, y, z) — ijk With | = 1,2,3,... i, j 2 1,2,3,...j,andk 2 1,2,3,...k. 


LLk 


Tis This Tis T, 13 
Ti LX Tio i2 
T, 1 Tii Tiii 7 > Tiii 
12k T 2k Ti» Tk 
T23 T,» T23 i23 
To 2 Th ok T22 i,2,2 
T 2,1 T, 2,1 Ti) $ > i2 
ljk T, ik T, jk T 
*, . i . . 7 * . *. . a 
. LI . LI . . . 
lon d ts d 5 Lb 5 
Ts Ti» T, i» L2 
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T (x, y, x T T T 
i. ) SS i=1,2,3, „i 
A k 


J=1,2,3, ..,j 


v 


FIGURE 5.5 
Finite difference method to solve 3-D heat conduction problem. 


For the case of a curved boundary [3], the interior nodes can be determined as 
shown in Figure 5.6. 


Given : Ti41,j, Ti-1,j, Ti jai, Ti,j-1 


Ti-ij — Tij o Tij — Tij 


k^ 
y AX aAx 


(5.12) 


Tig Tij EAS Tjj-1— fi 


TkAx BAT mm 


Unknown :T; j 


FIGURE 5.6 
Finite difference method to solve the interior nodes next to the curved boundary. 
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5.2 Finite-Difference Energy Balance Method for 1-D 
Transient Heat Conduction 


The heat equation for 1-D transient heat conduction with heat generation is 


This equation is a parabolic equation. As discussed in Chapter 4, this equa- 
tion can be solved analytically by using the separation of variables method, 
similarity method, Laplace transform method, or integral method. In this 
chapter, we would like to solve 1-D and 2-D transient conduction prob- 
lems with various BCs by using the finite-difference explicit method and the 
finite-difference implicit method [1]. 


5.2.1 Finite-Difference Explicit Method 


This is finite difference in space with an explicit form (lower bond). At a given 
interior point, heat conductions from the neighborhood points are based on 
the previous time-step temperatures in order to increase that point tempera- 
ture during the incremental time-step change. This method is limited by the 
instability problem, but easy to understand and calculate. 

The finite-difference format of the above 1-D transient heat conduction 
equation can be written as 


Ti = THAR + T$-TD/Ax | d. ATTY 
Ax k a At 


(5.13) 


Example 5.3 


Energy balance at the interior nodes, for example, node 2, as shown in Figure 5.7: 


5 q = energy storage 
Lower bond: 


TP- TP Pp GW Ax- y- 1-(TPH1 — TP) 
koyal Deak V eS 2s AA Ag ee 2 2 
y Ax TY Ax ub dp At 


(5.14) 
Let qd = 0, a = (k/pCp), one obtains 


1 
P, TP P P+1_ TP 
Tj +73 -2% =gh 153 


TPH = Fo(T? + TP) + - 2Fo)T7 (5.15) 
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FIGURE 5.7 
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Finite difference energy balance method for one-dimensional transient heat conduction with 


given surface temperature boundary condition. 


where time increment At with time step P, that is, t = PAt, with P = 0,1,2,.... 
Fo is a finite-difference form of the Fourier number Fo — (a At/ Ax?). 

By hand calculation, temperature at (P 4- 1) step is determined by the preced- 
ing time temperature at P step as sketched in Figure 5.7. For example, P — 0, 


t = 0, initial condition, T = T? = T9 = TÌ = T. 


For stability, (1 — 2Fo) > 0, that is, Fo < 1/2, consider At as a very small value 


and Ax as a very large value. 


Example 5.4 


For the case of surface convection BC (node 0) as sketched in Figure 5.8: 


TP P “SAB le rP AS 
A(T. — TP pat 0 _ 0 0 oC. 
ptl p 2h At p 2aAt _p p 


= 2Fo (TP + Bi Too) +  - 2 Fo - 2 Bi Fo) Tj 
where 


Fo= (wAt/Ax?) = Fourier number, 


Bi = = = Biot number. 


For stability criterion, 1 — 2Fo — 2Bi Fo > Q, that is, Fo (1 + Bi) < 1/2. 


(5.16) 


(5.17) 
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FIGURE 5.8 
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Finite difference energy balance method for one-dimensional transient heat conduction with 


convection boundary conditions. 


Example 5.5 


For the case of surface heat flux BC as sketched in Figure 5.9: 


JP TP TPP AX 
1 0 
q + k Sage Pp ( ) 


Ax At 2 


TP+! At jj kAt 
0 


= T? + (1 — 2Fo) TE 
(Ax/DeCp = * TAx/DeGp 1 t' o) To 


For stability, Fo < 1/2 


FIGURE 5.9 
Finite difference energy balance method for 1-D transient heat conduction 
boundary condition. 


(5.18) 
(5.19) 
p+1 step 
p step 
> T; 
with surface heat flux 
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5.2.2 Finite-Difference Implicit Method 


This is finite difference in space with an implicit form (upper bond). Ata given 
interior point, heat conductions from the neighborhood points are based on 
the new time-step temperatures in order to increase that point temperature 
during the incremental time-step change. This method has no instability prob- 
lem, best accuracy, large At, and small Ax, but requires a computer to solve 
the matrix inverse problem. 

Energy balance at the interior nodes (e.g., node 2, as shown in Figures 5.7 
through 5.9): 

Upper bond: 


p q = energy storage 


TPH! TüH TP. T? 
3 2 4ġ-Ax-1= eC Ax > 3 (5.20) 


k 


pri pi 
IER yy 
AX AX 


Let q = 0, a = (k/pCp), Fo = (aAt/Ax?), one obtains 


2 
ptl — p+ p+ — p+1_ Ax TP TP 
Ti T; +T; Tj = PAPA 2 2) 
Got Poo py (5.21) 
There is no stability issue. 


In general, To, T1, T2, T5, . .. can be replaced by Tm or Tj, when m = 1,2,3,... 
oótio1,2,3;,.... 


nRE— — RÀ [ 
5.3 2-D Transient Heat Conduction 


The above-mentioned finite-difference energy balance method can be used 
for solving the 2-D transient heat conduction problem [1]. 

Let T(x,y,t)=T(m,n,t) or T(i,j,t), with m-i-1,2,3,..., n=j= 
1/273, 25. 


3T ƏT å bor 
ea Tea ae Ta 
ox əy k adat 


x-direction net heat conduction + y-direction net heat conduction = 
temperature change of a small element (Ax Ay - 1). 
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Finite-difference explicit form (lower bond): 


(Tsim — Tin) / Ax + (Thin — Tin) / Ax 
Ax 


p p p p 
4 (ud N Ton). Ay + ei s 15) Ay + gq 1 p rx T5 


Ay k oa At 


(5.22) 


Let Ax = Ay, ġ = 0, Fo = aAt/Ax?, and temperature at (P +1) step is 
determined by the preceding time temperature at P step as 


P P P 
F Tiia T Trl Ẹ Tig 


D ne. )*a-aroTh, (5.23) 


For the stability criterion, (1 — 4Fo) > 0, that is, Fo < 1/4. 
For the 1-D transient heat conduction problem, one obtains 


Th — Fo (T^,4 4 T7, 4) + (1—2Fo)Th, 


For stability, (1 — 2Fo) > 0, that is, Fo < 1/2 
Finite-difference implicit form (upper bond): 


(Tohan — Thn ) /Ax + (TRE, — Tam )/Ax 


m+1,n m—1,n 
Ax 
pti pi p+ pri 
i ma Bn i) /Ay+ qos zi Trn) / Ay ut q " 1 T. — Thn 
Ay k a At 


(5.24) 


Let Ax = Ay,  — 0, Fo = aAt/Ax?, and temperature at (P +1) step is 
determined by 


1 1 1 1 1 
qU PE Hr e ass ETES 


m+1,n m—1n m,n41 
1 1 1_ 1 1 
— Thin + Thana 7 Tos = Go (Thn — Tmn) 
+1 +1 +1 +1 +1 
Q4 Fo) TR — Fo (Tri, + Thin + Tert Tuy) Tha — 625) 


For a 1-D transient heat conduction problem, one obtains 
Q -2Fo)T — For? a +7? D= Th 


It can be solved by a computer matrix, and there is no instability issue. 
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FIGURE 5.10 
Finite difference method to solve a 2-D conduction problem. 


In general, the finite-difference energy balance method (explicit or implicit 
method) can be used to solve 1-D, 2-D, and 3-D transient heat conduction 
problems for Cartesian, cylindrical, and spherical coordinates with various 
BCs. 


Example 5.6 


Figure 5.10 shows a long, square bar with opposite sides maintained at Ta and Tp, 
and the other two sides lose heat by convection to a fluid at Too. The conductivity 
of the bar material is k convective heat transfer coefficient is h. For the given mesh, 
use the finite-difference energy balance method to obtain a coefficient matrix [A], 
temperature matrix [T], and a column matrix [C]. 


SOLUTION 


Figure 5.10 shows the prescribed surface conditions and the nodes. Symmetry 
allows us to consider just nine nodes. For the interior, nodal temperatures are 


1 

Tyco acr n +T + T5) 
1 

Tg Wake BQ efe) 
1 

T5 = 4 02 + Ta + To + Ta) 
1 

le = z CTS + T5 T9) 
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1 


Tg = — (Ts + Tz + To + Th) 


Alo AI 


Tg = — (Te + Tg + Tg + Th) 


For the boundary, nodal temperatures are 


kAy | kAx kAy kAx kAx 
-(—M 4 t hay)T T. T, = Ta — hAyT. 
(Rma y)n+ 2t aay t gay eee 
kAx kAy | kAx kAy kAx 
2Ay Ti ( m T Ay + hay) T4 + Kx T5 + 2Ay T; = —hA yT% 
kAx kAy " kAx ape eet kay, M kAx | BAYT 
2Ay 4 Ax Ay JTE gg 9m 2Ay P yro 
In matrix form [A] [T] = [C], 
(S n kAx B hay) kAy kAx 
Ax Ay Ax 2Ay 
| 1 —4 1 
| 2 —4 
| kAx _(kAy _ kAx 
| 2Ay dg TU EN 
[A] = | 1 1 
| 1 
| kAx 
| 2Ay 
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E r _kAx, 
T) "on 
n - | 
[n2 [7 ere 0 | 
Te | 0 | 
T | -Eh pia 
Tg | 2A | 
T | <4, 
L? —Th | 
Remarks 


The finite-difference method is a very powerful numerical technique to solve 
many engineering application problems. As long as you know how to perform 
the basic energy balance at the interior nodes as well as at the boundary nodes, 
this method essentially can solve all kinds of heat conduction problems with 
complex thermal BCs. In the undergraduate-level heat transfer, students are 
normally required to perform simple energy balance at any specified node 
inside a 2-D steady-state solid material and on the boundary. 

In the intermediate-level heat transfer, we are more focused on how to per- 
form simple energy balance as well as how to discretize the heat conduction 
equation in order to solve the 1-D and 2-D steady-state heat conduction prob- 
lems with various BCs by using the matrix inverse method. We also put in 
effort to solve the 1-D and 2-D transient heat conduction problems with var- 
ious BCs by using the finite-difference implicit method and explicit method. 
In general, the same technique can be used to solve heat conduction problems 
with cylindrical and spherical coordinates. 


PROBLEMS 


5.1. Refer to Figure 5.4, show the matrices [A], [T], and [C], with the 
following grid distributions: 


(1) m=1,2,3,45 (2) m=1,2,3,4 (3) m=1,2,3 
n= 1,2,3,4,5 n= 1,2,3,4 n=1,2,3 


5.2. Derive finite-difference energy balance equations, and show the 
matrices [A], [T], and [C], for a 1-D hollow cylinder with the 
following BCs: 
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QQ) r=r,T =T; (2) r=1,,—k(0T/dr) 
= hs — T) 
r —rN,T — TN r — rw, —(90T/8r) 

= hn (Tn — Toon) 


(3 r-2n,-k(T/8r) 2 h (Too1 — T4) 
r = ry, —k(8T/àr) = q! 


5.3. A semi-infinite stainless-steel block is initially at T; = 20°C. The 
surface has an emissivity £ = 1.0 and is placed in a large enclosure 
of Tsur of 20°C. Suddenly, the surface is exposed to a hot-air flow 
of Too = 600°C and h = 100 w/m?K. 

At an instant time of t s, temperatures T4 and Tz have been 
calculated as shown below. Predict the surface temperature after 
(t + 100) s. Use the forward-difference energy balance method. 
Given 


qa —4x10-9m?/s k= 15.07 w/mK p — 7900 kg/m? 
C — 477 J/kgK o —5.67 x 10 9w/m?K* e= 0.1 


At time t s: Tj = 400°C and T? = 380°C 

Find: T4 =? after (t = At) s where At = 100 s. 

5.4. Given a very long and wide fin with a height of 2L. The base of 
the fin is maintained at a uniform temperature of Ty. The top and 
bottom surfaces of the fin are exposed to a fluid whose temper- 
ature is Too (Too < Tp). The convective heat transfer coefficient 
between the fin surfaces and the fluid is h. 

a. Sketch the steady 2-D temperature distribution in the fin. 

b. If you were to determine the steady 2-D temperature distribu- 
tion in the fin using a finite-difference numerical method, you 
would solve a set of algebraic nodal equations simultaneously 
for the temperatures at a 2-D array of nodes. Derive the equa- 
tion for a typical node on one of the surfaces of the fin. Please 
do not simplify the equation. 

c. Using the method of separation of variables, derive an expres- 
sion for the steady local temperature in the fin, in terms of the 
thermal conductivity of the fin, k, the convective heat transfer 
coefficient, h, the half-height of the fin, L, and the base and 
fluid temperatures, Tp and Too. 

Note that 


WwW 
| [cos? (aw)] dw = (1/4a)[2aW + sin (2aW)] 
0 
W 
and | [cos(aw) - cos(bw)] dw 20, whena z b. 
0 


5.5. A3-mm-diameter rod thatis 120 mm in length is supported by two 
electrodes within a large vacuum enclosure. Initially, the rod is in 
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5.6. 


5.7 


5.8. 


5.9. 


5.10. 


equilibrium with the electrodes and its surroundings. Suddenly, 

an electrical current is passed through the rod. 

a. Using a first law analysis, what is the energy balance on the 
rod? 

b. Using (Ac = (xD?/4),P = xD), derive the explicit finite- 
difference expression for node (1). Recall that heat generation 
follows the I2R, law and that Re is defined as Re = peAx/Ac. 
Express your answer using the Fourier number in the explicit 
finite-difference form. 

c. What are the stability criteria at node (n)? 

Refer to Figure 5.4, use the finite-difference explicit method to 

derive the energy balance during the transient for the following 

grid distributions: 


(1) m=1,2,3,45 (2) m=1,2,3,4 (3) m=1,2,3 
n= 1,2,3,4,5 n=1,2,3,4 n=1,2,3 


Refer to Figure 5.4, use the finite-difference implicit method to 
derive the energy balance during the transient for the following 
grid distributions: 


(1) m=1,2,3,4,5 (2) m=1,2,3,4 (3) m=1,2,3 
n=1,2,3,4,5 n= 1,2,3,4 n=1,2,3 


Use the finite-difference explicit method, and derive finite- 
difference energy balance equations for a 1-D hollow cylinder 
during the transient with the following BCs: 


QQ) r=r,T=T (2) r=1r1,-k(0T/0r) = hy (To01 — T1) 
r=rn,T =In r = rN,—k(80T/8r) = hy (TN — Toon) 
(3) r 2 r1, —k(0T/8r) 
uns hy (Too, ES T3) 


r = ry, —(90T/8r) = që 


Use the finite-difference implicit method, and derive finite- 
difference energy balance equations for a 1-D hollow cylinder 
during the transient with the following BCs: 


Q)rer,T-2Ti (2) r2, -k(QT/8r) = hı (T5531 — T1) 
r=rn,T =In r—rN,—k(80T/8r) =hN (IN — Toon) 
(3) r=11,—k(aT/or) 
= hy (Too, — T4) 


r = ry, —(90T/8r) = qË 


Derive Equations 5.23 and 5.25 for 3-D transient heat conduction 
problems. 
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6.1 Boundary-Layer Concepts 


For flow moving over a solid body, a hydrodynamic (or velocity) boundary 
layer is formed near the solid surface. Hydrodynamic (or velocity) bound- 
ary layer is the region where the fluid velocity changes from its free-stream 
value to zero at the solid surface. For example, considering the flow over a flat 
plate as shown in Figure 6.1, due to viscosity of the fluid, velocity gradually 
decreases from its free-stream maximum value to zero at the flat plate (assum- 
ing that the fluid particle on the surface is not moving). The fluid particle wants 
to move faster as its free-stream value, but viscous force tries to resist it from 
moving over the solid surface. Therefore, a hydrodynamic boundary-layer 
thickness (where velocity is about 99% of the free-stream value) is developed 
over a solid surface due to fluid viscosity. 

The velocity profile and the associated hydrodynamic boundary-layer 
thickness over a flat plate will be solved in the later sections. In general, 
hydrodynamic boundary-layer thickness grows with the square root of dis- 
tance from the leading edge of the flat plate. Figure 6.1 shows a typical velocity 
profile over a flat plate in the laminar flow (Re < 300 x 10%) and turbulent 
flow (Re > 300 x 10?) boundary-layer region, respectively. Once the velocity 
profile over a flat plate, u(y), at a given distance x is determined, the hydro- 
dynamic boundary-layer thickness, the shear stress on the surface, and the 
friction factor (or friction coefficient) can be obtained as follows: 

For external flow, 


Inertia force | plex — ex 


Viscous force u v 


The flow is a laminar flow if Re < 300 x 10°, and a turbulent flow if Re > 
300 x 10°. 

Flow boundary-layer thickness 8(x) ~ ./x 

Dynamic viscosity p, 

Kinematic viscosity v = p/p 
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x Laminar Turbulent 
flow flow 


FIGURE 6.1 
Hydrodynamic and thermal boundary layer over a flat plate (if Pr = 1). 


Shear stress 


ðu 1 2 
Tw — = = Cr: z (pU, — 0) 
QUAIN gus 
Friction coefficient: 
Tw tw  MOuw/Oylyo Ww(Us/5 1 


C7 Guz, -0)- G/Doll, U ^ e Ul We 


Ct is a function of Reynolds number, that is, 
b jid 
Cr—aRe"; Ci =aRe’ ~ —; 
Re 


Reynolds number is defined as the fluid inertia force against viscous force 
(i.e., the fluid particle tries to move but viscosity tries to resist it from moving) 
andisa combination of velocity, viscosity, and length (distance measured from 
the leading edge of the plate). When Reynolds number is approximately less 
than 300 x 10?, the fluid particle moves like laminar, layer to layer from free- 
stream velocity to zero velocity on the solid surface, and creates shear stress 
over the solid surface. When the Reynolds number is greater than 300 x 10°, 
the fluid particle tends to become unstable (random motion) and gradually 
transitions into the turbulent flow boundary layer. In the laminar boundary 
layer, the velocity profile gradually changes from free-stream value to zero 
on the surface as a parabolic shape. But, in the turbulent boundary layer, 
the velocity profile remains fairly uniform as the free-stream value till near 
the surface and then suddenly changes to zero on the surface. This is due to 
turbulent mixing (the particle moves up and down, back and forth) so that 
free-stream velocity is able to move closer to the surface. From the application 
point of view, shear stress (viscosity x velocity gradient at the surface, i.e., 
tw = p(3u/ðy)|y=0) decreases with decreasing velocity gradient and viscosity. 
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Tw ô u " 
u. 

— ô 

u i ô 
Laminar  ; Turbulent 
flow | flow 
0 Transition x 0 
FIGURE 6.2 


Hydrodynamic boundary layer, friction factor, and shear stress profile. 


Since velocity gradient decreases (because boundary-layer thickness grows) 
with increasing distance due to viscosity, shear stress (related to pressure loss) 
and friction factor decrease with increasing distance from the leading edge of 
the flat plate. However, when the flow transitions into the turbulent boundary 
layer, pressure loss is much greater than that in the laminar flow portion. This 
is because a major portion of pressure loss is required in order to maintain 
turbulence random motion in the turbulent boundary layer. 

It is noted that boundary-layer thickness decreases with increasing square 
root of free-stream velocity, and friction factor decreases with increasing free- 
stream velocity; however, shear stress increases with increasing free-stream 
velocity (thinner boundary layer and larger velocity gradient) as sketched 
in Figure 6.2. Similarly, friction factor decreases with increasing Reynolds 
number, but, shear stress increases with increasing Reynolds number. 

For hot flow moving over a cold solid body, a thermal (temperature) bound- 
ary layer is formed around the solid surface. The thermal (or temperature) 
boundary layer is the region where the fluid temperature changes from its 
free-stream value to that at the solid surface. Heat transfer can take place 
either from hot flow to the cold surface or from the heated surface to cold flow 
as shown in Figure 6.3. For example, considering the hot flow over a cold flat 


Turbulent 
0 flow X flow 


FIGURE 6.3 
Thermal boundary layer over a heated flat plate. 
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plate as shown in Figure 6.1, due to conductivity of fluid and velocity distri- 
bution, the temperature gradually decreases from its free-stream maximum 
value to that at the flat plate. The hot fluid particle conducts heat from the 
free-stream into the cold surface through the velocity boundary layer. There- 
fore, a thermal boundary-layer thickness is developed over a solid surface 
due to fluid flow. 

The temperature profile and associated thermal boundary-layer thickness 
over a flat plate is solved in Chapter 7. In an ideal case (assume Pr — 1), 
the thermal boundary layer is identical to hydrodynamic boundary layer as 
shown in Figure 6.1 or 6.3. In this ideal case, the temperature profile is the 
same as the velocity profile through the entire boundary layer over the flat 
plate. Once we determine the temperature profile over a flat plate, T(y) at a 
given distance x, the thermal boundary-layer thickness, the heat flux on the 
surface, and the heat transfer coefficient (or Nusselt number) can be obtained 
as follows: 

Thermal boundary-layer thickness t(x) ^ /x 

If Pr = 1, then 8(x) = 9T(x). 

At the body surface, the heat flux is 


HL pot 


= = —k 
w ay f 


y=0 


=h(Tw — Too) 
y=0 


oy 
The heat transfer coefficient h with the unit of W/m? k can be expressed as 


T =k QT/8y)|, o w Tht (Too = TOP ke E ay 
= Te = T Tw — Too òT 8 f*4oo 


In the laminar boundary layer, the temperature profile gradually changes 
from the free-stream value to the surface as a parabolic shape, but, in the tur- 
bulent boundary layer, the temperature profile remains fairly uniform from 
the free-stream to near the surface and then suddenly changes to the sur- 
face value. This is due to turbulent mixing (particle moves up and down, 
back and forth); the hot (or cold) free-stream particle is able to move next to 
the cold (or heated) surface due to random motion. From application point 
of view, the heat flux (fluid conductivity x temperature gradient at the sur- 
face) and heat transfer coefficient (heat flux/temperature difference between 
the free-stream and the surface) decrease with decreasing temperature gra- 
dient and fluid conductivity. Since temperature gradient decreases (because 
thermal boundary-layer thickness increases) with increasing distance due to 
fluid thermal conductivity, the heat flux (related to heat transfer rate) and heat 
transfer coefficient decrease with increasing distance from the leading edge 
of the flat plate. However, when flow transitions into the turbulent boundary 
layer, the heat flux (and heat transfer coefficient) is much greater than the 
laminar flow portion. This is because a major portion of heat transfer is due 
to turbulent random motion in the turbulent boundary layer. 
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It is noted that heat flux is proportional to the heat transfer coefficient 
and temperature difference between the free-stream and the surface. The 
heat transfer coefficient increases with increasing free-stream velocity (thin- 
ner hydrodynamic and thermal boundary-layer thickness) and fluid thermal 
conductivity as sketched in Figure 6.4. This implies that the heat transfer 
coefficient, heat flux, and Nusselt number (the dimensionless heat transfer 
coefficient) increase with Reynolds number. Another import parameter in heat 
transfer study is the role of Prandtl number (Pr). Prandtl number is a ratio 
of kinematic viscosity to thermal diffusivity, or a ratio of velocity to tempera- 
ture boundary-layer thickness as sketched in Figure 6.4. For example, thermal 
boundary-layer thickness is identical to hydrodynamic boundary-layer thick- 
ness if Pr — 1 as discussed above. However, in real life, different fluids have 
different Prandtl numbers. In Chapters 7, 8, and 10, we will see that Nusselt 
number is proportional to Reynolds number and Prandtl number for both 
laminar and turbulent flow problems (with different power and constants). 

Nusselt number: 


h 
Nu = = = aRe Pr" 


Prandtl number: 
pens m/p PC 5 
a k/pCy k ôT 


Prandtl number is a property of fluid; it shows the ratio of momentum 
transfer versus heat transfer. 


Air or gas Pr = 0.7 

Water Pr = 2 ~ 20 

Oil Pr = 100 ~ 1000 

Liquid metal Pr = 0.01 ~ 0.001 


When temperature increases, the viscosity and Prandtl number for oil 
decrease. 


8 h 
ör Tw 
Pr»1 Uso 
Sr 
Laminar | Turbulent 
ò flow ' flow 
0 Transition x 


Pr«1 


FIGURE 6.4 
Thermal boundary layer, heat transfer coefficient, and heat flux profile. 
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6.2 General Heat Convection Equations 


For flow moving over a heated or cooled solid body, the general 3-D pres- 

sure profiles P(x, y, z, t), velocity profiles u(x, y, z, t), v(x, y, z, t), and w(x, y, z, t), 

and temperature profiles T (x, y, z, t) can be obtained by solving the following 

continuity, momentum, and energy equations inside the hydrodynamic and 

thermal boundary layers over the heated or cooled solid surface [1-3]. 
Conservation of mass (continuity equation): 


a 

3 4 V. (oV) =0 (6.1) 
where 

V = iu + jv + kw 
and 


m n) (i) 


are the velocity vector and the del operator for unit vectors, i, j, and k in the 
x-, y-, and z-direction, respectively. 
Conservation of momentum: 


DV 
p— = —VP + uVÊ?V + pg (6.2) 
Dt 
Conservation of energy: 
Dh DP 
— = — + V-kVT P+4 6.3 
"DET Det THO + q (6.3) 


where h = e + (1/2)V - V, and eis the specific internal energy. ® is often called 
the dissipation function with the form 


-— (8) +(2)+(# d 2 a 
7 ax ay az dy Ox 
ðu aw? àv aw \? 
6.4 
(zx (2-2) (64) 


q is the heat generation in unit volume. 
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63 2-D Heat Convection Equations 


Many real-life applications for flow moving over a solid body can be mod- 
eled as a 2-D boundary-layer flow and heat transfer problems. We need to 
know the 2-D velocity profiles u(x, y, t) and v(x, y, t) in order to calculate 
the wall shear stress (related to pressure loss) and the friction factor along 
the surface for a given fluid at given flow conditions, as well as the 2-D tem- 
perature profiles T (x, y, t) in order to calculate the wall heat flux (related 
to heat transfer rate) and the heat transfer coefficient along the surface for a 
given fluid at given flow and thermal BCs. Since flow moving due to pressure 
difference between upstream and downstream flow and viscous boundary 
layer effect over the solid surface, it is necessary to perform conservation of 
mass (continuity equation) and momentum (momentum equation) through 
the boundary layer in order to solve for velocity distributions over the sur- 
face. Similarly, since heat transfer due to temperature difference between 
the free-stream and the solid surface and flow moving carrying energy, it 
is necessary to perform conservation of energy (energy equation) through 
the thermal boundary layer in order to solve for temperature distributions 
over the heated (or cooled) surface. Consider a small 2-D differential fluid 
element (dxdy) at any point of the boundary layer, the following shows a 
step-by-step derivation of 2-D conservation equations for mass, momentum, 
and energy through hydrodynamic and thermal boundary layers over a solid 
surface [1-3]. 
Conservation of mass: 
Perform mass balance shown in Figure 6.5: 


ə a a 
— 5, 0" dy) dx — we dy = ay C dx dy) (6.5) 


| py dies ar (pv ds) dy 


er pu dy+ 2 (pu dy) dx 
——> | | Av —— 


AE 


Ax 


|» dx 
FIGURE 6.5 


Conservation of mass. 
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If the flow is steady-state, 


-Š pudy) dx — 5, endo dy =0 


alpu) Əl) - 
e us =0 (6.6) 


For incompressible flow, p = const, the continuity equation can be simpli- 
fied as 


ðu ðv — 


—+ —=0 
ax T dy 


(6.7) 


Conservation of momentum: 


From Newton’s second law, net force exerting on a body equals the 
momentum change. 


XE = may 
XP = may 


where 4; is the acceleration in the x-direction, and ay is the acceleration in the 
y-direction. 


The force exerting on a control volume and the momentum change are 
shown in Figure 6.6. 


ð a OP 2) 9 3 
= ma z; (pu 6.8 
T ay ax 8s (ou + ay (pur) + = (pu) (6.8) 
Pay, Ed inar cud SERERE Ru NET 
normal sheat E dienk convective term eus 
By Navier-Stokes for Newtonian incompressible fluid: 
ðu 
z 6.9 
T 5 Ox (6.9) 
ðu ðv 
Txy = Tyx = ẸH (5 t x) (6.10) 


Substituting Equations 6.9 and 6.10 into Equation 6.8, we obtain 


0 (, du) 3f (au ƏN] r 23, a. ð à 
dx ( Wee) + oy E E 3 =) 3x ax (ou?) + ay OD hay pu) 
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> 0, + = (0,,) dx 
ox 


kK—$ P, 42 (p) dx 
dx 


| pv dx dz-u + Zov dx dz-u) dy 


pu-udydz 
——— 


pu-u dy dz + Z pwu dy dz) dx 


FIGURE 6.6 
Conservation of momentum. 


For a steady-state, constant-property flow, the left-hand side can be expre- 


ssed as 


j u dru is 9?o Pu u Pu, əv 
MO | "ay NETT "ad "ay a E Jxðy 
H au du ü-(àu ðv 
"Ug T Hay Mag (d ay 
au p 9n P 9?u E 
~ i 
"ay: axi "ay 
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The right-hand side can be expanded as 


Substitute the mass conservation equation into and we will obtain the 
x-direction momentum equation 


ðu " ,9u 18P " au " au (6.11) 
u ES 0) v x i: 
ax oy pax | ox? ay? 
——— —— OH 
convection pressure stress 


Similarly, we will obtain the y-direction momentum equation from Equation 
6.11 by changing u and v, x and y: 


9v ðv 10P 83v 0v 
= + 6.12 
"3x ay poy vox NT Vl 


Conservation of energy: 
Unsteady state: 
Perform energy balance shown in Figure 6.7, 


Oqx 0qy ə 0 
-C,-T) dx - — dx-C,-T)d 
ae dx T dy zm (pu dy - Cp - T) dx ay (ov dx - Cp - T) dy 
d(pdxdy-C,-T 
_ 9 (pdx dy -Cp T) (6.13) 
ot 
ð (pC,T) 8 9 
——————— — (puC,T) + — (pvC,T 
at Hi puepDy os. Monee) 
——— —M———————————— 
unsteady steady convection 
ə oT ð oT j 
= (i )+ (i )+ T d Lod (6.14) 
Ox Ox oy oy k USE 
————— bunt heat dissipation 
heat diffusion generation source due to fricion 
For steady-state constant properties, 
T T T ƏT 
ALE AAA te Mo. (6.15) 
ax ay ax? oy? pCp 


OROT 
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qy* <a) dy pvi dx der pri dx dz) dy 


Ea, y*dy E sys dy 


rf 


d 
[4] det 2 (gy) d 
ox 
cond, x—— — cond x+dx 
Ay 
Econ, x—>> Ax =} Eonar dx 
pui dy dz pui dy der 2 (pui dy dz) dx 
X 
Econdy Envy 
i- enthalpy 
dy pvi dx dz Meer 


Internal energy 


FIGURE 6.7 
Conservation of energy. 


E: SeSe 


6.4 Boundary-Layer Approximations 


The above-derived boundary equations are not easy to solve analytically. 
Boundary-layer approximations, as shown in Figure 6.8, can be employed 
to simplify the boundary equations as follows: velocity in the x-direction 
is greater than that in the y-direction, streamwise velocity change in the 
y-direction is greater than that in the x-direction; temperature change in the 


FIGURE 6.8 
Boundary-layer approximations. 
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y-direction is greater than that in the x-direction. 


Therefore, the continuity equation remains the same. Assume steady-state 
constant properties; the momentum equation in the x- and y-directions can 
be simplified as 


u— +u— = +v (6.17) 
—-— =0 (6.18) 


For an incompressible flow, that is, M < 0.2, ® ~ 0, and so the energy 
equation becomes 


u—+vu— =a (6.19) 


Outside of the boundary layer, it is potential flow (u effect — 0, v > 0, 
du/dy — 0); Equation 6.17 reduces to 


ðU»  1əP 
Saai 6.20 
UST p ax ve) 


Note that Equation 6.18 implies that there is no pressure change in the 
y-direction within the boundary layer. Equation 6.20 implies that pressure 
change in the x-direction within the boundary layer can be predetermined 
from velocity and its velocity change in the x-direction outside of the bound- 
ary layer. Therefore, Equation 6.20 can be substituted into Equation 6.17 to 
solve for the velocity profiles inside the boundary layer. 


6.4.1  Boundary-Layer Similarity/ Dimensional Analysis 


Here we want to generalize the application of the above-derived boundary- 
layer approximation equations. Most often, one wants to apply the boundary- 
layer equations from a small-scale test model to a large-scale application 
or from a large-scale test model to a small-scale application. This is 
called boundary-layer similarity or dimensional analysis. The following is 
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a common way of converting dimensional parameters into nondimensional 


parameters [2]. 


u v 
Let x* = -, sY t= —, t= —, 
et x y'—p, w LL. v Ux 
T-T 
Then, the conservation equations can be written as 
Qu* | Qo* — 
ax”  Oy* — 
QUU UP PE ov 92u* 
ax* ay* — Ax* «XL y? 
aP* 
ay* 2 
QT I o DE E Su 
ax* dy*  Us&L ay*? 
And the coefficient is 
M 1 zou (6.22) 
Us;L  (U»L/v)- (v/a)  Re.Pr ` 
The above similarity functional solutions can be written as 
dP" 
* = 5 ay R pe 
u* =f (: y*, Rer, =) 
n Qu a n Qu* 
where 
a dP” 
ds =h x*, Rer, ETEA 
oy* y*=0 dx* 
T m(Uss/L) dP* 
Ch = w 2 = dy x", Re, 3 x 
(1/2)pV2, ^ 1/2)pU2; x 
2 . dP 
= — Rer, — 2 
Cr Re? ( , Rez, =) (6.23) 
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Special case: when flow over a flat plate dP” /dx* = 0, the average friction 
factor can be determined from Reynolds number as 


= 2 
Ce = — pf (Rer) = aRef (6.24) 
Rer 
Similarly, the temperature and heat transfer coefficient can be obtained as 
dP 
T* = ", uf R "n P pg 
fs ( y', Rez, Pr =) 


ye TE OTD Iyno kar 
EE UU L ày* 


k dP 
T j^ (^ Rer, Pr, a 


hL : dP* 
Nur = K = f4 (: , Rer, Pr, =) (6.25) 


y*=0 


For flow over a flat plate, dP* /dx* = 0, the average Nusselt number can be 
determined from Reynolds number and Prandtl number as 


= hL 
Nu = A = fs (Rer, Pr) = aRep Pr” (6.26) 


The above analysis concludes that, for flow over a flat plate, the local friction 
factor (at a given location x) is a function of Reynolds number only, and the 
local heat transfer coefficient or Nusselt number (at a given location x) is a 
function of Reynolds number as well as Prandtl number. 


6.4.2 Reynolds Analogy 


Assuming that Pr = 1 (approximation for air, Pr = 0.7), the above friction 
factor and the Nusselt number can be reduced to the following: 


2 x 
C& = Re? (x , Rez) (6.27) 
Nux = fa (x*, Rez, Pr) (6.28) 
If fo = f4, Pr= 1, 
Re 
C =f = fa = Nu 
1 N hL/k h 
Toner de anges NE (6.29) 
2 Re - Pr (pVL/W) - (uCp/k)  pCpV 
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Reynolds analogy: 


1 
zC! = St (6.30) 
Experimentally, we obtained 
1 
5C pr? = St (6.31) 


where 0.6 < Pr < 60. 

The importance of Reynolds analogy is that one can estimate the heat trans- 
fer coefficient (or the Stantan number (St)) from a given (or a predetermined) 
friction factor, or one can calculate the friction factor from a given (or pre- 
determined) heat transfer coefficient (or the St) for a typical 2-D boundary 
layer flow and the heat transfer problem. The original Reynolds analogy is 
shown in Equation 6.30. However, Equation 6.31 still can be called Reynold’s 
analogy including Prandtl number effect. 


Remarks 


This chapter provides the basic concept of boundary-layer flow and heat 
transfer; it focuses on how to derive 2-D boundary-layer conservations 
for mass, momentum, and energy; boundary-layer approximations; non- 
dimensional analysis; and Reynolds analogy. Students have come across 
these equations in their undergraduate-level heat transfer. However, in the 
intermediate-level heat transfer, students are expected to fully understand 
how to obtain these equations. 


PROBLEMS 


6.1. For hot-gas flow (velocity Væ, temperature To.) over a cooled 
convex surface (surface temperature Ts), answer the following 
questions: 

a. Sketch the "thermal boundary-layer thickness" distribution on 
the entire convex surface and explain the results. 

b. Sketch the possible local heat transfer coefficient distribution 
on the convex surface and explain the results. 

c. Define the similarity parameters (dimensionless parameters) 
that are important to determine the local heat transfer coeffi- 
cient on the convex surface. 

d. Write down the relationship among those similarity parame- 
ters and give explanations. 

e. Write down how to determine the local heat flux from the 
convex surface. 

6.2. For cold-gas flow (velocity Voo, temperature Too) over a heated 
convex surface (surface temperature T;), answer the following 
questions: 
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a. Sketch the "thermal boundary-layer thickness" distri- 
bution on the entire convex surface and explain the 
results. 

b. Sketch the possible local heat transfer coefficient distri- 
bution on the convex surface and explain the results. 

c. Define the similarity parameters (dimensionless param- 
eters) that are important to determine the local heat 
transfer coefficient on the convex surface. 

d. Write down the relationship among those similarity 
parameters and give explanations. 

e. Write down how to determine the local heat flux from 
the convex surface. 

6.3. Derive Equations 6.11, 6.12, 6.15, and 6.16. 
6.4. Derive Equations 6.23 and 6.25. 
6.5. Derive Equation 6.30. 
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External Forced Convection 


7.1 Laminar Flow and Heat Transfer over a Flat Surface: 
Similarity Solution 


External forced convection is that flow moves over the external surface of a 
solid body and forms hydrodynamic and thermal boundary layers around 
the surface. There are two well-known methods to solve external boundary- 
layer flow and heat transfer problems. One is the similarity method to obtain 
the exact solution. The other is the integral method to obtain the approxi- 
mate solution. This section begins with the similarity method [1-6]. Figure 7.1 
shows stream lines for flow over a flat plate. The velocity along each stream 
line looks quite similar to each other. Define stream function V and derive 
two nonlinear PDEs to one nonlinear PDE, then use the similarity concept to 
derive the nonlinear PDE to the nonlinear ODE. 


ow 
= — 7.1 
w= (7.1) 
aw 


The continuity equation is automatically satisfied. 


9 (aw ð ow 
=0 7.3 
m (Se) + ap ( x) A 
The x-momentum equation becomes 
Y / 3Y V o?vy ^y 
aw (a awaw (a 95 
dy \ dxdy ax dy? ay? 


V(x,y) > Ym) 
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Streamline 


FIGURE 7.1 
Stream lines for flow over a flat plate. 


Applying the similarity concept from Figure 7.1, 


y~ Vis n= - (7.5) 
v~ Ves f =ef) (7.6) 


n is the similarity variable. 
f is the similarity function. 


u(x,y) 
v(x,y) 
QW aWdn  /x,co cC 
dy andy a” dx c 
w= (24425 =) 
-xC C12 Yx 


Ox 
= af invx | f 1 1 
-anar Cy Cq12J4x 


| => Vy) > Ym) fq) 


cond de AA 

-n( cuo es 
11 i 

asoa 69 


where 


af. am Co. m Tce = — 


f= = = 
an’ Oy  Jx' ax 2x' 


rw a (39) 3 (2r _ 02 af! an _ c3 f" 
ci cı On ðY x 
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y afv) a (C5 Ff" -22 (£) an 
əy? ay \ ay2 } ay \ Ci yx] Ci aN Nx) ay 
" Co 0S f" 
-2y Je Qx 


aw a (aw a (C2, 9 (Com\ M Caf n 
ex-z)-z()x- (Sr) 2-2 ( =) 


Inserting them into the above stream function momentum equation, we 
obtain 


nile + 2vcioof" =0 (7.7) 
This is the similarity momentum equation. 
Assume 
vc1c2 = 1 (7.8) 
at 
" ow ,C2 
= eo, = = —— = — 
d SA oy y=% C1 
Let 
C2 
A = Un. (7.9) 


From Equations 7.8 and 7.9, we obtain 


C2-—4|——, A= 


Therefore, 


== Mg. 7 Res (7.10) 
U 


VX x 
yes i — - (7.11) 


where f and are similarity functions and similarity variables, respectively. 
Finally, we obtain the following: 

ER 

(Oy 

aw 1 


Q = = 


dx Tow dd ru 


= SY = Uns’ (712) 


vs (Fn-f) | C13 
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f= de = i = velocity profile (7.14) 
Tj oo 


E d B d(u/Usc) 


a= = = velocity gradient (7.15) 
Boundary conditions: 
at 
y=0,u=0=0,57=0,f'= Fn = Oi =f =0 > F(0) =0 (7.16) 
oo 
aty = oo, u = Un, > f'(co) 21 
(4 1 UA 
Tau -3f (7.17) 


Equation 7.17 may be solved numerically by expressing f (n) in a power 
series (1908 Blasius Series Expansion) with the above-mentioned BCs as 


ERN an? 1o? 11an? — 375 oH 
UT 2 5! 4 8 8 1l! 


E E 
Sts -»-8-v| [ex E (£) | dn} dn forte (7.19) 
n 


where a = 0.332, p = 1.73, and y = 0.231. Then u and v can be determined. 
Equation 7.17 can also be solved by numerical integration as 


[i =- [gran 


T R 
0 
fr E So 1/2(f dn) , Gi 


4 ---for small n (7.18) 


n 


f= far = | (e oras. c, t Co 


where C? 20atn 20,f/ 20; C1 = (1/ fo e7 o 1/2(f dn) dn) atn-oo,f'— 1. 
nn 
f =c | [eot mán an + cs 
00 


where C3 = Oat n = 0,f = 0. 
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Therefore, 


f 


fd fde- Jo 1/20 aM an dy 


fe e fo 1/2 dn) gy 
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(7.20) 


For example, use of the trapezoidal rule for the numerical integrations: 
Choose nmax = 5 = An- N, when N = 50 (the number of integration steps), 


An = 0.1 


Let nj41 = ni + An fori = 0,1,2,..., with no = 0 


Initial guess fi = ni 


Calculate fj’ f dn, e^ Jo fdn, jare Io f dndn, and dodo e7 Jo f dy dn 


Calculate C4 — 1/ di e^ fo f dndn), f, ff 
Check convergence 1 x ad ier < e?, fori = 0,1,2,..., N. If not, go back 


again. 


From the tabulated data shown in Table 7.1 [2] or Figure 7.2, for given 
Rex = pUooX/|, the velocity profile u (x, y) at any location (x, y) and the shear 


stress f" at the wall (y = 0, n = 0) can be determined. 


TABLE 7.1 

Flat Plate Laminar Boundary Layer Functions [2] 
n= yy 3 f f-g4- f" 
0 0 0 0.332 
0.4 0.027 0.133 0.331 
0.8 0.106 0.265 0.327 
1.2 0.238 0.394 0.317 
1.6 0.420 0.517 0.297 
2.0 0.650 0.630 0.267 
24 0.922 0.729 0.228 
2.8 1.231 0.812 0.184 
3.2 1.569 0.876 0.139 
3.6 1.930 0.923 0.098 
4.0 2.306 0.956 0.064 
4.4 2.692 0.976 0.039 
4.8 3.085 0.988 0.022 
5.2 3.482 0.994 0.011 
5.6 3.880 0.997 0.005 
6.0 4.280 0.999 0.002 
6.4 4.679 1.000 0.001 
6.8 5.079 1.000 0.000 
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Universal 
velocity profile 


© Experimental data 


FIGURE 7.2 
Graphical sketch of velocity profile from similarity. 


From n, obtain or derive f’ and u(x, y). 
The similarity function for temperature is shown in Figure 7.3. 
Let 


pale (= wal =f') (7.21) 


The energy equation becomes 


dv 90 ava ^0 


(7.22) 


=a 
dy dx ax dy ay? 


FIGURE 7.3 
Concept of thermal boundary layer. 
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Performing 


900 a0dn C 
= = 0 
dy | 8m ay x 


147 


99 à (2)- à (Szo) = ð (S) on — 
ay? ay \ðy/ Oy Nx J an \ Vx / ay 


900 00 N gy =n 
əx On Ox — 2x 


Inserting this into the energy equation we obtain 


1 
9" + ;Prfe =0 
Boundary conditions: 
9 (0) =0 
6(00) = 1 


Equation 7.23 can be solved as 


o” Pr 
| g&-- [55a 
[P 
Ing’ = -[zfan«c 


atn = 0,0(0) 20,C5 = 0 
at n = 0,0(c0) = 1, 
7 1 
fren Jo Pr/2cF dwan 


C1 


Therefore, 


.— füe-JoPr2d digg 
— fec faPr2 dwan 


9 = 6'(0) j exp |- fe a an| dn 
0 o 2 


(7.23) 


(7.24) 


(7.25) 


(7.26) 
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where 
1 


9'(0) = -5 
m fo. exp [= fo Pr/2(f dw] dn 


(7.27) 


If Pr — 1, f' = 0, the thermal boundary layer is the same as the hydro- 
dynamic boundary layer (Equation 7.20 — Equation 7.25). 

For a given Pr, 0 and 0' can be determined if f" has been solved previously. 

For example, 


fo" 


f--a 


ftf dn = —21n f" 


f= fa 1/2(f dn) 


NR: my dn 
~~ poo Pr 
Jo (f") dy 


From the tabulated data or Figure 7.4, the temperature profile T(x, y) at any 
location (x,y) and the heat flux at the wall (y = 0, n = 0) can be determined. 
From n, we obtain 0 and T(x, y) for the given Prandtl number. 


7.1.1 Summary of the Similarity Solution for Laminar Boundary-Layer Flow 
and Heat Transfer over a Flat Surface 


The following outlines that the equations can be used to calculate boundary- 
layer thickness, shear stress, and the friction factor for a given Reynolds 
number; as well as heat flux, the heat transfer coefficient, and Nusselt number 
for a given Reynolds number and Prandtl number. 


T-T, T-T, 
0- x 0- 
T,.-T, T,-T. 
1 1 
Pr»1 
Prel Pr«1 
Pr» 
U. 2 F 5 
LAT n=y,;—= 


FIGURE 7.4 
Graphical sketch of temperature profile from similarity solutions. 
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Let u/Ug = 0.99 at n = 5, that is, n = (y/x) / Rex = 5, where y = 8, and the 
edge of the boundary layer, 8 = y = 5x/A/ Rey 


à 
= = 5.0/VRex (7.28) 
d oy y=0 y oy y=0 C1 JX n=0 

Uo f" n) 


= pU% 


y u 
= yUscf (0) <= 
e Ux 


f" = 0.332 from the Table 7.1 or Figure 7.2 


v Xx 


tw 2/0) — 06644 1 


pues z z 7.29 
^ A/D  Veüxx/h Re x Het 
, 1.328 
Cy = 
a Rez 
when 
Rer, = BUool, 
u 
T T 0 
jx ete 8) Sree ds 
Y ly=0 an oy y=0 ð vx |o 
u 
= —k(Too — Tw)? (0) = 
UX 
0'(0) = 0.332 Pr!/? from the Table 7.1 (for Pr = 1) or Figure 7.4 
n —k (ƏT /əy)| _ 1 
"Tree. e h= 2k Ux -P0 ~ (7.30) 
j M Teu Ux JX 
h 
Nu, = T = 9 (0) /Re, = 0.332 / Re, Pr? 


Remarks 


There are many engineering applications involving external laminar flow 
heat transfer such as electronic components cooling and plate-type heat 
exchangers design. In the undergraduate-level heat transfer, there are many 
heat transfer relations between Nusselt numbers and Reynolds and Prandtl 
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numbers. Students are expected to calculate heat transfer coefficients from 
these relations by giving Reynolds and Prandtl numbers. 

For the similarity method, students are expected to know how to derive 
the similarity momentum and energy equations with proper velocity and 
thermal BCs. Students are also expected to know how to sketch and predict 
velocity profiles inside the boundary layer, for a given Reynolds number, 
from the velocity similarity solution by using tables or figures; how to sketch 
and predict temperature profiles inside the thermal boundary layer, for a 
given Reynolds number and Prandtl number, from the temperature similarity 
solution by using tables or figures. Here we focus on flow over a flat plate 
(zero-pressure gradient flow) with constant surface temperature BC, and do 
not include the one at constant surface heat flux BC. 

In advanced heat convection, the similarity solution can be extended to 
include various constant pressure gradient flows (such as flow acceleration 
or deceleration) with variable surface temperature BCs. These can be solved 
using the fourth-order Runge-Kutta method in order to obtain the velocity 
and temperature profiles across the forced convection boundary-layer flow. 


7.2 Laminar Flow and Heat Transfer over a Flat Surface: 
Integral Method 


Theother powerful method to solve boundary-layer flow and the heat transfer 
problem is using the integral approximate solution [1-6]. Instead of perform- 
ing mass, momentum, and energy balance through a differential fluid element 
inside the boundary layer as the similarity method, the integral method 
performs conservation of mass, momentum, and energy across the boundary- 
layer thickness at a given differential x-direction. It is noted that, for fluid 
with a Prandtl number different from unity, such as gases, water, and oils, 
the hydrodynamic boundary-layer thickness is different from the thermal 
boundary layer. 


7.20.4 Momentum Integral Equation by Von Karman 


Employing a control volume that is infinitesimal in the x-direction but finite 

in the y-direction across the boundary-layer thickness, as shown in Figure 7.5, 

we apply the mass and momentum conservation to the control volume. 
From mass conservation, 


8 ò 
ðv ðu ðu ðu 
0 0 


po dx = < | (pu dy) dx (7.31) 
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——. pvdxor E jpudydx 
= dx 


D 
udy—9 > [pudy+— [(pudy)dx 
[Duca m dx 


+ 
Conservation of mass 


— 
—-» pvU.. dx or Un y duda 
— dx 


[ 4 d 
Ly» dy+— 
founds” | [puu EP j(puudy)dx 


Momentum change 


P A 
c [Pdy 4 — 
i D t3. J Pdydx 


jPdy > 


qm 
Tydy 
Net force 
FIGURE 7.5 
Integral method. 


From momentum conservation, 


dx dx 


————— 
net force 


CL NM. T MM 
momentum change 


è 
—īw qup dx — a [raja § = — = | (oud) dx — Uy = | oudy) dx 


(7.32) 


where 


dP/dx = —pUs(dUo./dx) (from the momentum differential equation, at 
outside of the boundary layer, u = Us, v = 0, 8*Us0/dy? = 0). 
Therefore, 


d$ d$ dU% d d 
E eae Dem ( pU% T )-& J pus dy - Uso (dx [pudy 


d dU% d 
- tw = {y | ouudy pU% Ae [ay Us | oudy 
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d du. d 
= £ | pu dy + RR | p- Us) dy - T [ mus dy 


d dU% 
m Joe = Us) dy = [oni us) dy 


d 
Tw = E [ou Use = dy + TE | p Uso - io dy (7.33) 
For a flat plate flow, dU../dx = 0 
Tw — Ļu e 1 -2 | pu(Llos — u) dy (7.34) 


7.2.2 Energy Integral Equation by Pohlhausen 


From energy conservation, as shown in Figure 7.6, 


d (f^ à (1 
grdx = zm | pCpuT dy | dx — CoToo4- [ou dy | dx (7.35) 
0 
0 


ôT 
d 
ir | pCpu(T — Too) dy dx 
0 


ôT 
oT d 
” = —k — C,u(T — Ta.) d 7.36 
aF a p(T — Tao) dy (736) 
== d 8 
——— Co. — Jy pudydx br 
dx 


ie pC, y Tdy + (f pC, uTdy)dx 


FIGURE 7.6 
Conservation of energy. 
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7.2.3 Outline of the Integral Approximate Method 


For a hydrodynamic boundary layer: 
Step 1: assume the velocity profile, such as 


u =a + by 

u =a + by + cy? 

u =a + by + cy? + dy’ 

u =a + by + c? + dy? + eyt 
Step 2: from the velocity BCs to determine the coefficients a, b, c, d, and e 
Step 3: put the velocity profile into momentum integral to solve 8(x) 


Step 4: put 8(x) back to the velocity profile 
Step 5: the friction factor 


Tw MX (9u/9y)|g 


Ch = WAT = (1/22 can be determined 


Similarly, for a thermal boundary layer: 
Step 1: assume a temperature profile in one of the following forms: 
T=a-+by 
T =a + by + cy? 
T =a + by + cy? + dy? 
T =a +by + o + dy? + eyf 
Step 2: from the temperature BCs to determine the coefficients a, b, c, d, and e 


Step 3: put the temperature profile into energy integral to solve t(x) 
Step 4: put $7(x) back to the temperature profile and 


qw — —kQT/9y)o 
Tusla C qm 


h- can be determined. 


Examples 


7.1 Assume third-order velocity and temperature profiles for the boundary layer 
flow to satisfy the BCs: 
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u= a+ by + cy? + dy? 
T — a4 by + cy? +dy? 


=0  Quay^20 T=Ty TJ0y?-0 
=U du/y=0 T=To aT/ay =0 


Spe v8 1y\3 
icon) id - ds 


Put the above velocity profile into momentum integral to solve for 8(x) 


ò 
31 d 213 yy 1,y3 3 yy 1 ,4y43 
T 7 ay | 6| 5 2) 21) | Fla) Fos) ay 
0 
disi dics 
= d (aot) 
dà 140 v 
dx 13 Ux 
1 140 v 


atx=0,8=0,C=0 
Therefore, 8 (x) = 4.64 /(vx/Usc) 


Put 8(x) back to velocity profile to obtain the final velocity profile. And the 
friction factor can be calculated as 
0.646 


— uQu/óyo  &G/20/9Us _ 
Rex 


(7.37) 


Uw 


Cg = — 
* ^ (1/2)pUS. (1/2) pUS (1/2) pUSp 
T= tw 3 f¥\ 1/yy 
Too -Tw 2 8T 2 \8r 
P= Tes 3/y Xy 
Tw — Too 2 (£) 2 (3 


Put the above temperature profile into the energy integral to solve for 51(x). 
lf Pr=1,8= 87, u= T — Tw 


or 


ör _ 4.64 
~ J Rex 


The coefficient 4.64 is from momentum integral. It equals 5.0 from the 


similarity solution. 
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From the energy integral, we obtain 


òT 
aT z d 3 ,y 
Wiggs eo eT) ;&['9b is) 


Then, 
3-1 & 1 à 1 | d a 
k>-— = $ 
2 pu n EE m dx 
òT 2a i) 
Ta (=) 20 i 280 
Let 
pea, GOL DT) num 
à ò 
We obtain 
dr dà a 
28? 38— — 10 
i dx i dx Uso 
From above 
52 = 280 vx ds = 140 v 
= 13 Ug’ dx | 13 Ugg 
We obtain 
7 280 UX dr 3 te v E [v] 
2r —10 
13 Uso dx 13 Uso Uœ 
Then, 
r 13 
4 2 Qc 
5 Td s 14Pr 
Lets =r? 
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13 
s2pICxM y 14 Pr 
13 
atx=0,C;=0,7 
1797 = Tap 
à /3 
r= t= ( 1? ) = 0.975 (Pr) T1 ~ pg - M9 
ò 14Pr 
4.64 
87 = 8 Pr 3 = pr 15 
Rex 


p LKOT/YN-o 3k 
= UNT 20 


3 k 3 k 
~ 2 8Pr-1/3 — 2 x(4.64/ / Rex)Pr- 1/3 


For this typical case, 


h 
Nux = Á = 0.323 Rej/? pr/3 (7.38) 
From Figure 7.7, 
at xX = Xo, 8 = 0, r=0 


1 13 13 
x3/4 


Uc pus Mex 
(am + Tap C 7 qp 
[9] 


Therefore, 


p 1/3 Xo \3/4] 13 
r= =0.975Pr i= (=) 


kA ST ST, X Tw 
Lx Apply heat 


FIGURE 7.7 
Integral approximation method. 
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For a typical case, xo = 0, 8t = 0, 
T = 0.975Pr- 13 ~ pr 13 
For the nonheating leading length problem, xo > 0, 


hx — 0.323 Rey! pr 


Kk 7 YAT opo 


If x9 = 0, go back to the typical case. 


Nux — (7.39) 


Remarks 


For the integral method, students are expected to know how to sketch and 
derive momentum and energy integral equations from mass, force, and heat 
balance across the boundary layer. Students are also expected to know how 
to solve velocity boundary-layer thickness and the friction factor from the 
derived momentum integral equation by assuming any velocity profile to 
satisfy velocity BCs across the boundary layer; as well as how to solve ther- 
mal boundary thickness and the heat transfer coefficient from the derived 
energy integral equation by assuming any temperature profile to satisfy ther- 
mal BCs (given surface temperature or surface heat flux) across the thermal 
boundary layer. Note that one will get a slightly different velocity boundary- 
layer thickness (and friction factor) by using different velocity profiles across 
the boundary layer, and a slightly different thermal boundary-layer thick- 
ness (and a heat transfer coefficient) by using different temperature profiles 
across the thermal boundary layer. This is the nature of the integral method. 
Another note is that velocity and thermal boundary-layer thickness is the 
same if Prandtl number unity is assumed. 


PROBLEMS 


7.1. Consider a steady, incompressible, low-speed 2-D laminar 
boundary-layer flow (at Uoo, Too) over a flat plate at a uni- 
form wall temperature Tw. Assume that there exist no body 
force and constant thermal and fluid properties. The similarity 
momentum and energy equations are listed here for reference: 
f" + 0/2)ff" = 0 and 6" + (1/2)P,f 0" = 0. 

a. From the Blasius solution of the above similarity equations, 
sketch the relations between the similarity functions (f’, 0) and 
the similarity variable (n) for both water and air (i.e., sketch f" 
versus n for both water and air on the same plot; and 0 versus 
1| for both water and air on the same plot). Explain why they 
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have differences, if any. You do not need to solve the above 
equations. 

b. For a given problem (i.e., Uœ, Too, p, m, Tw, Pr are given), 
explain briefly how to determine the local velocity u(y) and 
temperature T (y) at a specified location x, for both water and 
air, from the sketches in (a)? 

Consider a steady, incompressible, low-speed 2-D laminar 

boundary-layer flow (at Uso, Too) over a flat plate at a uniform 

wall temperature Tw or at a uniform wall heat flux qi, respec- 
tively. Assume that there exist no body force and constant thermal 
and fluid properties. 

a. Based on the approximate integral method, assuming a uni- 
form velocity profile inside the boundary layer, that is, u = 
Uso, and assuming a linear temperature profile inside the 
thermal boundary layer as T = a+b x y, determine the local 
thermal boundary-layer growth along the flat plate (i.e., 5T 
versus x) at a uniform wall temperature Tw condition. (Note: 
à and b are unknown constants that need to be determined.) 

b. Based on (a), determine the local Nusselt number distribu- 
tion along the flat plate (i.e., Nu versus x) at a uniform wall 
temperature. 

Consider a steady, incompressible, low-speed 2-D laminar 

boundary-layer flow (at Uoo, Too) over a flat plate at a uni- 

form wall temperature Tw. Assume that there exist no body 
force and constant thermal and fluid properties. The similarity 
momentum and energy equations are listed here for reference: 

f" + 1/2)ff" = 0 and 9" + (1/2)P;f 6! = 0. 

a. Sketch both the velocity and the thermal boundary-layer thick- 
ness distribution for both water and liquid metal, respectively, 
flowing over the flat plate? (i.e., sketch 8 versus x and 5p versus 
x on the same plot for water, and 5 versus x and 5T versus x 
on the same plot for the liquid metal). Explain why they have 
differences, if any. 

b. Define the similarity variable (n), the similarity function for 
temperature (0), and the derivative of the similarity function 
for velocity (f)? Write the BCs which can be used for this 
problem? 

c. From the Blasius solution of the above similarity equations, 
sketch the relations between the similarity functions (f’, 0) and 
the similarity variable (n) for both water and liquid metal (i.e., 
sketch f’ versus v for both water and liquid metal on the same 
plot; and 0 versus » for both water and liquid metal on the 
same plot). Explain why they have differences, if any. You do 
not need to solve the above equations. 

d. For a given problem (i.e., Uœ, Too, p, u, Tw, Pr are given), 
explain briefly how to determine the local velocity u(y) and 
temperature T(y) at a specified location x, for both water and 
liquid metal, from the sketches in (c)? 


External Forced Convection 


e. 


Explain briefly how to determine the local heat transfer coef- 
ficient from the sketches in (c)? Sketch the local heat transfer 
coefficient over the flat plate for both water and liquid metal 
(i.e., sketch h versus x for both water and liquid metal on the 
same plot), if both are at the same free-stream velocity (Uso)? 
Explain why they have differences, if any. 


7.4. Consider a steady, incompressible, low-speed 2-D laminar 
boundary-layer flow (at Uso, Too) over a flat plate at a uniform 
wall temperature Tw or at a uniform wall heat flux qt, respec- 
tively. Assume that there exist no body force and constant thermal 
and fluid properties. 


7.5. 


a. 


Based on the integral method, sketch and write down the 
momentum balance as well as the energy balance across 
the boundary layers? (If you cannot remember, derive 
it). 

Assuming a uniform velocity profile inside the boundary layer, 
that is, u = Uœ, and assuming a linear temperature profile 
inside the thermal boundary layer as T = a + b x y, determine 
the local thermal boundary-layer growth along the flat plate 
(i.e., 9v versus x) at a uniform wall temperature Tw condi- 
tion. (Note: a and b are unknown constants that need to be 
determined.) 

Based on (b), determine the local Nusselt number distribu- 
tion along the flat plate (i.e., Nu versus x) at a uniform wall 
temperature. 

Assuming a uniform velocity profile inside the boundary layer, 
that is, u = Ugo, and assuming a linear temperature profile 
inside the thermal boundary layer as T = c +d x y, deter- 
mine the local thermal boundary-layer growth along the flat 
plate (i.e., 5r versus x) at a uniform wall heat flux gẹ con- 
dition. (Note: c and d are unknown constants that need to be 
determined.) 

Based on (d), determine the local Nusselt number distribution 
along the flat plate (i.e., Nu versus x) ata uniform wall heat flux. 
Explain and comment on whether the local Nusselt number 
distribution along the flat plate will be higher, the same, or 
lower than that in (c)? 


Consider a steady, incompressible, low-speed 2-D laminar 
boundary-layer flow (at Uoo, Too) over a flat plate at a uni- 
form wall temperature Tw. Assume that there exist no body 
force and constant thermal and fluid properties. The similarity 
momentum and energy equations are listed here for reference: 
f" + 0/2)ff" = 0 and 6" + (1/2)P,f0" = 0. 


a. 


Sketch both the velocity and the thermal boundary-layer thick- 
ness distributions, respectively for both water and air flowing 
over the flat plate? (i.e., sketch 8 versus x and 5T versus x on 
the same plot for water and for air, respectively). Explain why 
they have differences, if any. 
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b. Define the similarity variable (n), the similarity function for 
temperature (0), and the derivative of the similarity func- 
tion for velocity (f^)? Write the BCs that can be used for this 
problem? 

c. From the Blasius solution of the above similarity equations, 
sketch the relations between the similarity functions (f^, 0) and 
the similarity variable (n) for both water and air. (i.e., sketch f’ 
versus n for both water and air on the same plot; and 0 versus n 
for both water and air on the same plot). Explain why they 
have differences, if any. You do not have to solve the above 
equations. 

d. For a given problem (i.e., Uœ, Too, p, m, Tw, Pr are given), 
explain briefly how to determine the local velocity u(y) and 
temperature T (y) at a specified location x, for both water and 
air, from the sketches in (c)? 

e. Explain briefly how to determine the local heat transfer coef- 
ficient from the sketches in (c)? Answer whether water or air 
will provide a higher convective heat transfer coefficient from 
the surface, if both are at the same free-stream velocity (Uso)? 
Why? 

Consider a steady, incompressible, low-speed 2-D laminar 

boundary-layer flow (at Ugg, Too) over a flat plate ata uniform wall 

heat flux q/,. Assume that there exist no body force and constant 
thermal and fluid properties. 

a. Based on the integral method, sketch and write down the 
momentum balance as well as the energy balance across the 
boundary layers? (If you cannot remember, derive it.) 

b. Assuming a uniform velocity profile inside the boundary layer, 
that is, u = Ugg, and assuming a linear temperature profile 
inside the thermal boundary layer as T = a + b x y, determine 
the local thermal boundary-layer growth along the flat plate 
(i.e., versus x). 

c. Based on (b), determine the local Nusselt number distribution 
along the flat plat (i.e., Nu versus x). 

d. Consider a parabolic velocity and temperature profile inside 
the thermal boundary layer as u=a+bxy+cx y, T= 
a+bxy+cx y, and comment on whether the local Nus- 
selt number distribution along the flat plate will be higher, the 
same, or lower than those of a uniform velocity profile and a 
linear temperature profile as indicated in (b)? Explain why. 

e. Consider a uniform suction through the wall (i.e., v = —vọo), 
and comment on whether the local Nusselt number distribu- 
tion along the flat plate will be higher, the same, or lower than 
that without boundary-layer suction? Explain why. 

Consider a steady, incompressible, low-speed 2-D laminar 

boundary-layer flow (at Uœ, Too) over a flat plate ata uniform wall 

temperature Tw. Assume that there exist no body force and con- 
stant thermal and fluid properties. The similarity momentum and 
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7.8. 


7.9. 


energy equations are listed here for reference: f" + (1/2)ff" = 0 
and 0" + (1/2) P,f' = 0. 


a. 


Define the similarity variable (n), the similarity function for 
temperature (9), and the derivative of the similarity func- 
tion for velocity (f’)? Write the BCs that can be used for this 
problem? 

From the Blasius solution of the above similarity equations, 
sketch the relations between the similarity functions (f^, 0) and 
the similarity variable (n) for water, air, and liquid metal (i.e., 
sketch f’ versus n for water, air, and liquid metal on the same 
plot; and 0 versus 1 for water, air, and liquid metal on the 
same plot). Explain why they have differences, if any. Explain 
briefly how to determine the local velocity (u) and temperature 
(T) from the sketches? You do not need to solve the above 
equations. 

Explain briefly how to determine the local heat transfer coeffi- 
cient from the sketches in (b)? Answer whether water or liquid 
metal will provide a higher convective heat transfer coefficient 
from the surface, if both are at the same free-stream velocity 
(Uoc)? Explain why? 


Consider a steady, incompressible, low-speed 2-D laminar 
boundary-layer flow (at Uso, Too) over a flat plate at a uniform 
wall temperature Tw. Assume that there exist no body force and 
constant thermal and fluid properties. 


a. 


Based on the integral method, sketch and write down the 
momentum balance as well as the energy balance across the 
boundary layers? (If you cannot remember, derive it.) 
Assuming a uniform velocity profile inside the boundary layer 
that is, u = Uo, and assuming a linear temperature profile 
inside the thermal boundary layer as T = a + b x y, determine 
thelocal thermal boundary-layer growth and the local Nusselt 
number distribution along the flat plate (i.e., 5; versus X and 
Nu versus X). 

Consider a uniform blowing through the wall (i.e., v — v9), and 
comment on whether the local Nusselt number distribution 
along the flat plate will be higher, the same, or lower than that 
without boundary-layer blowing? Explain why. 


Consider a steady, incompressible, low-speed 2-D laminar 
boundary-layer flow (at Uoo, Too) over a flat plate at a uniform 
wall temperature Tw. Assume that there exist no body force and 
constant thermal and fluid properties. 


a. 


C. 


Based on the integral method, write down the final form of 
momentum integral equation. (If you cannot remember, please 
derive it.) 

Based on the integral method, can you remember to write 
down the final form of the energy integral equation? (If you 
cannot remember, please derive it.) 

Assuming a uniform velocity profile inside the boundary layer 
that is, u = Uœ, and assuming a linear temperature profile 
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inside the thermal boundary layer as T = a + by, determine 
the local Nusselt number distribution along the flat plate (i.e., 
Nu versus X). 

d. Consider a uniform suction through the wall (i.e., v = —vo), 
and comment on whether the local Nusselt number distribu- 
tion along the flat plate will be higher, the same, or lower than 
those without boundary-layer suction? Explain why. 

7.10. Consider a laminar air flow (at Ugg, Too) over a flat plate at a 

uniform wall heat flux 7/,. 

a. Based on the integral method, can you remember to write 
down the momentum and energy integral equations? (if you 
cannot remember, please derive them). 

b. Assuming a linear velocity profile inside the boundary layer 
as u =a + by, derive the velocity boundary-layer thickness 
distribution along the flat plate (i.e., 8 versus X). 

c. Assuming a linear temperature profile inside the thermal 
boundary layer as T — c + d y, derive the thermal boundary- 
layer thickness distribution along the flat plate (i.e., 8; versus 
X). 

d. Based on (b) and (c), determine the local Nusselt number 
distribution along the flat plate (i.e., Nu versus X). 

e. Consider a uniform wall temperature (Tw) as a thermal BC at 
the wall, and comment on whether the local Nusselt number 
distribution along the flat plate will be higher, the same, or 
lower than those of uniform wall heat flux as a thermal BC? 
Explain why. 

f. Consider a uniform suction through the wall (i.e., v = —vo), 
and comment on whether the local Nusselt number distribu- 
tion along the flat plate will be higher, the same, or lower than 
those without boundary-layer suction? Explain why. 

7.11. The similarity method for laminar flow over a flat plate: 
Uo is the free-stream velocity, Too is the free-stream tempera- 
ture, and Tw is the flat plate wall temperature. 

a. Write down the similarity variable, differential equations, 
and BCs for velocity and temperature, respectively. Then, 
determine velocity (u) and temperature (if Py = 1) at 


(x,y) = (2cm, 1/38), 
= (4cm, 1/38), 
= (6cm, 1/38). 


b. At any given x, if Uoo increases, the friction factor will be 
increased or decreased. Why? How about shear stress? At any 
given Uo, if x increases, the heat transfer coefficient will be 
increased or decreased. Why? How about heat transfer rate? 

7.12. The similarity method for laminar flow over a flat plate: 
Ugo — free-stream velocity, Too — free-stream temperature, and 

Tw — flat plate wall temperature. 
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a. 


b. 


Write down the similarity variable, differential equations, 
and BCs for velocity and temperature, respectively. Then 
determine velocity (u) and temperature (if P; = 1) at 


(x,y) = (1cm,1/28) and (x,y) = (1cm, 1/48) 

= (3cm, 1/28) = (3cm, 1/48) 

= (9 cm, 1/28) = (9cm, 1/48) 
At any given x, if U% increases, the friction factor will be 
increased or decreased. Why? How about shear stress? At any 


given Uw: if x increases, the heat transfer coefficient will be 
increased or decreased. Why? How about heat transfer rate? 


7.13. Consider the development of velocity and thermal boundary lay- 
ers on a porous flat plate where air passes into the flat plate at a 
velocity Vo. 


a. 


Assume that no pressure gradient exists in either the x- or the 
y-direction and that all fluid properties are constant. Derive 
the differential equation that relates boundary-layer thickness 
8 to distance x. A linear profile may be assumed. 

The exact solution of the boundary-layer equations with the 
BCs of part (a) shows that è approaches a constant value for 
large x, and that for large x, Vx and Vy are given by 


Vs = Væ [1 -exp (A2) 


Vy = -Vo 


Suppose now that at some large x = £ (i.e., where 8$ has 
become constant and where Vy and Vy are given above), a 
step change in wall temperature occurs. Using the integral 
technique, derive a differential equation relating the thermal 
boundary-layer thickness $y to x (x > £). Again assume that 
fluid properties are constant. A linear temperature profile may 
be assumed. Integrals and derivatives need not be evaluated. 


7.14. Air at 1atm and at a temperature of 30?C flows over a 0.3-m- 
long flat plate at 100°C with a free-stream velocity of 3m/s. At 
the position x — 0.05 m, determine the values of the boundary- 
layer thickness, displacement thickness, moments thickness, wall 
stress, and heat transfer coefficient. Determine the values of the 
velocity parallel and normal to the plate surface, the values of 
the shear stress, and the values of temperature in the fluid at the 
positions (x = 0.05 m, y = 0.002 m); (x = 0.05 m, y = 0.004 m). 
Using the integral method and assuming that velocity and tem- 
perature vary as 


7.15. 


u =a + by + cy? + dy? 


T=a+by+ o + dy? 
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PEN! 


determine the “x” variations of the heat transfer coefficient and 
wall temperature for the case of laminar flow over a flat plate with 
a uniform wall heat flux (g/A)w. Compare the result of the heat 
transfer coefficient to the solution obtained in the textbook for the 
case of uniform wall temperature. 

7.16. Laminar air flow at 1 atm pressure over a flat plate at a uniform 
Tw. Assume that Ug = 3 m/s, Too = 20°C, and Tw = 100°C, and 
determine local u and T at x = 3cm and y = 0.2cm by using the 
similarity solution. Also determine the heat transfer coefficient at 
the same x = 3cm location. Will the heat transfer coefficient be 
increased or decreased with increasing x for the same Uso? Why? 
Will the Nusselt number be increased or decreased with increasing 
x for the same Ugo? Why? 

7.17. Use similarity solutions: air at 300K and 1 atm flows along a flat 
plate at 5 m/s. Ata location 0.2 m from the leading edge, plot the 
u and v velocity profiles using the exact solution to the Blasius 
equation Also, determine the boundary-layer thickness, if it is 
defined as the location where u = 0.99155. Plot the temperature 
profile and determine the thermal boundary thickness if the plate 
temperature is 500 K. 

7.18. Using integral method solutions: air at 300K and 1atm pres- 
sure flows along a flat plate at 5 m/s. For x « 10cm, Ts = 300 K, 
whereas for 10cm « x « 20cm, Ts = 500K. 

Calculate the heat loss from the plate and compare the result 
with the heat loss if the plate were isothermal at 500 K. Assume 
that there exists a laminar boundary layer. Compare and discuss 
the two cases. 

7.19. Consider a boundary-layer flow over a flat plate. 

a. Using the integral method derive the continuity equation in 
the boundary layer for flow over a flat plate. 

b. Using the integral method derive the energy conservation 
equation in the boundary layer for flow over a flat plate. 

c. Using appropriate BCs and boundary-layer theory, show that 
for an inviscid fluid, 


Nu = 0.564 pel? 


where Nu is the Nusselt number and Pe is the Peclet number. 
(Hint: Use a plug flow model for velocity.) 

7.20. Consider a fluid approaching the leading edge of a flat plate 
with uniform velocity and temperature profiles Us and Too. The 
flat plate is frictionless and is held at a constant heat flux of q7. 
The temperature profile at a distance x from the leading edge is 
given by 


T = ap + ay + ay? + asy? 
a. Using appropriate BCs evaluate ag, a1, a7, and ag. 


b. Qualitatively sketch velocity and temperature profiles at a 
distance x; and x2, respectively, from the leading edge. 


External Forced Convection 


7.21. 


7.22. 


7.23. 


7.24. 


c. Determine the local heat transfer coefficient (hy) and the Nus- 
selt number Nuy. Express the answer in terms of the thermal 
boundary-layer thickness 8. 

Consider a 2-D laminar air flow over a friction less plate. The flow 

approaches the leading edge of the plate with uniform velocity 

U.oand temperature Too. The plate is subjected to a constant wall 

temperature, T;(> Too). 

a. Qualitatively sketch hydrodynamic (8) and thermal boundary 
layer (8t) growth as a function of distance x from the leading 
edge. 

b. Qualitatively sketch velocity and temperature profiles at a 
distance x from the leading edge. 

c. A third-order polynomial of the form 


T — Ts 


TL. = 0 +y) aay? as (yf) 
co" ts 


is used to describe the temperature profile. Determine the 
constants ap, 41, 42, and a3 using appropriate BCs. 

d. Express local Nusselt numbers (Nu) in terms of local thermal 
boundary-layer thickness 8,. 

e. Set up an integral energy balance equation. Do not attempt to 
solve the equation. 

Consider a 2-D, steady, incompressible laminar flow over a flat 

plate. The flow approaches the leading edge with free-stream 

velocity of Uœ and temperature Too. The flat plate is frictionless 
and it is kept at a uniform temperature of Ts(> Too). 

a. State clearly all the boundary-layer assumptions. 

b. If the temperature distribution at any axial distance x is 
approximated by a linear profile (T — Ts)/(Too — Ts) = y/8t, 
derive an expression for the local Nusselt number distribution. 

Consider a steady laminar viscous fluid with a free-stream veloc- 

ity Voo and temperature Too flows over a flat plate at a uniform 

wall temperature Tw. Assume that the thermal fluids properties 
are constant. 

a. If the fluid has a Prandtl number of one (i.e., Pr — 1.0), deter- 
mine the local heat transfer coefficient along the plate. You may 
use the method of integral approximation with the assump- 
tions of the linear velocity and temperature profiles across the 
boundary layers, that is, u = a + by and T = c + dy, where a, b, 
c, and d are constants. 

b. Ifthe fluid’s Prandtl number is not equivalent to one (i.e., Pr > 
1 or Pr « 1), outline the methods (no need to solve) in order 
to determine the surface heat transfer. You may use the same 
assumptions as in part (a). Does the heat transfer coefficient 
increase or decrease with the fluid Prandtl number? Explain 
your answers. 

A flat horizontal plate has a dimension of 10 cm x 10 cm. The plate 

is maintained at a constant surface temperature of 300°K with a 

water jacket. 
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a. Iftheplateis placed in a hotair stream with a pressure of 1 atm, 
temperature of 400? K, and velocity of 10 m/s, sketch the local 
heat transfer coefficient, hx, along the plate. Also, determine 
the surface heat flux at the trailing edge of the plate. 

Given: air properties at 350? K, k = 30 x 1078 w/mk, v = 20.92 x 

1076 m2/s, Pr = 0.7: 


Nux = a Re! Pr", 
where a = 0.332, m=1/2, n=1/3 forlaminar flow 


a = 0.0296, m= 4/5, n=1/3 for turbulent flow 


7.25. Constant properties laminar viscous fluids (p, Cp, K, 4 = constant) 
with a free-stream velocity Us and temperature Too move over a 
flat plate at a uniform wall heat flux (q{, = constant). 

a. Determine the local Nusselt number (Nux = hx - x/k) along the 
plate by using the integral approximation method with the 
velocity and temperature profiles across the boundary layers 
as u = a + by and T = c + dy, respectively. Assume Pr = 1 for 
this problem. 

b. On the same plot, sketch hy, Nuy versus x for the uniform 
wall heat flux (q = constant) and uniform wall temperature 
(Tw = constant) BCs, respectively. For the same flow velocity, 
which wall BC (qt, or Tw) will provide a higher heat transfer 
coefficient or Nusselt number? Explain why. 
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Internal Forced Convection 


8.1 Velocity and Temperature Profiles in a Circular Tube 
or between Parallel Plates 


Internal forced convection is that flow moves through the internal surface of 
a passage and forms an internal boundary layer on the surface. For exam- 
ple, fluid flowing through a circular tube or between two parallel plates is a 
most common application. Figure 8.1 shows the hydrodynamic boundary- 
layer development (due to viscosity) for flow entering a circular tube 
(or between two parallel plates). The boundary layer starts from the tube (or 
plate) entrance and grows along the tube (or plate) length. The velocity profile 
keeps changing in the entrance region of the tube (or plate). The flow becomes 
a “hydrodynamic fully developed flow” when the boundary thickness is the 
same as the tube radius (or half-spacing between the two plates). The veloc- 
ity profile no longer changes after a fully developed flow. For a laminar flow, 
the entrance length to tube diameter ratio is about 5% of Reynolds number 
(based on the tube diameter). This implies that the entrance length increases 
with increasing Reynolds number (because a thinner boundary layer requires 
longer distance for the boundary layer to merge). Figure 8.1 also shows that 
shear stress decreases from the entrance along the tube and becomes a con- 
stant value when the flow reaches the fully developed condition, and shear 
stress increases with Reynolds number (because of a thinner boundary layer 
from the entrance and the longer entrance length). For a turbulent flow, the 
entrance length is harder to determine; the entrance length is around 10-20 
tube diameter. It is hard to distinguish whether the turbulent flow is fully 
developed or not from 10 to 20 tube diameter downstream [1-4]. 

Figure 8.2 shows the thermal boundary-layer development (due to thermal 
conductivity and velocity) for flow entering a circular tube (or between two 
parallel plates). The thermal boundary layer starts from the tube (or plate) 
entrance and grows along the tube (or plate) length. The temperature profile 
keeps changing from the entrance due to adding heat along the tube (or plate) 
wall. The flow becomes "thermally fully developed flow" when the thermal 
boundary thickness is the same as the tube radius (or half-spacing between the 
two plates). The dimensionless temperature profile no longer changes after 
being thermally fully developed (but the temperature still keeps increasing). 
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FIGURE 8.1 
Velocity profile and shear stress distribution in a circular tube or between two parallel plates. 
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FIGURE 8.2 


Hydraulic entrance length and thermal entrance length in a circular tube or between two parallel 
plates. 
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For the laminar flow, the thermal entrance length to tube diameter ratio is 
about 5% of Reynolds number (based on the tube diameter) times Prandtl 
number. This implies that the thermal entrance length increases with increas- 
ing Reynolds number (because a thinner boundary layer requires longer 
distance for the boundary layer to merge) and Prandtl number (because lower 
thermal conductivity requires longer distance to merge) [1-4]. 

Figure 8.2 also shows that the heat transfer coefficient decreases from the 
entrance along the tube and becomes a constant value when thermal boundary 
layer reaches the fully developed condition, and the heat transfer coefficient 
increases with Reynolds number (because of a thinner boundary layer from 
the entrance and the longer entrance length). It is noted that the thermal 
entrance length is identical to the hydrodynamic entrance length if Pr — 1. 
For the turbulent flow, the thermal entrance length is harder to determine; 
just like the hydrodynamic entrance length, the thermal entrance length is 
around 10-20 tube diameter. It is hard to distinguish whether the turbu- 
lent flow is thermally fully developed or not from 10 to 20 tube diameter 
downstream. 


82 Fully Developed Laminar Flow and Heat Transfer 
in a Circular Tube or between Parallel Plates 


For fluid flow in a circular tube, the Reynolds number is defined as 


Rep = =—= (8.1) 
u 


Laminar flow is observed if Rep < 2300. 

At a certain distance from the entrance, the velocity profile u(r) remains 
unchanging along the tube (if the fluid properties remain constant). Corre- 
spondingly, there will be no velocity component in the radial direction. Also, 
the axial pressure gradient required to sustain the flow against the viscous 
forces will be constant along the tube (no momentum change). The flow is 
hydrodynamically fully developed. The differential governing equations for 
the flow inside a circular tube are [1—4] 


ə 1 
Ney 2G (8.2) 
Ox r or 
10P 1 
st ONE E a 5 ð (= (8.3) 
Ox oy p Ox ror X or 
9 (uT 9 (oT 1 T 
a + (I =o p p. (8.4) 
ax oy ror \ or 
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If the flow is hydrodynamically fully developed, then 


v=0 
ðu — 
ax — 


1 dP 128 ou 
0= +v r 
pax ror N Or 


and u — u(r) only. 
Solve momentum equation 


1d?” _ 1d au 
pdx rdr dr 


atr = 0, du/dr = 0, C1 =0 


dP1 
[Ezar [om 
dP1, 


dad =put+Co 


atr = R, u = 0, C; = (1/4)R*(dP/dx) 


1 dP 1_,dP 
Sap ES a 
g dx M+ dx 
1 dP 
u= +2 (e-r?) 
4u dx 


and r = 0, u = Umax = —(1/4p)R? (dP /dx). 
We obtain u = —umax(r? — R2)/R2 
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(8.5) 


(8.6) 


(8.7) 


(8.8) 
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The bulk mean velocity is defined as 


R 
——RÓ 
V-—5 | u2nr dr (8.9) 
wT 
0 
if 2 
r 
m | I — (z) | Umax2 nr dr 
0 
_ uma [12 1 4 B 
~ R |2 AR? Jlo 
E 
V = 5 Umax (8.10) 


8.2.1 Fully Developed Flow in a Tube: Friction Factor 


2r 
= pu — = uu. = 8.11 
Tw u ay e M Umax ( x) x ( ) 
where u/Umax = 1 — (r/R)? 
—2 
Tw = HU max = 
Tw nn UU max (—2/R) u 16u 16 1 (8.12) 


= (1/2)pl2  Q/2e(Q/2U,,)? pUD Rep Rep 


where Rep = oUD/y. 
Figure 8.3 shows the force balance in the fully developed flow region: 


APA, + vy x DAx = 0 


AP = — UtwTDAx 
(1/4) xD? 
AP —4Atw 4 1-2 
Á= rud .1 
Ax D p/2°U ee) 
— 41-216  3uU 324 eDeg 322 pDU 
TODO!" Rp DEO 7 D pDu . Dp p 
82,2 
ED Rep ~ Rep (8.14) 


And pumping power can be obtained as P = AP (volume flow). Figure 8.4 
shows that the friction factor decreases and the pressure drop increases with 
Reynolds number. 


172 Analytical Heat Transfer 


x i 
Ty TDAx 
PA,—> (P+AP)A, 
—» 
Joia dA, jpu: u: dA, 
p d 
2 2 
nrdr X; nrdr 


FIGURE 8.3 
Force balance in fully developed flow region. 


Laminar flow heat transfer depends on thermal BCs. However, turbu- 
lent flow heat transfer is fairly independent of thermal BCs (particularly for 
Prandtl number around one such as air). Typical thermal BCs are case 1, 
uniform heat flux and case 2, uniform wall temperature. 


8.2.2 Case 1: Uniform Wall Heat Flux 


Figure 8.5 shows the laminar flow in a circular tube with a uniform surface 
heat flux condition and the thermal boundary layer, temperature, and the heat 
transfer coefficient (Nusselt number) along the tube. The following outlines, 
step by step, how to obtain the results shown in Figure 8.5. 


— 
RIB 


0 Rep 


FIGURE 8.4 
Friction factor and pressure drop versus Reynolds number in fully developed flow region. 
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(a) dy, = constant 


Xft Thermally fully developed 

(c) ^ | 
15 | 
| 
m | 
k | 

l hD 

4.3 =Nu = 
l "ZK 

l 


FIGURE 8.5 


Laminar flow in a circular tube with uniform surface heat flux condition. (a) Thermal boundary 


layer; (b) temperature; and (c) heat transfer coefficient. 


WwW As 
n dw 
Iw A. = h(Tw — Tp) 
—— S 
const. const 


Bulk mean temperature 


B fe puT - 2xr dr 


Tp 
IN pu - 2xr dr 


From energy balance, 


Ho mc, dT, dT, 


= => —— = const 
w xD dx dx 


(8.15) 


(8.16) 


(8.17) 


(8.18) 


(8.19) 
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For thermally fully developed flow, 


0 T — Tw 
awe = 8.20 
nla) ca) 
T — Tw 
qoom. TOTO 

dT 9T. T-Tw (aTe 9TwY _ 4 

Ox ox Tp —Tw \ 0x ax jJ 

LT LLLI 


=0 


ƏT ƏT oT, 
= —W = CP Z constant (8.21) 
Ox Ox Ox 


From energy equation 8.4, 


oT 10 / oT 
=k =T I 822 
peg ox r or ¢ x) DA ( ) 


PCp „= r\2 qu | dT 
V = es 
lr E | (3 ceu uer 
——— ——— 
i D 


And thermal BCs are 


r=0, T=T,. or —=0 


r=R, T=Tw 


C T 2 4 
peg ren, (5-2) 


k dy e 16R2 
creo (E i5) ud 
where 
py = O PuT-2nrdr 7 wCpaT y e 
Jo pu -2xrár 96 k dx 
ce nt ds Uns (e x (8.23) 
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Therefore, h can be determined by substituting Equations 8.19 and 8.23: 


dp e (riiCy/ xD) (d To /dx) 
— Te — Tp — (Cy /E) (dT /dx)usax (8/16) R2 — (7/96) R?) 


| (xR?VC,/x2R)dT/dx) ^  (pCynR?(1/2)umax/ x2R)(dT/dx) 
X (pCy/k)(dT/dx)umax (11/96) R2 — (pCy/K) (dT /dx)umax (11/96) R2 


| k | 96k 
~ (44/9080 22D 


hD 
Nup = — = 2 = 4.314 (8.24) 


8.2.3 Case 2: Uniform Wall Temperature 
For the case of uniform wall temperature (Tw = constant), 


óT 8T, T—Tw 
ax ax Ty - Tw 


(8.25) 


The energy equation becomes 


- r2] dT, T — Tw 18 / 8T 
2V 1 =k 8.26 
pCp | (x) | dx Tp — Tw r Or ¢ x) Um) 


Assuming a temperature profile, a final temperature distribution may be 
obtained by using an iterative procedure. The resulting Nusselt number is 


hD 
Nup = = = 3.66 (8.27) 


Examples 


8.1. Internal flow, fully developed laminar forced convection: Consider a low- 
speed, constant-property, fully developed laminar flow between two parallel 
plates at y = +H, as shown in Figure 8.6. The plates are electrically heated 
to give a uniform wall heat flux. Determine the velocity profile, the friction 
factor, and the Nusselt number. 

Assumptions: 
Low speed > ® = 0 
Constant properties: 
Fully developed 2 du/dx = 0 
Thermally fully developed = dT/dx = const 
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^" 


ds 


Lx 2H 


ds 
FIGURE 8.6 


Two parallel plates at a uniform wall heat flux. 


a. Velocity profile 
Continuity equation: 


Momentum equation: 


u 


ðu au 13P (= a) 
+ = v 


ax “ay p ax əx? ay? 
v=0 
E = T => Governing equation (8.28) 
with solution 
=P tayto (8.29) 
where v = p/p 


Boundary conditions: 
At y = 0, du/dy = 0 (maximum velocity) 
Aty =H,u=0 
C1 = 0 
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Substituting this into Equation 8.29 and rearranging 


H? aP y? 
—— i — 
en CTS | H2 (pog 
Umax at y = 0 
ca s oH OP 
max — 2p ax 
2 
nn eee ee ae (8.31a) 
max H? ei 


H 2 
[ pudA 2 fo umax [1 = f | dy 
NEST 2H 


H 
Umax [y = o? pm] _ Umax ((2/3)H) 


Um = 


H T H 
2 
Um = 3 Umax 
Thus, 
3 y? 
b. Friction factor: 
— (8P/8x) Dh 
d ae 
pum/2 


APAc + wy (2W)Ax = 0 


AP ( 0—2tT4W  —2t.W w 
AX | Ac 2wH H 
$m du E (5) (3) = Um 
KER m 2 m H2 ERA 
Therefore, 


AP _ —3u Um 
Ax — H2 

4A 4(2wH 
Dra a M up 


P 2w 
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Thus, 
f  Guum/H^)4H) _ 24uumH 
pum /2 pum H? 
24 
[ic 
um Hp 
But, 
Re _PUmDH 4umHp 
m m 
Finally, 
96 
= (8.32) 
Reph 
c. Energy equation: 
C yale’ ad k PE A +q+@® 
f «eqq 
OPN ax egy axe 32]! 
® = 0 (because of low-speed flow) 
q = 0 (no internal heat generation) 
dT ies der 5 
— =cons — = 
dx dx2 
The governing equation becomes 
aT  uàT (8.33) 
dy2 aðx ; 


With solution (after substitution of Equation 8.31b) 


3u 2 ^ | dT 
T= JE y Ipse 


“2a ]2 12H 


Boundary conditions: 
y=0, dT/dy=0>c, =0 
y=b, T=Ts 


S apes ys y* 5 | dT 
T H T: 8.34 
E 12H^ 12 Tus (8:34) 
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f ecvuT dA 
pom devenu 
PCy um A 
H 3 2 3 2 e: 5 | dT 
y Um,p| Y y 
2 1 H Tst d 
foc [2n 34 È mu 1|dx[ 
T, — 
b PCy Um (2H) 
9umH2 [f1 1 5 1 1 5 ]dT 2 Ts 
Ti => T. 
M4 a iE 60 12 brata alts Trig 
17 us H? dT 
Tm —-—— c xp 8.35 
m 35 aq de ? ( 
ge = h(T; — Tm) 
t=- 
oy y=H 


| _k[G/2)(um/a) - 2/3)H] (dT /dx) 
~ Ts + (17/35)(um/a) H? (dT /dx) — Ts 


35 k 
[A 
Mss h(4H) 35k A 
k 17H\ k 


140 
Nocte = 8035 
UD = 7 


Remarks 


There are many engineering applications such as electronic equipments, mini- 
scale channels, and compact heat exchangers that required laminar flow heat 
transfer analysis and design. In the undergraduate-level heat transfer, stu- 
dents are expected to know many heat transfer relations between Nusselt 
numbers and Reynolds and Prandtl numbers for developing and fully devel- 
oped flows inside circular tubes at various surface thermal BCs. Students are 
expected to calculate heat transfer coefficients from these relations by giving 
Reynolds and Prandtl numbers. 

In the intermediate-level heat transfer, this chapter focuses on how to solve 
fully developed heat transfer problems for flow between two parallel plates or 
inside circular tubes at uniform surface heat flux BCs. Students are expected 
to know how to analytically determine the velocity profile, the friction factor, 
the temperature profile, and the Nusselt number for these cases. Here we 
do not include how to analytically determine the heat transfer coefficient at 
uniform surface temperature BCs. 

In advanced heat convection, students will learn how to analytically predict 
heat transfer in both developing flow and thermal entrance regions; with 
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various thermal BCs such as variable surface heat flux as well as variable 
surface temperature BCs; for flow in rectangular channels with various aspect 
ratios and flow in annulus with various thermal BCs. They require more 
complex mathematics and are beyond the intermediate-level heat transfer. 
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PROBLEMS 


8.1. Consider a steady constant-property laminar flow between two 


8.2. 


parallel plates aty = +£. The plates are electrically heated to give a 
uniform wall heat flux. The differential equations for momentum 
and energy are listed here for reference: 


ELNKL Ry au au 
= V 
əx ay 0 ox ax? ay? 


got aot er, ST NEG 2 
=a 
ax ay ax? ay? Cp \Oy 


. Assume a low-speed, slug flow velocity profile (i.e., a uni- 


form velocity profile) between two parallel plates, and also 
assume a thermally, fully developed condition, and write 
down the simplified equations for momentum and energy and 
the associated BCs that can be used for this problem. 


. Under the assumption in (a), determine the Nusselt number 


on the plate. 


. Consider a fully developed velocity profile (i.e., a parabolic 


velocity profile) between two parallel plates and a thermally, 
fully developed condition, and comment on whether the Nus- 
selt number on the plate will be higher, the same, or lower than 
those of symmetry linear velocity profile (uniform velocity 
profile). Explain why. 


Consider a steady constant-property laminar flow between two 
parallel plates aty = £. The plates are electrically heated to give a 
uniform wall heat flux. The differential equations for momentum 
and energy are listed here for reference: 


ðu ðu 1aP au au 
= + 
ax2 ay? 


"3x oy oe 

ony pot T TY, v (au : 
=a 

ax ay ax2 ay? Cp \Oy 


a. Assume a low-speed, symmetry linear velocity profile (i.e., u = 


a + by with maximum velocity at y = 0, zero velocity at y = 
+£) between two parallel plates, and also assume a thermally, 
fully developed condition, and write down the simplified 
equations for momentum and energy and the associated BCs 
that can be used for this problem. 
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8.3. 


8.4. 


8.5. 


b. Under the assumption in (a), determine the Nusselt number 
on the plate. 

c. Consider a fully developed velocity profile (i.e., a parabolic 
velocity profile) between two parallel plates and a thermally, 
fully developed condition, and comment on whether the Nus- 
selt number on the plate will be higher, the same, or lower 
than those of the symmetry linear velocity profile (u = a + by)? 
Explain why. 

Internal flow, fully developed laminar forced convection: Con- 

sider a low-speed, constant-property, fully developed laminar 

flow between two parallel plates, with one plate insulated and 
the other uniformly heated. Determine the Nusselt number. 

Consider a concentric circular-tube annulus with a radius ratio 

of rj/ro = 0.6. Let the inner tube wall be heated at a constant 

rate and the outer tube wall remains insulated. Let the fluid be 

a low-Prandtl number fluid, and assume a slug flow inside of the 

annulus. Develop an expression for the Nusselt number at the 

inner surface by means of the following steps: 

a. Discuss how temperature and velocity profiles develop in the 
system by considering Pr and the type of flow present. Indi- 
cate the system conditions. (Is the flow and or temperature 
developed?) 

b. Let Tm be the mass average fluid temperature, and T; ;; the sur- 
face temperature at the inner surface with radius r;. Form the 
thermal BCs; what can be said about (Tm — Ts,r;) and dT /0x? 

c. Draw a diagram, indicating BCs for both temperature and 
velocity and indicate the assumptions used to simplify the 
energy equation. 

d. Solve for T using the simplified velocity profile, BCs, and the 
energy equation. 

e. Find the heat transfer coefficient and the Nusselt number by 
calculating Tm, the mass average fluid temperature, and heat 
flux at the inner surface. 

Remember that the energy equation in cylindrical coordinates is 

given by 


(2 4p 9T AT |, aT 
Pel ge Or” POR OE 


18 k oT 1d k oT ð k oT k 
= rr ( ma a) tae x) 

where x represents the axial direction of the cylinder. 
Consider a low-speed, constant-property fluid, fully developed 
laminar flow between two parallel plates located at y = +b. The 
plates are electrically heated to give a uniform heat flux. 
a. Determine the velocity profile and define the bulk velocity (up) 

in terms of the pressure gradient driving the flow. 
b. Using the hydraulic diameter Dy = 4Ac/P, show that the 

friction factor is given by f = 96/Rep, . 
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c. Obtain an expression for the heat convection coefficient and 
the Nusselt number. 

(Hint: Consider the fully developed condition to approximate 

dT /dx; and define Y(y) = T — Ty, where Tp = 2 fe uTdy/2buy.) 
8.6. Consider a steady constant-property laminar flow between two 

parallel plates at y + ¢. The plates are electrically heated to give a 

uniform wall heat flux. The differential equations for momentum 

and energy are listed here for reference: 


ot gpd! _ 1aP uo au 
ax | 8y pax əx? ay? 


AT UT 9T WT Qo (24 2 
=a 
ax ay ax2 ay? cp VOy 


a. Assume a low-speed, linear velocity profile (i.e., u = um 
(1 — y/£) with maximum velocity at y = 0, and zero velocity 
at y + £) between two parallel plates, and also assume a ther- 
mally, fully developed condition, and write down the simpli- 
fied equations for momentum and energy and the associated 
BCs that can be used for this problem. 

b. Under the assumption in (a), determine the Nusselt number 
on the plate. 

c. Consider a fully developed velocity profile (i.e., a parabolic 
velocity profile) between two parallel plates and a thermally, 
fully developed condition, and comment on whether the Nus- 
selt number on the plate will be higher, the same, or lower than 
those of symmetry linear velocity profile in (a)? Explain why. 

8.7. Consider an incompressible laminar 2-D flow in a parallel plate 
channel as shown below. The top plate is pulled at a constant 
velocity Ur. The top and bottom plates are maintained at constant 
heat flux qs. Flow is both hydrodynamically and thermally fully 
developed. Assume that the pressure gradient is zero in a parallel 
plate channel. 

a. Obtain differential equations governing the velocity U(Y) and 
temperature T(Y) fields. 

b. Use appropriate BCs to evaluate U(Y). Obtain T(Y). Do not 
attempt to evaluate constants of integration for the tempera- 
ture field. 

8.8. Find the Nusselt number for the following problems. 

a. Fully developed Couette flow (i.e., assume that velocity and 
temperature profiles do not change along the channel) with 
the lower plane wall at uniform wall temperature Ty and the 
upper plane wall at T4. If the velocity profile is a linear profile 
(U = Oat the lower plane wall, U = V at the upper plane wall), 
find the temperature profile from the energy equation. 

b. Fully developed Poiseuille flow (i.e., assume that velocity and 
temperature profiles do not change along the channel) with 
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the lower plane wall at uniform temperature Tg and the upper 
plane wall at T1. If the velocity profile is a parabolic profile, 
find the temperature profile from the energy equation. 


8.9. A2-D channel flow is subjected to a uniform heat flux on one wall 
and insulated on the other wall. Assume that the viscous dissipa- 
tion is negligible and the properties are constant. Determine the 
following. 


8.10. 


8.11. 


a. 


The governing momentum and energy equations with the 
appropriate BCs for the developing region. Do not solve the 
equations; however, show the details of simplifying the gov- 
erning equations. Sketch the temperature and velocity profiles 
with respect to y at two x positions. 


b. Repeat (a) for the fully developed region. 


Sketch the temperature profile in the fully developed region 
if both walls are insulated. Consider two cases: (1) viscous 
dissipation is negligible and (2) viscous dissipation is not 
negligible. 


Consider liquid metal flow in a parallel-plate channel at a uniform 
wall heat flux condition. 


a. 


C. 


Using the momentum and energy differential equations and 
making the appropriate assumptions, derive the surface Nus- 
selt number if flow is laminar and the temperature profile is in 
a fully developed condition. 

Using the momentum and energy differential equations and 
making the appropriate assumptions, outline the methods (no 
need to solve) in order to determine the surface Nusselt num- 
ber if the flow is laminar and the temperature profile is in a 
developing condition. Describe that the surface Nusselt num- 
bers for (b) will be higher or lower than those for (a). Explain 
why. 

Nu, Tw, and Tp versus x from the entrance to the fully 
developed region. 


Consider a steady constant-property laminar flow between two 
parallel plates aty = +£. The plates are electrically heated to give a 
uniform wall heat flux. The differential equations for momentum 
and energy are listed here for reference: 


a. 


b. 


du | jou 1aP | au Yu 
u = v 
ax ay p ax ax2 ay? 

aT | aT aT ST 4 (au 2 

u =a 

ax oy 8x2 ay? Cp \Oy 
What is the physical meaning of the last term shown in the 
above differential energy equation? Explain under what con- 
ditions the last term should be included in order to solve the 
temperature distribution between two parallel plates. 


Assume a low-speed, slug-flow velocity profile (i.e., a uni- 
form velocity profile) between two parallel plates, and also 
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assume a thermally, fully developed condition, and write 
down the simplified equations for momentum and energy and 
the associated BCs that can be used for this problem. 

c. Under the assumption in (b), determine the Nusselt number 
on the plate. 

8.12. Waterat43?C enters a 5-cm-ID pipe ata rate of 6 kg/s. If the pipe is 
9m long and maintained at 71°, calculate the exit water tempera- 
ture and the total heat transfer. Assume that the Nusselt number of 
the flow in the pipe is 3.657. Also, the thermal properties of water 
are p — 1000 kg/m?, Cp = 4.18 kJ/(kg K), and k = 0.6W/(m K). 
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Natural Convection 


9.1 Laminar Natural Convection on a Vertical Wall: 
Similarity Solution 


Natural convection can occur when the solid surface temperature is different 
from the surrounding fluid. For example, natural convection can take place 
between a heated (or cooled) vertical (or horizontal) plate or tube and the sur- 
rounding fluid. Figure 9.1 shows the velocity profile, temperature profile, and 
heat transfer from a hot vertical wall to a cold fluid due to natural convection. 
The hot vertical wall conducts heat to the fluid particle (fluid layer) next to 
the wall and the heated fluid particle (fluid layer) conducts heat to the next 
cooler fluid particle, and so on. Therefore, the fluid particle near the hot wall 
is lighter than that is away from the hot wall and natural circulation takes 
place (near the wall, the hot fluid moving up and away from the wall, cold 
fluid moving down) due to gravity. This buoyancy-driven natural convection 
flow is primarily due to density gradient (temperature gradient) from the hot 
vertical wall and cold surrounding fluid. The key parameter / driving force to 
determine natural convection is Grashof number, a ratio of buoyancy force 
to viscous force (buoyancy force tries to move the fluid up but viscous force 
tries to resist it from moving). Another parameter is Prandtl number, a fluid 
property showing the ratio of kinematic viscosity to thermal diffusivity. The 
product of Grashof number with Prandtl number is called Rayleigh num- 
ber, another way of measuring the natural convection. The following shows 
the definition of Grashof number, Rayleigh number, and 2-D laminar natural 
convection boundary-layer equations from a heated vertical wall [1-4]. 


= gB(Tw — Te 


Gry 2 (9.1) 
v 
Ray = Gry - Pr (9.2) 
Continuity 
Aae =0 (9.3) 
ox oy 
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FIGURE 9.1 


Natural convection boundary layer from a heated vertical wall. 


Momentum 


ðu ðu 
u— +v— 
Ox 


BC — Tao) + vo (9.4) 
= = Yr K 
ay $ S ay? 
Energy 

aT | aT a?T 

u +v =a 

Ox 


(9.5) 
The following shows how to derive the above natural convection momen- 
tum equation from the original momentum equation: 


ðu 10P 9^u 
X-momentum uw—+v = v 

ax p ax ay? 

From outside of the boundary layer 0 = —(1/po9;)(8P/8x) — g 


epus 1/98pN ~ lpwo-p 
e\aT/ >  pT%-T 
"Poo — P = pB(T — Too) 
BP 


18P 
ox 


1 
5 Poog) g= Č 0x p) = gB(Too — T) 


Natural Convection 187 


From the above momentum equation, one can see that natural convection is 
due to temperature difference between the surface and fluid and the gravity 
force. This implies that there is no natural convection if there exists no temper- 
ature gradient or no gravity force. The larger delta T and gravity (means larger 
Grashof number) will cause larger natural circulation and results in thinner 
boundary-layer thickness and higher friction (shear) and higher heat transfer 
coefficient. The Grashof number in natural convection plays a similar role 
as Reynolds number does in forced convection; the larger Grashof number 
causes higher heat transfer in natural convection as the greater Reynolds num- 
ber has higher heat transfer in forced convection. Prandtl number plays the 
same role in both natural and forced convection, basically the fluid property. 

Just like in forced convection, both similarity and integral methods can be 
used to solve natural convection boundary-layer equations. The following 
only outline the similarity method from Ostrach in 1953. 

Similarity variable: 


| OE pi Gr \ 1⁄4 
SM = ) = ¥ ( x T 


gB(Tw — Tex 
E XT oer 


where 


Gry 


Similarity functions for velocity and temperature: 


P(x, n) 
m 7 
f do (Gr, JI (9.7) 
T-T% 


Put them into the above momentum equation and energy equation, 
respectively: 
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The resultant similarity momentum and energy equations are 


f" + aff" — 277 +0=0 (9.9) 
0" + 3Prf0' =0 (9.10) 
The related BCs are 
f(0) —f'(0 —0, feo) =0 (9.11) 
0(0)—1, (co) =0 (9.12) 


These can be solved by the fourth-order Runge-Kutta method in order 
to obtain the velocity and temperature profiles across the natural convec- 
tion boundary layer. Figure 9.2 shows typical dimensionless velocity and 


0.28 4 Pr=0.73 


u 


G2 
T 


f 


FIGURE 9.2 
Dimensionless velocity and temperature profiles from heated vertical wall. 
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temperature profiles from the heated vertical wall, for different Prandtl 


fluids. 
fiz u Tox 
— 28X \ Tw — Too 


= (Gy Qs») 


(9.13) 


From the dimensionless velocity and temperature profiles, the associ- 
ated heat flux and the heat transfer coefficient (or Nusselt number) can be 
determined. 


aT k Gr, A!" de 
" =—k = T, T 9.14 
(ok =E En -To (F) Tha 09 
where 
dé , 
Z| =0'0) =f (Pr) 
dn |y—9 
p  _ ~ KOT /ay)o 
U Ta =T Tw — Too 
hx T dé 
Nu = = (9.15) 
k ( 4 dy y=0 
Numerical results: for laminar natural convection: 
Pr 0.01 0.733 1 2 10 100 1000 
dé 
E 0.081 0.508 0.567 0.716 1.169 2.191 3.966 
Nilo 
For air, Pr = 0.733, 
h 
Nu = © = 0.359Gr1/4 (9.16) 
hyL 


4 
= Nu, = 0.478Gr]/* (9.17) 


190 Analytical Heat Transfer 


where 


_ af Ak ( Gr, A4 de 4 
hy = = | hydx = gh 
pee sz) dul 3 
0 
Toc TL? 
Gy Uw ; x) (9.18) 
y 
3 2P ui 
r 
Nu, = Gr,Pr)!/4 9.19 
Uy 4 pe ( Ty r) ( ) 
Nu, —0.6(Gr,Pr?)/^, if Pr > 0 (9.20) 
Nux = 0.508(Gr,Pr)!^, if Pr > oo (9.21) 


In general, 


Nux = a(Gr,Pr)" = a Ra. 
where Rayleigh number, 


Tw — Too)x? 
Ur Bpod, db wee 
va 


Compared to forced convection 
Nux = a Rez Pr” 


Note: The following is a simple guideline whether the problem can be solved 
by forced convection, natural convection, or mixed (combined forced and 
natural) convection. 

If Gry /Rez < 1, the problem can be treated as forced convection. 

If Gry /Rez = 1, the problem can be treated as mixed convection. 


If Gr,/Re? > 1, the problem can be treated as natural convection. 


9.2 Laminar Natural Convection on a Vertical Wall: Integral 
Method 
Integral approximate solution by Pohlhausen 1921: We apply the momentum and 


energy balance to the control volume across the boundary layer as shown in 
Figure 9.3. 
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puu 4-3 puu dy dx 
ox 


| 
[Pdy +2 j Pay dx 
l ox 


5 


FIGURE 9.3 
Integral method. 


Net force = Momentum change 
oP a 
—Ty — | eg dy — | ax V = = | pu dy 


where 0P/8x = 0P3,/8x = —Poog (outside of the boundary layer). 
Also p — Poo = —pooB (T — Too) from B = —1/p (3p/9T)p 


$ 
w u m = g6 | T- Tody- £ [tay (9.22) 
Poo Qoo OY 0 
T af 
LÁ ð 
=k | = 5 | T To) dy (9.23) 
0 


Boundary conditions: u(x,0) 20. T(x,0) = Tw 


u (x, 8) = 0, T (x, oT) S Too 
à T (x,8 
ðu wS) o oT (x, T p 


L 


ay ay 
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Assuming velocity and temperature profiles to satisfy boundary-layer 
conditions, 


u = u (x,y) = un (1 — n)? (9.24) 
TST 


more 0-9»? =f (x,y) (9.25) 


where n = y/8(X); u1 = c1x";$ (x) = cox"; 


Put this into momentum and energy integral equations: 


80\ 1/2 Gy Mens 
as ( 3 ) m x) x 


80) [240 (1+ Q0/21Pr)) 11 x T 
= | > $0) [ ———— 
x Pr. Gy Tw — Too 


ƏT| EUST) 
i dy |o 8 (x) (Tw — Too) 
hxx 2x Pr 1/4 yd 
Tk o -Ra 2 
a s (x) E ((20/21) + zl x (9.26) 
Nu, X 0413Ra^ for Pr = 0.733 (9.27) 


Note: Nu, = 0.359Ral/^ for Pr = 0.733 by using the exact similarity solu- 
tion. 


— gB Tw — Too) 2 
= va 


Ras < 10 — 10? — Laminar natural convection 


Remarks 


In the undergraduate-level heat transfer, we have heat transfer correlations 
of external natural convection for a vertical plate, an inclined plate, a hor- 
izontal plate, a vertical tube, and a horizontal tube as well as heat transfer 
correlations of internal natural convection for a horizontal tube, between two 
parallel plates, and inside a rectangular cavity with various aspect ratios. 
These correlations are important for many real-life engineering applications 
such as electronic components. 

In the intermediate-level heat transfer, this chapter focuses on how to 
analytically solve the external natural convection from a vertical plate at 
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a uniform surface temperature by using the similarity method as well as 
the integral method. In advanced heat transfer, these methods can be modi- 
fied and extended to solve mixed convection (combined natural and forced 
convection) problems for vertical, horizontal, and inclined plates or tubes, 
respectively, for various Prandtl number fluids. 


PROBLEMS 


9.1. Consider the system of boundary-layer equations 


du av 
—+—=0 
ax oy 
BE opo ee ne ee 
u v— = y 
ax dy s ay? 
d(T —Too) , 8(T- Ta) | 3^(T - Tx) 
u +v =Q 
ax ay 3 y2 
subject to the BCs 


y=0 u=0, v=0, qw = constant 


where the quantities R, v, and a are constants. Determine the sim- 
ilarity variables that will transform the equations to two ODEs. 
Derive the resultant ODEs. 

9.2. Consider a natural convection flow over a vertical heated plate at 
a uniform wall temperature To. Let Too be the free-stream tem- 
perature. The following correlation holds for the heat transfer 
coefficient hy at height x: 


m = 0443 (Gr, Pr)!/4 


The Grashof number is 
= 3 2 
Gry = gpx (T(x) — Too)/v 


where g is the acceleration due to gravity, D is the coefficient of 
thermal expansion, and v is the kinematic viscosity. 
a. Draw a diagram of the system. 
b. Sketch a plot of hy along the plate length. 
c. Find the average heat transfer coefficient. 
d. Show that the average heat transfer coefficient between heights 
0 and L is given by Nu = 0.59(Grz Pr)!/4. 
9.3. Derive similarity momentum and energy equations shown in 
Equations 9.9 and 9.10. 
9.4. Derive Equations 9.16 and 9.17. 
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9.5. Derive Equations 9.20 and 9.21. 
9.6. Derive Equations 9.22 and 9.23. 
9.7. Derive Equations 9.26 and 9.27. 


[ —————|[ 
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10 


Turbulent Flow Heat Transfer 


10.1 Reynolds-Averaged Navier-Stokes (RANS) Equation 


When flow transitions into turbulence, both shear stress and heat transfer 
from the surface increase due to turbulent mixing. However, in a fully turbu- 
lent region, both shear stress and heat transfer slightly decrease again due to 
turbulent boundary-layer thickness growing along the surface. In this section, 
we discuss external and internal flow and heat transfer problem in a fully tur- 
bulence region. Figure 10.1 shows a sketch of a typical 2-D turbulent boundary 
layer for heated flow over a cooled flat surface and the fairly uniform velocity 
and temperature profiles across the boundary layer due to turbulent mixing. 
A laminar sublayer is developed at a very-near-wall region where turbulent 
mixing is damped due to viscous effect. This laminar sublayer thickness is 
the major resistance for velocity and temperature changing from the free- 
stream value to the wall. In a fully turbulent region, velocity and temperature 
change with time at a given location inside the turbulent boundary layer, that 
is, u(x, y, D, v(x, y, t), T(x, y, t). These time- and location-dependent behaviors 
make turbulent flow and heat transfer much harder to analyze as compared 
to laminar boundary-layer flow and heat transfer problem. 

The following is to show how to obtain the Reynolds-averaged Navier- 
Stokes (RANS) equation for a fully turbulent boundary-layer flow [1-6]. The 
idea is to treat a fully turbulent flow as purely random motion superimposed 
on a steady (time-averaged) mean flow. This means that the time-dependent 
value (such as instantaneous velocity and temperature, etc.) equals the time- 
averaged value (Reynolds-averaged value) plus the fluctuation value (due to 
random motion). For example, the steady (time-averaged) x-direction velocity 
over a period of time can be shown as 


t 


[uw dt 
0 


and 


= 1 
w = lim — |w (Hdt zo 
tooo t 


[p 
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FIGURE 10.1 
Typical turbulent boundary-layer flow velocity and temperature profile. 


where tis a large enough time interval, time-averaged velocity uis not affected 
by time, and time-averaged fluctuation u is around zero. This can apply to 
the y-direction velocity as well as to temperature, pressure, and density. 

Figure 10.2 shows the sketches for time-dependent (instantaneous) and 
averaged velocity and temperature over a period of time at a given location 
(x, y) inside a turbulent boundary layer. The positive and negative fluctu- 
ation values (up and down values) is about to cancel each other; averaged 
u velocity is much greater than averaged v velocity; however, the fluctuating 
value is about the same as the fluctuating v value with out of phase (when 
fluctuating u is positive, fluctuating v is negative); and the fluctuating T value 
is also about the same as the fluctuating u value. This is under the condition or 
assumption of an isotropic turbulence case. In general, turbulent fluctuating 
quantities may not be necessarily the same value. 

The following shows the step-by-step method toward the RANS equation. 


Turbulent (instantaneous) velocity 


Vr | u Mean velocit 
Eza m Í 


Ta Turbulent (instantaneous) temperature 


T 


FIGURE 10.2 


Instantaneous time-dependent velocity and temperature profiles inside a turbulent boundary 
layer. 
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Reynolds time-averaged method: 
Time dependent (instantaneous) — time averaged (Reynolds averaged) 4- 


fluctuation. 
ucu-duzsudu 
v=040 =v +v 
T=T+T =T+T 
P=P4+P=P+P 
p=ptp =ptoe 
Since 
t+At 
u dt 20 
t 
t+At 
| v dt 20 
t 
t+At 
| P'dt-0 
t 
f+At 
| T'dt 20 
t 
Therefore, 


v =T= p =P E0 
Substitute the above instantaneous quantities into the original conservation 


of mass, momentum, and energy equation, respectively, and then performing 
time average over a period of time. 


10.1.1 Continuity Equation 


t 
: 1 9 — Wer ð — hr / x 
Jim + | fro [G+ 061] 7. [09-08 05] =0 (10.1) 
0 


0 (steady) 


P as th". rd -— 
— (pi e pu) + — (90+ po) =0 
Ox oy 
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Therefore, 
? (4 2-9) - 0 (10.2) 
ox ^ ay i l 


and 
a (99) + = (P7) =0 (10.3) 


10.1.2 Momentum Equation: RANS 


t 
ð 
d ; | pu + 216 - p) -- uy] -- —Ip 4 e)G xw) v) (04) 
tooo f t Ox oy 

0 


0 (steady) 
à^(u--w) 3 (u+u') 


=- 8 (P+?) +040) +8) +0] a2 ay? | 


Therefore, 
duy. ə E uo d ce Dd m Bu. dee 
iig TT. —2 ft. 
a gg T SUPR Urin B ru" upu 
ON NER ET aP > — u 8U 
[nw Dou! = —— T If! — xL 
+ ay (we + miu) Tamaru oe | 


Rearranging, 
au —— ðU UD rum e ou ou 
ni 777 In! Senas oi IF! 
(a+ pw) — + (p+ or) = Ree Te + Ta | 
(10.5) 


A (pu? + pu? üpw) 
ax 6 Reynolds Stress 


ə 
+— (puo + p'u'v' + opi’) 
ay 
For incompressible flow, 


p =0 
X-Momentum: 


P NE Lon +e “5 (Fe uS uf a k (10.6) 
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Y-Momentum: 
oe 4 ph? 9v 18P | w (0 | So IWT E ya 
əx | Oy 0t pəðy pVXox a»? ax ay = °” 
_—_ SY b 
viscous forces Reynolds stress, Turbulent stress 
(10.7) 


From boundary-layer approximation, Y-Momentum equation is not impor- 
tant as compared with X-Momentum equation. 


10.1.3 Enthalpy/Energy Equation 


0 (steady) 


A 1 — / 9 — / 9 TP / ard / 9 TP / 
lim $ [E+ oo T+@+u)—T+T)+@+v)—T+T) 
too t t ax oy 


9,9 (= CE = aP a(P +P’) 
= —k—(T+T’ —k—(T+T’ — + (u +u) ——+ 
ox wl ij RET A ch tat e+e) ax 
a (P. P) 
+ (+v) ~——_+@ (10.8) 
dy 
Therefore, 
o, | Ge pw) = + (P0 + go) oL 
$ ax y 
ð ƏT ð ƏT . -9P-..:9P 
2 u Ü o 10.9 
ox ax y oy "Ox hy M 102) 


a au V 
tul T" /4 T7 WoT’ 
+ cp (PUT + p'uT exp) + (=) Pores 


ax 


—————Á 


EX 
+c 9 (BoT + ‘UT’ +9 "T" + du’ + 
Pay p p p eg 


6 Reynolds Flux 


where 6 is the viscous dissipation and ¢ is the turbulent dissipation. 
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For incompressible flow, 


—aTw aT’! 
x oy 


(10.10) 


molecular conduction Reynolds flux, turbulent flux 


10.1.4 Concept of Eddy or Turbulent Diffusivity 


The following is a summary from the above RANS equation. The continuity 
equation is no useful. The Y-momentum equation is small as compared with 
the X-momentum equation. Therefore, only one of six Reynolds stresses and 
one of six Reynolds fluxes remain in the RANS equation for a 2-D steady, 
incompressible and constant property fully turbulent boundary-layer flow. 
In addition to a laminar-type shear stress due to viscous effect, turbulent 
stress due to random velocity fluctuation plays the major contribution to 
the total pressure loss over a turbulent boundary layer. Similarly, turbulent 
flux due to random velocity with temperature fluctuation dominates the total 
heat transfer over the turbulent boundary layer. The real problem is how 
to quantify the time-averaged Reynolds stress and Reynolds flux because 
they are varying with the location (x, y) inside the turbulent boundary. It 
is assumed that Reynolds stress is proportional to the velocity gradient and 
the proportional constant (actually is not a constant value) is called eddy 
or turbulent diffusivity for momentum (turbulent viscosity divided by fluid 
density); similarly, Reynolds flux is proportional to temperature gradient and 
the proportional constant (actually is not a constant value) is called eddy or 
turbulent diffusivity for heat. Therefore, the real turbulent flow problem is 
how to determine or how to model the turbulent diffusivity for momentum 
(turbulent viscosity) and turbulent diffusivity for heat because they depend 
on the location (x, y). It is important to note that molecular Prandtl number 
is a ratio of fluid kinematic viscosity to thermal diffusivity and is a fluid 
property depending on what kind of fluid is (e.g., air or water has different 
molecular Prandtl numbers); however, turbulent Prandtl number is a ratio of 
turbulent diffusivity for momentum to turbulent diffusivity for heat and is 
a flow structure behavior depending on how turbulent flow is (e.g., air and 
water have the same turbulent Prandtl number at the same turbulent flow 
condition). For a simple turbulent flow problem, turbulent Prandtl number is 
about one (say 0.9 for most of the models), which implies that one can solve 
for turbulent diffusivity for heat if turbulent diffusivity for momentum has 
been determined /modeled. Therefore, the first question is how to determine 


Turbulent Flow Heat Transfer 201 


or model turbulent diffusivity for momentum (turbulent viscosity divided 
by fluid density). Once turbulent viscosity is given, one almost solves the 
turbulent flow and heat transfer problem. 


ðu ear (us 


— 109 
Er F "ay = p oy M oy nre) = p By (viscous + Uurb.) (10.11) 
oT oT 1 293 or —— 1 8 
u ax qu ay = eCp ay ( ay PCT) = Cp dy Cae + Ress.) 
(10.12) 
ðu u 
Ttotal = Tm + Tt = "sy + MET (10.13) 


where —pu'v' = pe (0u/ dy), eddy diffusivity for momentum em = vt = 
(ut/p), turbulence viscosity t = £y 


7 n H oT oT 
(total = dm + dt = m * ET (10.14) 


where —pCyv'T' — pCpeu (OT /dy), eddy diffusivity for heat eg = a 


ðu 
Ttotal = P (V + £m) ay (10.15) 


” aT 
Total = PCp(a + T (10.16) 


Turbulence Prandtl number 


~1 (10.17) 


So the unknowns are 


e Turbulent viscosity pt 
e Turbulent diffusivity vt = (ut/p) = £m 
e Turbulent diffusivity for heat ey = at 


The following shows how to determine the turbulent diffusivity for 
momentum. 
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From force balance in a circular tube as shown in Figure 10.3, 


dP b 
mum 
dx ror 


dP d 
[rE = | qu 


dP d 
ls dr — | apf dr 
Therefore, 
_ 1 dP 
t 2” dx r 
From BCs, 
r=0, 1-0, 


One obtains 


(10.18) 


R 


T 0 d 
( ee) = 0 momo DG 


where 
u u* Ru* T 
ut = —, yt =, R* , ut = EW, 
u* v v p 
AP 
W 
r T P ) Py 
|]: 
«————— 
Tw 
FIGURE 10.3 


Force balance in a circular tube. 
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Turbulent à 
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FIGURE 10.4 
Concept of 2-D turbulent boundary layer flow. 


Therefore, 
O  &m_ 1— T/R?) 


v v (dut/dyt) MESES 


Similarly, the turbulent diffusivity for momentum for a boundary-layer flow 
can be obtained by replacing R* by èt (where 8 is turbulent boundary-layer 
thickness as shown in Figure 10.4) as 


Dt _ &m _ 1- (y*/M) 


a ee (10.20) 


where 


10.1.5 Reynolds Analogy for Turbulent Flow 
The following outlines the simple Reynolds analogy between momentum and 
heat transfer for a turbulent boundary-layer flow. 


t ev + £m) (90u/0y) (du/dy) (10.21) 


q' pCpla + eH )(8T/BY) — Cy(OT /dY) 


If v =a > Pr = (v/a) © 1, then em © ey > Pri = (€m/tH) © 1 
The turbulence Prandtl number is the flow structure. 
Assume a linear velocity and temperature profile, 


Tw 1 Au 
Ww 
Iw Tw 


Cp(Tw Tæ) U% 
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where 
1 
tw = 5PU Ci 
1 pUgox uCp 
Nu = - foe 
í 2 u k 
Nu 1 1 
=C -Cf = St 10.23 
RUE 2 09 e 
1 
aCe = St- Pr’ (10.24) 
For 0.7 < Pr < 60 for air, water, and oil. 
where 
"m Nu | (hx/k) EN EE qu 
~ Re- Pr~ (pUlcox/u)-(uCp/k) — PCpoo — PCpUoc (Tw — Tac) 
(10.25) 
There are two kinds of problems: 
1. For given C; to determine St or h; 
2. For given h or St, to determine C; 
For a turbulent pipe flow 
0.046 
Ct = —5 10.26 
f= Rem (10.26) 
10046 _ Nu p, 
2 Rev? Re- Pr 
hD 
Nup = = = 0.023 ReDPPr!? for cooling (10.27) 
hD 
Nup = = = 0.023 Ref8Pr°4 for heating (10.28) 
For a turbulent boundary-layer flow, 
0.0592 
Cr = 10.29 
f= Ren (10.29) 


1 0.0592 z Nux PP 
2 Re? . Re,Pr 


h 
Nu, = T = 0.0296 Re®8pr'/3 (10.30) 
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10.2 Prandtl Mixing Length Theory and Law of Wall 
for Velocity and Temperature Profiles 


Inalaminar boundary-layer flow, universal velocity and temperature profiles 
can be obtained by solving conservation equations for mass, momentum, and 
energy using the similarity method. In the turbulent flow boundary layer, we 
hope to obtain universal velocity and temperature profiles too. The follow- 
ing outlines step by step how Prandtl mixing length theory can be applied 
to achieve the law of the wall for velocity and temperature profiles (a kind 
of universal velocity and temperature profiles for turbulent boundary-layer 
flow). Unlike the laminar boundary, however, there is no complete analytical 
solution for the turbulent boundary layer due to turbulent random motion 
as indicated before. The law of wall for the velocity profile still requires a 
predetermined shear stress (or the friction factor from the experimental data) 
for a given turbulent flow problem. Therefore, we can only obtain a semithe- 
oretical (or semiempirical) velocity profile for turbulent boundary-layer flow. 
Figure 10.5 shows the analytical universal velocity profile for a laminar 
boundary layer and the semiempirical law of the wall velocity profile for 
the turbulent boundary layer. 

The following is the details of Prandtl mixing length theory and the law 
of the wall for velocity and temperature profiles [3-6]. First, we define the 
dimensionless x-direction velocity and y-direction wall coordinate. 


pe (10.31) 


qu des (10.32) 


y 
1/2 2 1 
ga ES _ [a/ on E us icr (10.33) 


where u* is the friction velocity and C; is the predetermined friction factor by 
experiment. 
For example, 


Cr = 0.046 Rej, for turbulent flow in a tube 


C, = 0.0592 Rex 92  forthe turbulent flow over a flat plate 


and yt is the dimensionless wall coordinate or the roughness Reynolds 
number. 
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f- 
Laminar flow 
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-x [Rex 
Laminar buffer 
yt- LL | sublayer zone Turbulent core o9 
u* S ES 


e] 


Turbulent wake 


(core flow) 


Data by Martinelli, Von 
Karman fot pipe or B. L. 


5 30 500 1000 
yi 


In y* 2 — 


FIGURE 10.5 
Analytical universal velocity profile for laminar boundary layer and semiempirical law of wall 


velocity profile for turbulent boundary layer. 


Consider a laminar sublayer region, very close to the wall region where 
viscosity is dominated and turbulence is damped at the wall. 


T= pv gi (10.34) 
dy 
Tw du u 
v Zy 
p dyl, y 
tw [tw du 
ES —— Sp: — 
pV p dy 
u*u* = oa 
dy 
Therefore, 
u yu* 
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and 
ut = yt (10.35) 


Now, consider a turbulent region, as sketched in Figure 10.6, away from 
the wall where turbulence is dominated. From Prandtl mixing length theory, 
assuming velocity fluctuation is proportional to velocity gradient and the 
mixing length is linearly increasing with distance from the wall, 
, 3u ðu 

ay — y 
Lx y= ky (10.37) 


u (10.36) 


where k = 0.4, a universal constant from the experimental data by Von 
Karman. 


And 
9 
v = u = y Z (10.38) 
ay 
Since wall shear is dominated by turbulence and can be approximated as 
2 
tw A —pu'v = phy? (=) (10.39) 


Therefore, from the above Prandtl mixing length assumption, 


FIGURE 10.6 
Concept of turbulence in 2-D turbulent boundary-layer flow. 
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Therefore, the law of wall velocity profile can be obtained as 


1 
ut =—Inyt+C (10.40) 
K 
From the experimental data curve fitting for yt > 30, 
k = 0.4 or 0.41 
ut = 2.5 Inyt +5.0 (10.41) 
Or 
ut = 2.44 Iny* + 5.5 (10.42) 


Then, consider the buffer zone between the laminar sublayer and the 
turbulence region, 5 < yt < 30, the velocity profile can be obtained as 


ut =5 Inyt —3.05 (10.43) 


It is important to mention that the above three-region velocity profile has 
been validated and can be applied for turbulent flow over a flat plate or in a 
tube with air, water, or oil as the working fluid. In addition, before showing 
the law of wall for temperature profile, it is interesting to point out, just like 
for the laminar boundary-layer case, the law of wall for temperature profile 
is identical to the law of wall for velocity profile if Prandtl number is unity 
(Pr = 1) by replacing the above dimensionless velocity with the appropri- 
ate dimensionless temperature with the same dimensionless y-direction wall 
coordinate. The effect of Prandtl number on the law of wall for temperature 
profile will be discussed in Section 10.3. 


10.3 Turbulent Flow Heat Transfer 


Consider a fully turbulent flow in a circular tube with uniform wall heat flux 
(qw = C) as the thermal BC [4-6], as sketched in Figure 10.7. From the energy 
equation, 


aT aT aT gar 
= — Ll 10.44 
"ó)x ar rà [rate | toon wee) 
y=R-r 
r=R-y 
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FIGURE 10.7 


Turbulent flow heat transfer in a circular tube. 


For a fully developed flow (v= 0) and assuming (8°T /ax?) K (1r) 
(9/8r)[r(a + eg) (9T /8r)], the energy equation becomes 


oT 1 f oT 
ax R—y(—dy) [e yer 2 
Assume 


u=V 
ƏT — OTp 
əx — x 


From energy balance, 


q«2xR dx = pC, VA. dTp 
y T» = qi 2mR = 29 ES 
dx — pC,nR?  pC,R 


And applying BCs, 


The energy equation becomes 


oT 
VS ydi-y - d [e — y)(a+ TA 
zd Sz dT 
Yeu x: (R =y) + eH) — T; +C 
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1 —dTp dT C 
ER anb pot duct 
eo n COUTE AH Ray 
where C = 0 at R — y = 0, (dT/dy) = 0. 
Therefore, 
|dodTyy-R 
Sei ar race eae 
f 1— dT f R 
_ 1,41 fy- 
J ar- 5v dx JE. 
y y* 
158Ty (y—R dw Py 
To Tig SEV dy = 
2 ox Jatey pCpv/tw/P 7 (1/Pr) + (H/V) 
0 
Therefore, 


yt 
pc De | 1— (y*/R*) 


= oC ) OPO + Cu) 


The above equation can be integrated if one assumes 


Em Em 
— + — or Pr=— z1 
v v £H 


And from Equation 10.19, 


ém _ 1— (y^/R*) 
v — (du*/dy*) 


For the laminar sublayer region, 


O<yt<5, y «R*, ut -y*, arch Ed! 
For the buffer zone, 
5<yt <30, ut =5Inyt —3.05, a x 
For the turbulent region 
uw 25 


aus 
+ ds. + E 
yt 230, ut 225Iny* 1-50, qe 


+ 


(10.45) 
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The above energy integral equation 10.45 can be obtained in the following 
three-regions and the Prandtl number effect is shown in Figure 10.8. 


y* 
Pes 1 — (qj /R*) + 
: (1/Pr) + (e/V) 


u wp T= bry (10.46) 


For the region 5 < y* < 30 with ut = 5 Iny* — 3.05 and (y*/R*) ~ 0, 


v v 5 
y* 
1 
T*-Tiz | dy* 
>= | a/P- (*/5-1 
5 
+ 
1 1 + 
=5 Í die -1 
(1/Pr) + (y+/5)-1 Pr 5 
5 
i Pr 
u + 
— =u 
u 20 
T,-T 
eee If Pr- 1, 
Iw u*zT* 
pC,u* 5 
5 30 500 1000 
Inyt- E 


LA 


FIGURE 10.8 
Law of wall temperature profile for turbulent boundary layer. 
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Therefore, 


-— 3 1 y* ) (s 5 ) 
T ri -si( et 1|]-51In » 5 1 
(1/Pr) + (y*/5) - 1 

(1/Pr) 


P + 
=5]n (: 4 a 2 Pr) (10.47) 


=5 ln 


For the region 30 < y* withu* = 2.5 Iny* + 5.0, (du*/dy*) = (2.5/y*) and 


€H €m 1— (y*/R*) 


vo v — 254 


1—(y*/R^) 
(Pr + (1 — (y* /R*)]/Q.5/y*9 — 1 


dy* 


yt 
+ T} — 
T -T&- | 

30 

" 


y 
2.5 
= | au -251ny* yi 
30 


Therefore, 
T*-— T = 2.5 Iny* — 2.5 In 30 (10.48) 


The next question is how to determine heat transfer coefficient from the law 
of wall for temperature profile. This is shown in the following. 
One assumes the simple velocity and temperature profiles as 


(p - 0-9 


Umax 
T-Tw soa r\1/7 
Jm «(5) =(1-) 
Therefore, 
— fu2nrdr 
V = TY o, 
MESE f2urdr 0.82Umax 
T. - SÈTw — Te) = (r/R) Umax(1 — (r/R)! -rdr 
. 15 Umax(1 — (r/R))1/7 -rdr 
15 
z 1g Uv = Te) 


= 0.833 (Tw — Te) 
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where 
(Tw — Tc) = (Tw — T5) + (T5 — T30) + (Tao — Te) 
EN d | +5 InGPr + 1) -25 In (=) 
— pCpu* i 30 
Therefore, 
=- w oe Jw 


Tw— Ty  0.833(q"/pCpu*)[5Pr +5 InGPr + 1) + 2.5 In(Ru*/080)] 


The final heat transfer coefficient and the Nusselt number are expressed as 


hD Re - Pr./C¢/2 
Nup = = (10.49) 
k 0.833 [5Pr +5 In(5Pr + 1) + 2.5 In ((Rep4/Cr/2)/60) | 
where 
. 0.046 e _ 0.079 
a Ree = Reb? 


For given Rep, and Pr, the above prediction is fairly close to the following 
experimental correlation: 


hD 
Nup = = ^ 0.023 ReDPPr? or =~ 0.023 Re?8pr°4 


Consider a fully turbulent boundary-layer flow over a flat plate with 
uniform wall temperature as the thermal BC (Tw = C) [4-6]. From energy 
equation, 


aT aT ə aT 
s f i me m Iz. 10. 
EET T [eso (10.50) 


For a fully turbulent boundary-layer flow (v — 0) and assume 


ƏT OTw ET 
ox ax 


One can obtain the law of wall for temperature profile as 


yt 


+ 


+ 


| aman’ 
J) G/Pr) + eH) Y 
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Follow a similar procedure as in the previous case; one can obtain three-region 
temperature profile. 


oT 9 ð 


const.=qz,/Cp 


oT 
(a+ eH) — =c 
ay 


where c = (- qs, / 9C). 


Therefore, 
oT » Iq 
(a+ Urt = eC, 
[s qul 0C 
ðy a-tH 
x 1 u* 
T — Tw = d 
um | v((1/Pr) + (su/v)) “u 
T.- T= dw | i dy* (10.51) 
pCpu* J ((1/Pr) + (eu/v)) 


0 


where £H ~ £m. 
And from Equation 10.20, 


£m _ 1—(yt/8t) 
v (du*/dy*) 


Follow the same procedure as outlined before: 


Oxy <5, ur Sy 
Tt =Pryt (10.52) 
5«y* x30, ut =5 Iny* —3.05 
Pryt 
T* Tf 25]n (: + a E Pr) (10.53) 


30<yt, ut =25Inyt +5.0 
Tt - Tjj = 2.5 Inyt — 2.5 In30 (10.54) 
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Note that AT* = Aut aty* > 30 


T$ — T$ = U% — us 
where 
u 1 
ut =14, ut = 2 = 
30 DE: J/Crf2 
Therefore, 


Tw — Too = (Tw — T5) + (T5 — T30) + (T30 — Too) 


qT 
= Col [5Pr +5 In(5Pr + 1) + (TH — Th) 


dw dw 
h = = 
Tw —Ts — (qi /pCsu*)[BPr + 5 In(Pr + 1) + (1/4/Cr/2) — 14)] 


The final heat transfer coefficient and the Stantan number can be obtained as 
Oo Nu 0.0295Re7?? 
— ResPr _44+0.472Re> lis py 1 5 An Pr) —344] 


2 ~ 0.0295Re, 0? 


(10.55) 


where Nus = (hx/k), Rex = (pUasx/y), Cr = (0.0592/Rey/ "E 
For given Re, and Pr, the above predict Nu, value is very close to the 
following experimental correlation: 


Nu, = 0.0296Re08 pr1? 


Remarks 


In undergraduate heat transfer, students are expected to know how to 
calculate heat transfer coefficients (Nusselt numbers) for turbulent flows over 
a flat plate at uniform surface temperature and inside a circular tube at uni- 
form surface heat flux, by using heat transfer correlations from experiments, 
that is, Nusselt numbers relate to Reynolds numbers and Prandtl numbers. 
There are many engineering applications involving turbulent flow conditions. 
These turbulent flow heat transfer correlations are very useful for basic heat 
transfer calculations such as for heat exchangers design. 

In intermediate-level heat transfer, this chapter focuses on how to derive 
RANS equation; introduce the concept of turbulent viscosity and turbulent 
Prandtl number; Reynolds analogy; Prandtl mixing length theory; law of 
wall for velocity and temperature profiles; and turbulent flow heat transfer 
coefficients derived from law of wall velocity and temperature profiles and 
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their comparisons with the heat transfer correlations from experiments. 
This classic turbulent flow theory is important to provide students with 
fundamental background in order to handle advanced turbulence models. 
In advanced turbulent heat transfer, students will learn many more top- 
ics such as flow transition and transitional flow heat transfer; unsteady high 
turbulence flow and heat transfer; surface roughness effect and heat trans- 
fer enhancement; rotating flow, and heat transfer; high-speed flow and heat 
transfer; and advanced turbulence models including the two-equation model 
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and the Reynolds stress model. 


PROBLEMS 
10.1. Consider a steady low-speed, constant-property, fully turbu- 


10.2. 


lent boundary-layer flow over a flat surface at constant wall 
temperature. Based on the Reynolds time-averaged concept, 
the following momentum and energy equations are listed for 
reference: 


. Define dimensionless parameters, ut, T+, and yt, respec- 


tively, for universal velocity and temperature profiles for 
turbulent flow and heat transfer problems. 


. Based on the Prandtl's mixing length theory, derive and plot 


(u* versus y^) the following universal velocity profile (make 
necessary assumptions): 

ut = y* for a viscous sub-layer region 
ut = 1/k£ny* + C for a turbulent layer (the law of the wall 
region) 


. Based on the heat and momentum transfer analogy, derive 


and plot (T* versus y^) for various Pr the universal temper- 
ature profile (i.e., temperature law of the wall, Tt (y+, Pr)) 
for a turbulent boundary layer on a flat plate. Make necessary 
assumptions. 


Consider a fully developed turbulent pipe flow with a uniform 
qiy- If a two-layer universal velocity profiles can be assumed as 


ut =y" for0 <y" «13.6 


ut —50--244£my* for 13.6 < yt 


Derive the corresponding two-layer university temperature 
profiles. 


Also, predict the local u and T at y = 0.05 cm from the pipe wall 


under the following conditions: friction velocity u* = 10 m/s 
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A/tw/ p, friction temperature T* = 3°C = qj,/ (pcpu*), pipe wall 
temperature Tw=100°C, air flow Prandtl Pr = 0.7 
10.3. Consider the Von Kafman-Martinelli heat-momentum analogy 
for a turbulent pipe flow: 
a. If a two-layer universal velocity profile will be employed, 
that is, 


+=yt for0<yt «10 
at 250--25£ny* for10 <y" 


For a constant wall heat flux, determine the universal tem- 
perature profiles at the corresponding two-layer region. Then 
determine the Nup where Nup = function (Rep, Pr, f). 

b. If Rep — 105, Pr — 1, calculate Nup from (a) and then com- 
pare it with correlation Nup = 0.023 ReDS . prO, If velocity 
increases, the laminar sublayer thickness will be increased or 
decreased? Why? How about Nup? 


10.4. Consider a fully developed turbulent flow between two paral- 
lel plates with a gap of b and a uniform wall heat flux (q/A)w. 
Using the Kafman-Martinelli analogy, determine the turbulent 
heat transfer coefficient. The result should be in a format such as 


h2b 
Nu = TED = function of (Re, Pr, f) 


If Re = (V2b/v) 2 2 x 10°, 2 x 104, 2 x 10°, and Pr = 07, com- 
pare your result of Nu to those of semiempirical correlations, such 
that Nu = (h2b/k) = 0.023Re08 p,04 
10.5. Consider the turbulent flow heat transfer. 
a. Derive the following momentum and energy equations 
for a turbulent boundary-layer flow, a 2-D flat plate, 
incompressible, constant properties: 


uot dp ðu — 9 w+ j2" 
Mic vo ent) — 
ax ay ay M oy 


oT oT a v £M V OT 
u +0 = + 
ax oy | Oy|NXPr Pr) dy 


b. Derive the following momentum and energy equations for a 
fully developed turbulent flow in a circular tube, incompress- 
ible, constant properties: 


d ee sau |. 1dP 
rdr Mar p dx 
ee he o L 

ax ror| | ar 


10.6. Consider a fully developed turbulent pipe flow in a circular tube 
with a 5.0 cm I-D, constant properties. 
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10.7. 


10.8. 


10.9. 
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a. Draw the velocity distribution from Martinelli Universal 
Velocity Profile (i.e., law of the wall) for air flow at 1 atm, 25°C, 
and Rep = 30,000. 

b. Calculate the laminar sublayer thickness. 

Consider the turbulent boundary-layer flow heat transfer: Air at 

300 K, 1 atm, flows at 12 m/s along a flat plate maintained at 600 K. 

Plot the temperature profile T(y) across the boundary layer for the 

following two cases: 

a. Ata location x = 0.1m for a laminar boundary layer. 

b. At a location x = 1.0m if the transition Reynolds number is 
10°. 

Plot both profiles on the same graph to show significant 
differences. 

c. Determine Cher ts, U*, Sty, Nux, hy, and q% for case (b). 

Consider a 2-D incompressible turbulent flow in a pipe. 

a. Specialize (simplify) the given continuity and Navier-Stokes 
equations for a fully developed turbulent flow in a pipe. 
Write appropriate BCs to solve the flow equations for a fully 
developed turbulent flow. Do not attempt to solve the problem. 

b. The velocity profile (u(r)) for a fully developed turbulent flow 
in a pipe is given by 


u R—- rV 

Umax ( R ) 
where R is the pipe radius, r is the radial distance measured 
from the pipe axis, and Umax is the maximum velocity. Calcu- 
late mean or the bulk velocity (Um) for a fully developed flow 
in terms of Umax. 

c. Obtain an expression for the skin friction coefficient (Fanning 
friction factor) for a fully developed turbulent flow in terms 
of Rep, where Rep is the Reynolds number based on the pipe 
hydraulic diameter. 

Consider a steady low-speed, constant-property, fully turbu- 

lent boundary-layer flow over a flat surface at constant wall 

temperature. 

a. Based on the Reynolds time-averaged concept, derive the fol- 
lowing momentum and energy equations (make necessary 


assumptions): 
Wis É ðu (ga: yee 
ees eR pes $us 
ox oy oy M oy 


ee gg a ð ve ™ oT 
əx ay. Oy LX Pr Pr) dy 


b. Define dimensionless parameters, ut, T*, and y*, respec- 
tively, for universal velocity and temperature profiles for tur- 
bulent flow and heat transfer problems. Based on the Prandtl’s 
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mixing length theory, the following universal velocity profile 
has been derived: 
u™ = yt for the viscous sublayer region. 
ut = (1/x) Iny* 4 C for the turbulent layer (the law of the 
wall region). 

Now, based on the heat and momentum transfer analogy, 
derive and plot (T+ versus y* for various Pr) the universal 


temperature profile (i.e., temperature law of the wall, TT (y*, 
Pr)] for a turbulent boundary layer on a flat plate? Make the 
necessary assumptions. 


10.10. Consider a steady low-speed, constant-property, fully turbulent 
boundary-layer flow over a flat surface at constant wall tempera- 
ture. Based on the Reynolds time-averaged concept, the following 
momentum and energy equations can be derived: 


MIL iA ð w+ yee 
ee eased sy 
ox oy oy M oy 


oT oT ə v £M V OT 
Woo = + 
ox oy dyL\Pr Pr) oy 


a. Explain why the turbulent viscosity and turbulent Prandtl 
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number should be included in the above equations. Explain 
the physical meaning and the importance of the turbulent 
viscosity and turbulent Prandtl number, respectively. 

Based on the Prandtl’s mixing length theory, the following 
universal velocity profile has been obtained: 

ut = y* for the viscous sublayer region. 

ut=(1/k) In yt +C for the turbulent layer (the law of the 
wall region). 

Based on the heat and momentum transfer analogy, derive and 
plot (T* versus y* for various Pr) the universal temperature 
profile for a turbulent boundary layer on a flat plate. Make 
necessary assumptions. 
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Fundamental Radiation 


11.4 Thermal Radiation Intensity and Emissive Power 


Any surface can emit energy as long as its surface temperature is greater 
than absolute zero. Thermal radiation can refer to (1) surface radiation and 
(2) gas or volume radiation. Surface radiation is that radiation which comes 
from an opaque material surface (such as a solid or liquid surface,1 jum thick 
from the surface). Gas radiation is that radiation which comes from a volume 
of gas (such as, CO», H20, CO, or NH3). But gas radiation does not occur 
from a volume of air (air cannot emit or absorb radiation energy). Modern 
theory describes the nature of radiation in terms of electromagnetic waves 
that travel at the speed of light. The various forms of radiation differ only 
in terms of wavelength. In this chapter, the discussion will be confined to 
thermal radiation [1-4], as shown in Figure 11.1. Thermal radiation primarily 
depends on wavelength (spectral distribution, 0.1—100 jum, from visible light 
to infrared (IR)), direction (directional distribution, 9, $), and material tem- 
perature (absolute temperature, °K or °R) and material radiation properties. 
Figure 11.2 shows the nature of spectral and directional distributions. 

What follows try to establish the relation between surface radiation flux 
(i.e., radiation rate per unit surface area, or called emissive power) and radi- 
ation intensity. Here we assume that radiation intensity from a surface is 
given. The later section will discuss how to obtain the radiation intensity value 
from Planck. Figure 11.3 shows the conceptual view of a hemispheric radi- 
ation from a surface (consider radiation from the upper surface only) [4]. 
Monochromatic directional radiation intensity (function of wavelength and 
temperature in all directions) is defined as differential radiation rate per unit 
surface area and unit solid angle, 


dq 
dA, do 


I(8, Q, X, T) = (11.1) 


where dw is the unit solid angle, 


dA dé-rsind-d 
dw = = mi = ? =sinodody 
r r 
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FIGURE 11.1 
Conceptual view of hemispheric radiation. 
and 
dA, = dA cos0 


Therefore, differential surface radiation flux (or differential emissive power) 


becomes 
dq ; 
— = dE, = h (0, o, X, T) sin0cos0d0dq 
dA 
After integration in all directions, the monochromatic hemispherical emis- 
sive power is 
2x 1/2 
Fy = | I,(0, o, ~, T) sin 8 cos 8 dd dy (11.2) 
0 


0 


Spectral (b) MN 
distribution 0 


~ 
e 
— 


Monochromatic 
radiation emission 


Wavelength 


FIGURE 11.2 
(a) Spectral radiation varies with wavelength. (b) Directional distribution. 
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di 


da = d//r 
(c) 


FIGURE 11.3 
(a) Conceptual view of hemispheric radiation from a differential element area. (b) Definition of 
plane angle. (c) Definition of solid angle. 


The total hemispherical emissive power (integration over wavelength) is 


E(T) = IEXO T) d (11.3) 
0 


For the isotropic surface (independent of circumferential direction angle), 
for most of the surfaces, 


x/2 
Ej, 2 2n | D, (0, X, T) sin 0 cos 0 dé 
0 
For the isotropic and black surface (independent of vertical direction angle), 


m/2 
Ep = 211p O., T) | sin 0 cos 0d0 = rp, (11.4) 
0 


11.2 Surface Radiation Properties for Blackbody 
and Real-Surface Radiation 


Total emissive power for black surface (ideal surface) 


Ey = xly = oT* (11.5) 


224 Analytical Heat Transfer 


Total emissive power for real surface 
E = xl = eoT? (11.6) 


Monochromatic emissivity, a surface radiation property, is defined as 
monochromatic emissive power from a real surface to an ideal surface. 


E(0, o, X, T) 


£10 (0, P, A, T) “= EG T) 


(11.7) 


Therefore, the total hemispherical emissivity can be obtained as a ratio 
of total emissive power from a real surface to an ideal surface. The total 
emissivity varies from 0 to 1. 


E(T) 


=e 


0^1 (11.8) 


Gray surface is defined asif surface emissivity isindependent of wavelength 
as sketched in Figure 11.4. Diffuse surface is defined as if surface emissivity is 
independent of direction as sketched in Figure 11.4. In general, the experimen- 
tal data show that normal emissivity of nonconductive materials (about 0.9, 
such as nonmetals) is much higher than conductive materials (about 0.1, such 
as metals). Emissivity is the most important radiation property and slightly 
depends on temperature. Emissivity is measured from experiments and is 
available for various materials from any heat transfer textbook. 

In addition to emission, a surface can reflect, absorb, or transmit any 
oncoming radiation energy (irradiation). Figure 11.5 sketches an energy bal- 
ance between irradiation (radiation coming to the surface) and reflection, 
absorption, and transmission. Absorptivity, reflectivity, and transmissivity 
are defined as the portions of irradiation that are absorbed, reflected, and 
transmitted, respectively. For many engineering gray and diffuse materials, 
we can assume that surface absorptivity is the same as surface emissivity 
(ex, = 03,9, €, = A, then £ = a, but in general £ Z o), and transmissivity is 


£y Non conductor 


Gray surface € = £} = const Diffuse surface £x £g = const 


FIGURE 11.4 
Definition of gray surface and diffuse surface. 
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G, irradiation pG irradiation 
AAMA y QG absorption 


TG transmission 


FIGURE 11.5 
Radiation energy balance on a surface. 


about zero (except window glasses); therefore, reflectivity can be found from 
emissivity too. 


Absorptivity a = Ga/G 

Reflectivity p = G,/G 

Transmissivity t = G,/G 

From radiation energy balance,a+p+1t=1 

If t = 0, and assume a = g thenp—1—a1-—€e 


Blackbody radiation is the maximum radiation from an ideal surface. 
Blackbody is a diffuse surface and can emit the maximum radiation and can 
absorb the maximum radiation (i.e., a = land e = 1). Therefore, blackbody 
radiation intensity is not a function of direction (Z (0, ọ)), but a function of 
wavelength and temperature (= (à, T)). Planck obtained blackbody radiation 
intensity from quantum theory as 


2hC2 
5 [exp (hCo/^kT) — 1] 


hpb T) = " (11.9) 


where h is the Planck's constant = 6.626 x 10794] s, Co is the speed of light in 
vacuum = 2.998 x 109m/s, k is the Boltzmann's constant = 1.381 x 10 ?T/K, 
and T is the absolute temperature, °K or °R. Or, it can be shown as follows: 


Cy KP 
eC] 


Ex. = TI, pb = 
where C1 = 2nhC} = 3.742 x 109W uum */m? 
C2 = hCo/k = 1.4389 x 104 um K 


Therefore, Planck emissive power for the black surface can be shown as 


eae Te 2hC3 B C1 
Mpeg Tp EE = SS SR ORC UE s 1] ^ TEX pU] 
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Performing integration over the entire wavelength, one obtains Stefan- 
Boltzmann law for blackbody radiation as 


oo oo 
Ep(T) = | E, 50, T) dar = | xl, (, T) d 2 oT* W/m? (11.10) 
0 0 


with the Stefan-Boltzmann constant 
o = f (C1, C2) = 5.67 x 10 W/m? K* 


However, for a real surface the emissive power is lower than Planck's black- 
body radiation (because the emissivity for the real surface is less than unity). 
Therefore, the emissive power for the real surface is 


E = eoT* (11.11) 


Figure 11.6 shows emissive power versus wavelength over a wide range of 
temperatures [1-4]. In general, emissive power increases with absolute tem- 
perature; emissive power for the black surface (solid lines) is greater than that 
for the real gray surface (lower than the solid lines, depending on emissivity) 
for a given temperature. 


— I— Visible spectrum region 


8 
10 l max T=2898 um K 


106 Solar radiation 
5800 K 


2000K N 
104 


1000 K N 
102 800 K ` 


300 K 


Spectral emissive power, E} p (W/m? um) 


10-1 10° 101 102 
Wavelength, A (um) 


FIGURE 11.6 
Spectral blackbody emissive power. 
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elà) 


FIGURE 11.7 
Radiation between hot coal bed and cold brick wall with nongray. 


From Figure 11.6 we see that the blackbody emissive power distribution has 
a maximum and that the corresponding wavelength Xmax depends on tem- 
perature. Taking a derivation on Equation 11.9 with respect to * and setting 
the result as equal to zero, we obtain Wien's displacement law as 


hmaxT = C3 = 2898 um K (11.12) 


The focus of Wien’s displacement law is also shown in Figure 11.5. According 
to this result, the maximum emissive power is displaced to shorter wave- 
lengths with increasing temperature. For example, the maximum emission 
is in the middle of the visible spectrum (Amax % 0.5 jum) for solar radiation 
at 5800 K; the peak emission occurs at Xmax = 1 um for a tungsten filament 
lamp operating at 2900 K emitting white light, although most of the emission 
remains in the IR region. 

There are many engineering surfaces with diffuse but not gray behaviors. In 
this case, surface emissivity is a function of wavelength and is not the same as 
absorptivity. Figure 11.7 shows the radiation problem between a hot coal bed 
and a cold brick wall with an emissivity function of wavelength [4]. To deter- 
mine emissive power from the cold brick wall, one needs to determine the 
average emissivity from the brick wall first. The following outlines a method 
to determine average emissivity and absorptivity. 

The following shows how to determine e(Ts), E(Ts), and a(Ts). Average 
emissivity can be determined by adding three regions of wavelength shown 
in Figure 11.7. Then treat each region as a product of constant emissivity and 
fraction of blackbody emissive power to total blackbody emissive power as 
shown in Figure 11.8. The fraction value is a function of wavelength and 
temperature, and can be obtained from integration in each region (e.g., see 
Figure 11.9 or Table 11.1) [4]. 


© &(A)Eb dX 
o(T,) = J0 509 Eo d. (11.13) 
Ep 
M A2 ^3 
Ey dX Ey d Ey dX 
za P PRHN p. pei... dit (11.14) 


P Ep E: 
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Eaw| 4 
(AT) iF Ex, da 


T 
0 À Àj) 0» Ag 
FIGURE 11.8 
Concept of fraction method from a blackbody. 
= €1Fo_y, + €2[Fo-2, — Fo-a4] + &3[1 — Foa5] (11.15) 


= 0.1 x 0 + 0.5 x 0.634 + 0.8 x (1 — 0.634) 


where 
f 
Epb dX N AT 
or f Ex» dx Ex. d(xT) 
Fo. — a n ape = | = f(T) (11.16) 
f Exp dX 0 
0 
ie Exp dr — ea Ey,» dX 
Pim = Fo, — Fo, (11.17) 


oT4 


From Table 11.1 or from Figure 11.9, Fo_, is a function of AT (um K), with 
T = T, = 500K, emission from the brick wall. 


XT x 1073 (um K) 


FIGURE 11.9 
Fraction of the total blackbody emission in the spectral band from 0 to as a function of XT. 
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TABLE 11.1 

Blackbody Radiation Functions 

XT (ium - K) F(953) 
200 0.000000 
400 0.000000 
600 0.000000 
800 0.000016 
1000 0.000321 
1200 0.002134 
1400 0.007790 
1600 0.019718 
1800 0.039341 
2000 0.066728 
2200 0.100888 
2400 0.140256 
2600 0.183120 
2800 0.227897 
2898 0.250108 
3000 0.273232 
3200 0.318102 
3400 0.361735 
3600 0.403607 
3800 0.443382 
4000 0.480877 
4200 0.516014 
4400 0.548796 
4600 0.579280 
4800 0.607559 
5000 0.633747 
5200 0.658970 
5400 0.680360 
5600 0.701046 
5800 0.720158 
6000 0.737818 
6200 0.754140 
6400 0.769234 
6600 0.783199 
6800 0.796129 
7000 0.808109 
7200 0.819217 
7400 0.829527 


continued 


229 


230 Analytical Heat Transfer 


TABLE 11.1 (continued) 
Blackbody Radiation Functions 


XT (um - K) Fos x) 

7600 0.839102 
7800 0.848005 
8000 0.856288 
8500 0.874608 
9000 0.890029 
9500 0.903085 
10,000 0.914199 
10,500 0.923710 
11,000 0.931890 
11,500 0.939959 
12,000 0.945098 
13,000 0.955139 
14,000 0.962898 
15,000 0.969981 
16,000 0.973814 
18,000 0.980860 
20,000 0.985602 
25,000 0.992215 
30,000 0.995340 
40,000 0.997967 
50,000 0.998953 
75,000 0.999713 
100,000 0.999905 


Source: Data from F. Incropera and D. Dewritt, 
Fundamentals of Heat and Mass Transfer, 
Fifth Edition, John Wiley & Sons, New 
York, NY, 2002. 

The radiation constants used to generate these 

blackbody functions are 


C1 = 3.7420 x 1085. .m4/m2? 
Cp = 1.4388 x 105m - K 
o = 5.670 x 10. 92W/m? . K4 
Therefore, the average emissivity can be calculated as 
e(Ts) = 0.61 


and the total emissive power is 


E(Ts) = &(Ts)oT? = 2161 W/m? 
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The brick wall is not a gray surface, and hence a(Ts) Z (Ts). But it is a diffuse 
surface, and hence a(X) = (A). The irradiation from the black coal bed (at 
temperature T; = 2000 K) to the brick wall is GO.) « Ep. The following shows 
a similar way to determine brick wall absorptivity. 
(T) fo «09GQ) dx — fg EAE dh 
a = = 
f fo. GQ) dx Ep 
= e1Fo_y, + £2[F0-1; — Fo-4] + e3[1 — Fo-;] (11.19) 
= 0.1 x 0.275 + 0.5 x (0.986 — 0.273) + 0.8 x (1 — 0.986) 


(11.18) 


where the fraction value can be found from Table 11.1, or from Figure 11.9, 
with T = T, = 2000K, irradiation from the black coal bed. 
Therefore, average absorptivity can be calculated as 


a(Ts) = 0.395 < 0.61 for (Ts) 


N 
11.3 Solar and Atmospheric Radiation 


Solar radiation is essential to all life on earth. Through the thermal and 
photovoltaic process, solar radiation is important for the design of solar collec- 
tors, air-conditioning systems for buildings and vehicles, temperature control 
systems for spacecrafts, and photocells for electricity. The sun is approxi- 
mate as a spherical radiation source with a diameter of 1.39 x 10? m and is 
located around 1.50 x 10!! m from the earth. The average solar flux (solar 
constant) incident on the outer edge of the Earth's atmosphere is about 
1353 W/m?. Assuming a blackbody radiation, the sun’s temperature can be 
estimated at about 5800 K. Figure 11.10 shows the spectral distribution of 
solar radiation [2]. The radiation is concentrated in the low-wavelength region 
(0.2 < X < 3 um) with the peak value of 0.50 jum. 

The magnitude spectral and directional distributions of solar flux change 
significantly as solar radiation passes through the Earth's atmosphere. The 
change is due to absorption and scattering of the radiation by the atmo- 
sphere particles and gases. The effect of absorption by the atmosphere gases 
O; (ozone), H20 vapor, O2, and CO» is shown by the lower curve in Figure 
11.10. Absorption by ozone is strong in the UV region, providing considerable 
attenuation below 0.3-0.4 um. In the visible light region (0.4-0.7 um), absorp- 
tion is contributed by O3 and Oy; in the IR region (0.7-3.0 um), absorption is 
due to H2O vapor and CO». The effect of scattering by particles and gases is 
that about half goes back to atmosphere and half comes to the earth surface. 
Therefore, the average solar flux incident on the Earth's surface is reduced 
to about 300-800 W /m?, depending on the time of the day, the season, the 
latitude, and the weather conditions. 
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FIGURE 11.10 
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Solar spectra outside the Earth’s atmosphere and on the ground. 


It is known that H20 vapor and CO» gas in the atmosphere not only absorb 
solar radiation but also absorb radiation from the Earth’s surface at around 
300 K that give radiation of wavelengths from 10 to 20 jum with an emissivity 
about 1.0. In addition, HzO vapor and CO» gas in the atmosphere (sky) can 
also emit energy at wavelengths of 5-10 jum at the effective sky temperature 
around 250-270 K (assume an emissivity of about 0.8-1.0). 

Figure 11.11 shows a typical setup for a solar collector. A special glass is 
used as a cover for the collector and a specialized coating is used on the 
collector plate and tubes where the solar energy is collected to maximize the 


performance of the collector. 


Solar energy 


sepu gd 


FIGURE 11.11 
A typical setup for a solar collector. 
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FIGURE 11.12 
A typical design for a house with the skylight. 


Figure 11.12 shows a typical design for a house with the skylight. The thin 
glass of the skylight of a house has a specific spectral emissivity or absorptivity 
distribution. For a given solar flux, atmospheric emission flux, interior surface 
emission flux, inside and outside house convection conditions, the thin glass 
temperature or the inside house temperature can be predicted. 


Examples 


11.1. Asimple solar collector plate without the cover glass has a selective absorber 
surface of high absorptivity a; (for X < 1 um) and low absorptivity a» (for 
X > 1pm). Assume that solar irradiation flux = Gs, the effective sky tem- 
perature =Tsky, the absorber surface temperature =Ts, and the ambient air 
temperature =T; determine the useful heat removal flux (Gi etu from the 
collector under these conditions. What is the correspondent efficiency (n) 


of the collector? 
SOLUTION 


Performing an energy balance on the absorber plate per unit surface area, 
we obtain 


asd = Os Gs + Asky Gsky zd Fon —E 


H 
2 useful 
Gs 
where as = 01 
Osky = 02 
A 
Gsky = oT hy 


E= eoT; 
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eSa 
donv = h(T; — Too) 


11.2. A thin glass is used on the roof of a greenhouse. The glass is totally trans- 
parent for X < 1 jum, and opaque with an absorptivity a = 1 for X > 1 um. 
Assume that solar flux = Gs, atmospheric emission flux = Gatm, thin glass 
temperature — Tg, and interior surface emission flux2 G;, where Gatm and G; 
are concentrated in the far IR region (X > 10 um), and determine the tem- 
perature of the greenhouse ambient air (i.e., inside room air temperature, 
Too i)- 


SOLUTION 


Performing an energy balance on the thin glass plate per unit surface 
area, and considering two convection processes (inside and outside green- 
house), two emissions (inside and outside the glass plate), and three 
absorbed irradiations (from solar, atmospheric, interior surface), we obtain 
Too, ; from 


as Gs + atm Gatm + ho(Too,0 — Tg) + hi(Too,j — Tg) + Gj — 2015 = 0 
where as = solar absorptivity for absorption of Cj, s ~ E, b 0., 5800 K) 


= 01 Fo—1 um + 2211 — Fo-1 um 
= 0 x 0.72 + 1.0[1 — 0.72] 
= 0.28(Note that from Table 11.1, XT = 1 um x 5800K, Fo—1 um = 0.72) 


Qatm = absorptivity for} > 10m = 1 

aj; = absorptivity for X > 102m = 1 

e=, for X» 1pm, emissivity of the glass for long wavelength 
emission — 1 

ho — convection heat transfer coefficient of the outside roof 

hj — convection heat transfer coefficient of the inside room 


Remarks 


This chapter covers the same topics as in the undergraduate-level heat trans- 
fer. These include spectrum thermal radiation intensity and emissive power 
for ablackbody as wellas a real surface at elevated temperatures; surface radi- 
ation properties such as spectral emissivity and absorptivity for real-surface 
radiation; how to obtain the total emissivity or absorptivity from the fraction 
method; how to perform energy balance from a flat surface including radi- 
ation and convection; and solar and atmospheric radiation problems. This 
chapter provides fundamental thermal radiation and surface properties that 
are useful for many engineering applications such as surface radiators, space 
vehicles, and solar collectors. 
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PROBLEMS 


11.1. 


11.2. 


113. 


11.4. 


11.5. 


A diffuse surface having the following spectral distributions 
(e = 0.3 for 0 < X x 4um, £ = 0.7 for 44m x X) is maintained 
at 500 K when situated in a large furnace enclosure whose walls 
are maintained at 1500 K. Neglecting convection effects, 

a. Determine the surface’s total hemispherical emissivity (e) and 
absorptivity (a). 

b. What is the net heat flux to the surface for the prescribed 
conditions? 

Given: o = 5.67 x 10-9(W/m?K^*) 

An opaque, gray surface at 27°C is exposed to an irradiation of 

1000 W/ m?, and 800 W/m? is reflected. Air at 17°C flows over the 

surface, and the heat transfer convection coefficient is 15 W / m?K. 

Determine the net heat flux from the surface. 

A diffuse surface having the flowing spectral characteristics (e), = 

0.4 for 0 < X < 3um, £} = 0.8 for 3um x X) is maintained at 

500 K when situated in a large furnace enclosure whose walls are 

maintained at 1500 K: 

a. Sketch the spectral distribution of the surface emissive power 
Ey and the emissive power E, p that the surface would have 
if it were a blackbody. 

b. Neglecting convection effects, what is the net heat flux to the 
surface for the prescribed conditions? 

c. Plot the net heat flux as a function of the surface temperature 
for 500 « T < 1000 K. On the same coordinates, plot the heat 
flux for a diffuse, gray surface with total emissivities of 0.4 and 
0.8. 

d. For the prescribed spectral distribution of ©, how do the 
total emissivity and absorptivity of the surface vary with 
temperature in the range 500 < T < 1000 K? 

The spectral, hemispherical emissivity distributions for two dif- 

fuse panels to be used in a spacecraft are as shown. 

For panel A: € = 0.5 for 0 < X < 3ym,ey = 02 for3 jum x X. 
For panel B: € = 0.1 for0 < X < 3ym, ej = 0.01 for3 um < X. 

Assuming that the backsides of the panels are insulated and that 

the panels are oriented normal to the solar flux at 1300W/ m?, 

determine which panel has high steady-state temperature. 

From a heat transfer and engineering approach, explain how 

a glass greenhouse, which is used in the winter to grow veg- 

etables, works. Include sketches of both the system showing 

energy flows and balances, and of radiation property data (radio- 
active properties versus wavelengths) for greenhouse compo- 
nents (glass and the contents inside the greenhouse). When appli- 
cable, show the appropriate equations and properties to explain 
the greenhouse phenomenon. When finished with the above for 

a glass greenhouse, extend your explanation to global warm- 

ing, introducing new radioactive properties and characteristics if 

needed. 
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11.6. The glass of the skylight of a house as shown in Figure 11.12 
has a spectral emissivity, €, (X) [or absorptivity, o, (X)] distri- 
bution as shown: s = 0.9 for 0 < X x 0.3ym, £} = 0 for 0.3 < 
X x 2.0 jum, e, = 0.9 for X > 2.0 um. During an afternoon when 
the solar flux is 900W/ m2, the temperature of the glass is 
27°C. The interior surfaces of the walls of the house and the 
air in the house are at 22°C, and the heat transfer coefficient 
between the glass of the skylight and the air in the house is 
5W/(m? K). 

a. What is the overall emissivity, e, of the skylight? 

b. What is the overall absorptivity, o, of the skylight for solar 
irradiation? You may assume that the sun emits radiation as a 
blackbody at 6000 K. 

c. What is the convective heat flux on the outer surface of the 

skylight, q onvection outside air’ d W/m?? Is the temperature 

of the outside air higher or lower than the temperature of the 
skylight? Please assume that the sky is at 0°C. 

11.7. Consider a typical setup for a solar collector as shown in Figure 
11.11. A special glass is used as a cover for the collector and a 
specialized coating is used on the collector plate and tubes, where 
the solar energy is collected, to maximize the performance of the 
collector. 

a. If you had to specify the value of the glass transmissiv- 
ity, Tt}, as a function of X to maximize the performance of 
the collector, what would you choose and why? Explain. 
Use illustrations or sketches if needed to help explain your 
answer. 

b. If you had to specify the value of the collector plate and tube 
absorptivity, a, as a function of X to maximize the perfor- 
mance of the collector, what would you choose and why? 
Explain. 

c. A manufacturing process calls for heating a long aluminum 
rod that is coated with a thin film with an emissivity of e. 
The rod is placed in a large convection oven whose surface is 
maintained at Ty (K). Air at Too (K) circulates in the oven at a 
velocity of u (m/s) across the surface of the rod and produces 
a convective heat transfer coefficient of h [W / (m2 K)]. The rod 
has a small diameter of d (m) and has an initial temperature 
of T; (K). Here, T; < Too < Tw. What is the rate of change of 
the rod temperature (K/s) when the rod is first placed in the 
oven? 

11.8. Asolar collector consists of an insulating back layer, a fluid conduit 
through which a water-glycol solution flows to remove heat, an 
absorber plate and a glass cover plate. The external temperatures 
Tair, Tsky, and Tground are known. Solar radiation of intensity qe 


(W/ m2) is incident on the collector and collected heat q” (W / m2) 
is removed by the fluid. The absorber plate is painted black with 
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11.9. 


11.10. 


11.11. 


an average solar absorptivity of 0.8 and an average emissivity 

of 0.8. Assume that the collector plate is so large that you may 

treat the problems as 1-D heat flow with heat sources and/or 
sinks. 

a. Identify and label all significant heat transfer resistances and 
flows and draw the steady-state thermal network diagram for 
the collector. 

b. Write the heat balance equations needed to solve for qz. Do not 
solve. 

c. If the absorber plate is replaced with a black chrome surface 
with an average solar absorptivity of 0.95 and an average emis- 
sivity of 0.1, what values will change in the thermal network 
diagram? How will gť change and why? 

A solar collector consists of an insulating back layer, a fluid con- 

duit through which a water-glycol solution flows to remove heat, 

an absorber plate and a glass cover plate. The external tempera- 
tures Tair, Tsky and T ground are also shown in the diagram. Solar 
radiation of intensity qf (W/ m2) is incident on the collector and 
collected heat qf (W/ m2) is removed by the fluid. The absorber 

plate is painted black with an average solar absorptivity of 0.9 

and an average emissivity of 0.9. Assume that the collector is so 

large that you may treat the problems as 1-D heat flow with heat 
sources and/or sinks. 

a. Identify and label all significant heat transfer resistances and 
flows and draw the steady-state thermal network diagram for 
this collector. 

b. Write the heat balance equations needed to solve for q7. Do not 
solve. 

c. If the absorber plate is replaced with a black chrome surface 
with an average solar absorptivity of 0.9 and an average emis- 
sivity of 0.1, what values will change in the thermal network 
diagram? How will g? change and why? 

An opaque, gray surface at 27?C is exposed to an irradia- 

tion of 1000W/ mê, and 800W/m? is reflected. Air at 17°C 

flows over the surface and the heat transfer convection coef- 
ficient is 15W/m2K. Determine the net heat flux from the 
surface. 

Consider an opaque, horizontal plate with an electrical heater 

on its backside. The front side is exposed to ambient air that is 

at 20°C and provides a convection heat transfer coefficient of 
10W/m? K, a solar irradiation (at 5800? K) of 600 W/ m?, and an 
effective sky temperature of —40°C. What is the electrical power 

(W/ m2) required to maintain the plate surface temperature at 

Ts = 60°C (steady state) if the plate is diffuse and has designated 

spectral, hemispherical reflectivity (reflectivity — 0.2 for wave- 

length less than 2 jum, reflectivity — 0.7 for wavelength greater 
than 2 um)? 
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View Factor 


1231 View Factor 


In addition to surface radiation properties such as emissivity, reflectivity, and 
absorptivity, view factor is another important parameter for determining radi- 
ation heat transfer between two surfaces. View factor is defined as the fraction 
of radiation energy (the so-called radiosity including emission and reflection) 
from a given surface that can be seen (viewed) by the other surface. It is purely 
a geometric parameter, depending on the relative geometric configuration 
between two surfaces (depending on how the surfaces can see each other). A 
view factor is also called an angle factor or shape factor. The following shows 
how to define the view factor between two surfaces [1-4]. Figure 12.1 shows 
radiation exchange between the two diffuse isothermal surfaces (i.e., each 
surface has uniform emission and reflection from the surface). The differen- 
tial radiation rate (including emission and reflection) from unit surfaces i to j 
is proportional to its intensity and the unit solid angle as discussed before. 


dqi-j = lid Aj cos 0; dw,_j = I; cosg ot a; dA; (12.1) 
cos 0j; cos 6j 


Performing integration over surface area i and surface area j, one obtains 
radiation rate from surface i to surface j as 


cos 6; cos 6j 
Ai Aj 


where xl; = J; = radiosity (emission plus reflection). 
If the radiosity J; is uniform, that is, diffuse reflection and isothermal 
emission, then 


Engery intercepted by Aj _ lij cos 6; cos 6; 
= E 24 | dA; dA; (12.3) 
Radiosity leaving A; Aji R2 


239 


240 Analytical Heat Transfer 


FIGURE 12.1 
Radiation exchange between two diffuse isothermal surfaces. 


Similarly, 


1 cos 0j cos 0j 
Fi = | | Re dA; dA; (12.4) 
j 


Therefore, we obtain the Reciprocity Rule 
AiFij E AjFji (12.5) 


For enclosure N surfaces, as shown in Figure 12.2, 
n 
S Fj=1 (12.6) 
j=l 
1 N surfaces 


FIGURE 12.2 
View factor for a N-surface enclosure. 
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That is, 
Pitti tti tess 1 
Fx +F t Fzt- =1 
Fyi + Fn2 + Fns +- =1 


Figure 12.3 shows the differential view factor between two differential areas 
i and j, and between area i and differential area j. The differential view factor 
between differential area i and differential area j can be obtained as 


dg cos 6; cos 6; dA; 


dFaai-aaj = Ji 4Ai B zR 
qq ji COS 0; COS 9j dA; 
dF aaj—dai = JdA; nR? 


FIGURE 12.3 
Concept of view factor between two differential areas. 
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Similarly, the differential view factor between area i and differential area j is 


((cos0;cos0;/xR2) dA; dA; dA; f cos; cos; 
BP STO j/XRdA;dA; _ i icose a, 


Ji^i Ai mR? 
Ai 


And the view factor between differential area j and area i is 


[Jj(cos 6; cos 0j/xR?) dA;dA; _ | cos 6; cos 6; da 


Baie eS 
dpt Jj dAj zR2 


Ai 
From reciprocity rules for diffuse and isothermal surfaces, 
AiF A; - A; = AjF Aj- A; 
dA; dFaa;-aA; E dA; dFaa;-aA; 
Ai dF Ai-aAj = dAjFaAj- Ai 
dA; dFga;—a, = Aj dFA;- aA; 
Example 12.1 
Determine the view factor between two parallel discs as shown in Figure 12.4. 


Assume that A; < Aj, the distance between two surfaces is L, and the larger disc 
has a diameter D. 


t. 


FIGURE 12.4 
View factor between two parallel disks. 
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From Equation 12.3, 


E 1 COS 0j cos 6j EVER 
ia | ee 
A; Aj 


< 


COS 0; COS 0j 
= | SE M; 
xR2 J 


where A; = JA; dA;, 
with 6; = 6; = 0, R? = r? + L?, cos 0 = L/R, and dA; = 2r dr, 


» | cos? 6 


ij x R2 j 
Aj 
D/2 $ 
2p | rdr 2 D 
i (2-2 — D^c-4? 


E: SeSe 


12.2 Evaluation of the View Factor 


View factor is a function of geometry only. The following shows several well- 
known methods to obtain the view factor for common geometry for radiation 
heat transfer applications [3]. 


Elongated surfaces—use Hottel's String method for 2-D geometry. 

Directintegration—need to perform double-area integration (difficulty). 

Contour integration—use Stoke's theorem to transform area-to-line 
integration. 


Algebraic method—determine the unknown view factor from the 
known value. 


12.2.1 Method 1—Hottel’s Crossed-String Method for 2-D Geometry 


Hottel proposed the following view factor between surface i and surface j for 
2-D geometry (with surfaces elongated in the direction normal to the paper 


as shown in Figure 12.5. 
Find 


(1) 
sl L4 + L2 = Lac 


Fy 
1-2 214 


(12.7) 
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DA 
N 


FIGURE 12.5 
Concept of Hotell's cross-string method for 2-D geometry. 


(2) 
Ly + L4 — Lid 
Fam Ts (12.8) 
(3) 
L Lyg — (L L 
Hga ac + em 2 + L4) (12.9) 
(1) F1-2 + Fige =1 
Fy_2 = 1 — Fi—ac 
L 
=1- Tee! 
L 
=1- na — Foc_2) 
Lac Lac Lo 
=1 ! F5 
E dt, ye AF 
Lac Lo 
=1 1 — F5. 
D ( 2-1) 
i T I? Ly li Sas 
1 hL LL 
Lac Lo 
= 1- — + = — F 
n + m 1-2 
I4 + Lo m Lac 
SEL 
<. Fi-2 2L; 


(2) Similarly, Fy_4 = ((Ly + L4 — Lea) /2L1) 
(3) Fi-2 + Fret Ficg=1 
J. Fy-3 = 1—Fi-2 —Fi-4 


Ly +Ly—Lge Ly + L4 — Log 
214 214 


=1 
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| 2L1 — Li — L2 + Lac — Li — L4 + Loa 
B 214 


_ Lge + Loa — L2 — L4 
B 214 


The concept of the following examples (2) through (4) comes 


from [3]. 


Example 12.2 
Determine the view factor between two parallel plates with partial blockages as 


shown in Figure 12.6. 
Length of each crossed string = v I? + c? 


/ 2 
Length of each uncrossed string = 2,/ b? + (2) 


From Hottel's crossed-string method, the view factor can be determined as 
y 


VP + c2 - 24 p + (cj2y? i c2 2b\? 
=J1+(7) ( ) *G 


Fi_2 = ] ] 


Example 12.3 
Determine the view factor between two opposite circular tubes as shown in Figure 


12.7. From Hottel's cross-string method, the view factor is 
bids 


E 214 — 2L? = 
B ^ nR 


FL 
1-2 JA; 


where 
L1 — crossed string abcde 


L2 — uncrossed string ef L? = D+2R 


FIGURE 12.6 
View factor between two parallel plates with partial blockages. 
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FIGURE 12.7 
View factor between two opposite circular tubes. 


Let X 2 1-- D/QR) 
1 

Aa i [e - n? esi (2) -xl 
b X 


AME UNRO L 
R= = E 1) + 2 COS X X 


Example 12.4 


Determine the view factor between two circular tubes with partial blockage as 
shown in Figure 12.8. From Hottel's cross-string method, the view factor can be 


determined as follows: 


The sum of the length of crossed strings: La_p—p—G—| + LH-C—D—E-F 
The sum of the length of uncrossed strings: LA-F + Luc p- G-1 


Therefore, 


LA-B-p-G-1-- Lu-c-p-E-r — La-r + Lu-c-p-G-1 
LA-g-c-uh1-2 = 2 2 


Table 12.1 shows many useful view factors for 2-D geometries that can be 
determined by using Hottel's cross-string method [2,4]. 


FIGURE 12.8 
View factor between two circular tubes with partial blockage. 
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TABLE 12.1 
View Factors for 2-D Geometries 


Geometry Relation 


Parallel plates with midlines 


LW; + Wp? + 4f? — tw; — Wy)? 4 41? 
2W; 


connected by perpendicular Fij = 


i W; = wi/L, W; = wj/L 


Inclined parallel plates of equal width Fij =1-sin (2) 
and a common edge 


1+ (w/w) — [1 + (w/w? 
ij = 2 


Perpendicular plates with a common 
edge 


j 


Wi + Wj — Wk 


9o 2tvj 


: {> [C2 — R + 1211/2 — [C2 — R - 1211/2 
TU 


«&- nex" [(5) - (2) 
-(R+ 1) cos! (2) T (=l) 


R=rj/r S = sfri 
C=14+R+S 


continued 
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TABLE 12.1 (continued) 


View Factors for 2-D Geometries 


Geometry Relation 
Cylinder and parallel rectangle Fij = mm [tan " tan 2] 
A 
j 
L 
i | 
wc Wee 
1 
| " | 
1/2 1/2 
DV? D 2_ p? 
Infinite plane and row of cylinders Fj=1-]|1 + tan! [È 
1 s s D2 
S 
KO! p 
COCOCOCOCOQU/ 
i 
Concentric cylinders A, 
Fp-b Por= 5% 
A 2 
] re ae a= ee 
22 21 = Az 
; , : 1 
Long duct with equilateral triangular Fiz = F13 = 2 
cross-section 
1 2 
3 
A c\2 1/2 c 
Long parallel plates of equal width Fy2 = F2, = | + (5) | — (5) 
1 
C 
2 


E 1 


continued 
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TABLE 12.1 (continued) 


View Factors for 2-D Geometries 


Geometry Relation 
Long cylinder parallel to a large plane Fi? = 5 
area 
O 1 
2 


Long adjacent parallel cylinders of Let X=1+ =, then 
equal diameters 1 1 
Fy) = Fo = [æ 1/2 + sin-l x] 
1 2 x X 
Concentric sph Ay 
pheres Pig Sa 
2 
Ay A1 
Fz =1- F3 = EE 
1 
Regular tetrahedron Fi2 = F13 = F14 = 3 
3 
2 
4 
1 
1 
Sphere near a large plane area Fi2 = 2 
Q 1 
2 


continued 
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TABLE 12.1 (continued) 


View Factors for 2-D Geometries 


Geometry Relation 


Smallarea perpendicular to the axis of Fy = sin? 0 
a surface of revolution 


1 


Area on the inside of a sphere F1» 


f 


A 


Source: Data from A. Mills, Heat Transfer, Richard D. Irwin, Inc., Boston, MA, 1992; F. Incropera 
and D. Dewitt, Fundamentals of Heat and Mass Transfer, John Wiley & Sons, Fifth Edition, 2002. 


12.2.2 Method 2—Double-Area Integration 


Use direct integration to determine the view factor between two adjacent 
surface areas i and j as shown in Figure 12.9. 


1 cos 0j cos 9j 
FAi-Aj — A, | | -R2 dA; dA; 
Aj Aj 


where 
R? = (xi = x) (i - yj + Gi — z)? 


1 

cos 0; — R [li Gr; — xi) + mi(yj — yi) + niGj — zi)] 
1 

cos 0j = R US — x) +m, Yi — yj) +n; Gi — z| 


Therefore, the view factor can be determined by performing the following 
integration: 


b b a c 
1 Yi dyi 
FAi-Ai = — dx [axi [zaz | 12.10 
WM i] ETEME + FP end 
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AZ 


FIGURE 12.9 
View factor between two adjacent surfaces. 


12.2.3 Method 3—Contour Integration 


Use Stokes’ theorem to transform area to line integration. 
Determine the view factor between two adjacent surfaces as shown in 
Figure 12.9. 


1 
F Ai-Aj = 2nÀ; M (In R dx; dx; +InR dy; dy; + In R dz; dz;) (12.11) 
ci Cj 
Apply Stokes' theorem to reduce quadric to double integrations as 
1 f 1/2 
Pe: 
FARA T S | ax, fas[as— ap +a | dx 
0 0 
0 
1/2 
«[m[ K -xy dep bg d dxi 
b 
| 
b 


1/2 
dx; fn [E — x)? + o dx 


0 
1/2 
+ | In le: =x) +? + 07] dx; (12.12) 
b 
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The following shows how to use Stokes’ theorem to determine the view factor 
between two opposite surfaces [3] as shown in Figure 12.10. 


1 
EA A M (In R dx; dx; + In R dy; dy; + In R dz; dz;j) 


Ci Cj 
1 [ 2 34 23]? 
Fann — xd [m+ o- ud dyj ¢ dyi 
cj VO 
b 
1 2 3 aus 
zx [m[e 29 + (c — yi) ud dxj dx; 
cj LO 
1 42 2 
sene 
ci Vc 


PEE 
^ Inbe 


0c 

1/2 1/2 
m (yj — yy +a? + In [P+ jy? +a] | ayy, 
c0 


+ other integrals 


2a? (1 + (b/a)?)(1 + (c/a)?) 
In 
abe 1+ (b/a)? + (c/a)? 


Ae 


hg 


T b/a 
[1 + (c/a)]!? tan! lom " eem 


C p? Me c/a 
3 ( + (7) tan! CERO ae 
ü [1 + (b/a)2]/ 
st tan! £) — tan! (<)| (12.13) 
a a a a 


Table 12.2 shows several useful view factors for 3-D geometries [4] that 
can be determined by using Stoke’s theorem to transform area-to-line 
integration. 


a 
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b 
T [Ano Y» C) 
Y 


b — Jy 
ee Ai Jp 0) 


FIGURE 12.10 
View factor between two opposite surfaces. 


Example 12.5 


Determine view factors F;_2 and F)_, for the following geometries shown in 
Figure 12.11. 
For geometries (a) and (b), 


Fiji Fico + Fy-3 = 1 
Fy_1 =0 
z. F2 = 1 — F,_3(can be obtained from Table 12.2) 
Alh- = A2Fo-1 


AY 
Fy = A 
ale Pel 


12.2.4 Method 4—Algebraic Method 


Determine the unknown view factor between surface areas A; and A2, as 
shown in Figure 12.12, from the known value of view factors. 


A1F1-2 = A1F1-j — A1F1-4 
= Aj(Fj-i — Fj-3) — Aa(Fa-i — Fa-3) (12.14) 


where F;_j, Fj-3, F4_i, and F4_3, are available from formulas or charts. 
Example 12.6 


Determine view factors F;_4 and F4..4 from Figures 12.13a and b: 
A1F1-4 = A2F2-3 
AjFi-j = AF; Sjt Ag Fo_j 
= A, Fi-3 + A1 Fy—4 + Az Fo-3 + A2 F2—4 
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TABLE 12.2 

View Factors for 3-D Geometries 

Geometry Relation 
X =X/L,Y=Y/L 

Aligned parallel rectangles 2 a4 X5a4 Y5 1/2 
i= xxy u 14X24.Y2 | 


X 


~ a + Y512 
L| Ya x24 tan! oe 
X 


—X tan`! X - Y tan`! | 


Coaxial parallel disks Ri =r;/L, Rj =r /L 
" 1+ R? 
l i R; 
i L pese [S? — 4(rj/r)?112) 


Perpendicular rectangles with a 
H-Z/X,W = Y/X 
common edge 


1 SPON | 41 
Fj = -W Wtan ! zy +Htan™! = 


1 
—(H? + W2)1/2 t —1 
CE PETS otan (H2 + W2y1/2 


w^ 
1, Ja-w25a-og8»[| Wa +W? +H?) 
Z X. F- In 
4 1-W?-H? | (1+ W?)(W?2 +H?) 


H2 

H2(1+ H2 + Ww?) 

se | ee Sena Se ea) 
(1+ H2)? + W?) 


Source: F. Incropera and D. Dewitt, Fundamentals of Heat and Mass Transfer, John Wiley & Sons, 
Fifth Edition, New York, NY, 2002. 


Hence, 


1 
Al Fi-4 = 5lAiFi-j — A Fia ~ Ao Fal (12.15) 


where Fi-j, Fi-3, and F5. 4, are available from Table 12.2 formulas or charts. 
And, A1 F —4 = Aa F41 3 
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2 (side) 


i ^ ^R s 
COE oe 3 (bottom) 


FIGURE 12.11 
(a) A cylindrical furnace. (b) A cubic furnace. 


3 (bottom) 


FIGURE 12.12 
Algebraic method. 


FIGURE 12.13 
Applications of shape factor algebra to opposing and adjacent rectangles. 


Remarks 


This chapter covers the same information as in the undergraduate-level heat 
transfer. In the undergraduate-level heat transfer, students are expected to 
know how to use those view factors available from tables or charts in order to 
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calculate radiation heat transfer between two surfaces for many engineering 
applications. However, at the intermediate-level heat transfer, students are 
expected to focus more on how to derive view factors instead of how to use 
them. In particular, students are expected to know how to determine the view 
factors by using Hottel's string method for many 2-D geometries. For 3-D 
geometry view factors, we do not go into much detail because of the required 
double-area integrations that belong to advanced radiation heat transfer. 


PROBLEMS 


12.1 Determine the view factors for Examples 1, 2,3, and 4, respectively. 
12.2 Determine the view factors shown in Table 12.1. 
12.3 Determine the view factors shown in Table 12.2. 
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13 


Radiation Exchange in a Nonparticipating 
Medium 


13.1 Radiation Exchange between Gray Diffuse Isothermal 
Surfaces in an Enclosure 


Since we know how to get surface radiation properties such as emissivity, 
reflectivity, and absorptivity and how to determine the view factor between 
two surfaces, the following shows how to determine radiation heat transfer 
between surfaces in an enclosure [1-4]. Assume that there are N gray diffuse 
and isothermal surfaces. This implies that each surface at T; has uniform 
radiosity J; (emission plus reflection). Figure 13.1 shows an energy balance 
on each surface i and an energy balance between surface i and the rest of 
enclosure surfaces j. 

Based on the assumptions, each surface radiation properties can be given 
as follows. 


a; = £j, for gray and diffuse surfaces 
ti = 0, for the opaque body 
pi = 1—aj = 1-4; 


There are three types of radiation problems for electric furnace applica- 
tions. 


1. Given each surface temperature T; to determine each surface heat 
flux (q/A); =? 


2. Given each surface heat flux (g/A); to determine each surface 
temperature T; =? 


3. Combination of 1 and 2, some surfaces given temperature but heat 
flux unknown, and some surfaces given heat flux but temperature 
unknown. 


Perform energy balance on the i surface: net energy = energy out (radios- 
ity) — energy in (irradiation) 

qi = Ai(Ji — Gi) (18.1) 
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FIGURE 13.1 
Radiation heat transfer between N surfaces in an enclosure. 


also 
Ji = siEyi + (1 — £;)Gi (13.2) 


Therefore, 


oa fl s Jfi- SEEN A (Ji— ifi — Ji + £iEvi 
qi = (1-4) =a( pem 


| . (i Eni - Si) 
m 


So that energy from surface i 


Epi — Ji 


NU ME AERE 13.3 
(1 — ej)/(s;jA;) pes 


=> di 


Then perform energy exchange between surface i and the rest of surfaces j: 
net energy — energy out (radiosity) — energy in (irradiation) 


gi = Ai(Ji — Gi) 


where 


N N 
AG = M Ape RAJ (13.4) 
j=l j=l 
Therefore, 


N 
qi = Ai | Ji- > Fj) 
j=l 
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By using Y. Fij = 1, and multiplying to Ji, 


vn [E Fiji — ru 


j=l 


So that energy transfer between surface i and the rest of enclosure surfaces 
j becomes 


N N 
qi = LAF Ai - J) =} ai (13.5) 
j=l j=l 


Combining Equations 13.3 and 13.5, we have 


es a= aye -X^na- p-Ya 


N N 
Eri — Ji hc 
Ti = 0 — eo/(eiA) 2 Q/A;F;) » 2 
L1 J =f 
me resjstante geometrical resistance 
UEO EnuSSIVIY due to view factor 


In addition, combining Equations 13.2 and 13.4, we get 


N 
Ji = siEsi + (1 — £i) XO Fj) (13.7) 
j=l 


= emission from surface i + reflection from surface i. 


13.1.1 Method 1: Electric Network Analogy 


Electric network analogy [3] can be used to solve the aforementioned radiation 
heat transfer problem as shown in Figure 13.2. The following shows a few 
special cases for radiation heat transfer applications. 

Special case 1—Radiation between a two-surface enclosure as shown in Figure 13.3: 
(a) hemicylinder, (b) parallel plates, (c) rectangular channel, (d) long concentric 
cylinders, (e) concentric spheres, (f) small convex object in a large enclosure: 


ATE oT — T3) (13.8) 
n= =-= A a/e) dei) 4 (l SE UAR l 


If for a blackbody, £1 = £2 = 1, then 


qı = AiFa2o( TT — T3) (13.9) 
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di > Ow 


=1 
AF, ((N-1)) 


Node corresponding 


to the surface i Sy 
d, 


FIGURE 13.2 
Network representation of the radiative exchange between surface i and the remaining surfaces 
of an enclosure. 


A 
-q2 A2 T, €; -qz A5 T) &5 2 
2 2 
A 
NAT, zl MAT, € 1 
=42 
T2 A T3 £9 
i q 
q 
r2 
E,,=0T? Ej,70T; 
Ep J h Ep, 
qı &— V/V WW 2 —ANANNIC e > -4 
1-8 1 1-£5 
A18 AFi A£ 
FIGURE 13.3 


Radiation between a two-surface enclosure. 


Radiation Exchange in a Nonparticipating Medium 261 


Special case 2—Radiation between two parallel surfaces with middle shields as 
shown in Figure 13.4: 


A1o(T] — T2) 
(1 — €1)/e1 + (1/Fi3) + (1 — €31)/€31 
+(1 — €32)/€32 + (1/F32) + (1 — €2)/€2 (13.10) 
A1o(T] — T3) 
~ (1/6) + d — €31)/e31 + (1 — £32)/£32 + (1/62) — 


n=n2= 


q2 


where F13 = F32 = 1. 

To cut down radiation heat loss, £31 and £32 should be small, that is, p31 is 
large. 

Special case 3—Reradiating surfaces (insulated surface, gr = 0): The following 
electric furnaces, as shown in Figure 13.5, can be modeled as radiation heat 
transfer between two opposite surfaces (hot and cold) with a third reradiation 
side surface (perfect reflection and perfect insulation). 


412 
———- 


Radiation 


D dii shield 


A, A3 4» 
£i £5 
oT! oT: 
Ep "n I3 Ex I3 h Ep, 
y 29 —9—nNWW.— e ——NWWL— $e —NWWL—$e NW —$ We —NWW- > —q, 
1-8, 1 1-83, ]1-£3 1 1-€, 
A18 A\Fi3 A331 — -A3€32 A3F32 A£ 


FIGURE 13.4 
Radiation between two parallel surfaces with middle shield. 
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45 T5 £5 Aa Te 
2 
quM, 
V 
f / Ap 24 ae 
/ VR NA 1 R 
/ t ER. 4 ER 
/ 
V 7 
/ 
á AıTı& 
A1T48 
oT; 
q En 
e WV 
1-e, 
A8 
FIGURE 13.5 


Electric furnaces with a reradiating surface. 

"GR = 0, therefore, q1 = —q2 

4 4 
oTi — oT» 


(1 — €)/A18 + 1/(A1Fy2  1/[0/A4F18) + (1/A2F2r))) 
+(1 — €2)/Aze2 


TL 5292 — 


(13.11) 
where T1, and T» are given 


ArFR2 = A»Fon 


And surface emissivity, area, and view factors are also given or predeter- 
mined. 

If qi = —q2 is determined from above and if gr = 0, how to determine 
reradiation surface temperature Tr =? 

From energy balance on the reradiation surface, 


h-R ues Rok 


IR —oL—— = qR = — 
d 1/AiFir 7 1/ArFR2 
and 
En -J 4 1—8 
puo ERECTAE o = oTt — 

n (1 — 8)/A18 Seang A181 
]2 — Ei 1—e 4 
2 = —@ — 2 Jo =92 + oT 
7 (1 — £2)/A2£2 Bo Age? 2 


Radiation Exchange in a Nonparticipating Medium 263 


FIGURE 13.6 
A radiant heater panel model. 


from 
h-r _ R-k | AıFır]ı + ArFR2J2 


= => 
l/AiFiR — l/AnFm2 i A1Fir + AnFgo 


Therefore, 


Jey? 
Jr = Ebr = oT% > TR = [£] (13.12) 


Special case 4—A radiant heater panel problem: A long radiant heater panel 
consists of a row of cylindrical electrical heating elements, as shown in 
Figure 13.6. 

The above Equations 13.11 and 13.12 can be used to determine heat trans- 
fer rate q1 = —q2, and Tr, respectively. However, we need to calculate view 
factors F11, F12, and F1g(or F13). In Table 12.1, 


1 1 
Pune Gs — 1)? +sin™! > — x| 
x X 


with X = 1 + (s/d). 
Assume F1» = F45 for symmetry and Fy + F12 + F13 = 1. 
Therefore, F1? = 1/2(1 — Fy). 


13.1.2 Method 2: Matrix Linear Equations 


Applying energy balance on each surface, one can obtain N radiosity linear 
equations for N surfaces in an enclosure. The matrix and its inverse matrix can 
be used to solve these N radiosity linear algebraic equations. The following 
shows how to solve this type of problems for either given surface temperature 
or surface heat flux in an enclosure with N surfaces [3-4]. 
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Case A—Given each surface temperature to determine its heat flux,T; given, > 
qi=? 

Use energy balance on surface i and energy exchange between surface i and 
the rest of surfaces j, from Equation 13.6, 


Ej—]i —— = Ji - Jj 
ü—es)(AD) - 2 OQ) 


Applying the above equation to each surface (1, 2,3,..., and N), respectively, 
one obtains the following N radiosity linear equations (after rearranging 
them). 

a] + a2: +anJN = C1 


a21]1 + a22]27- -< - a2NJN = C2 


anij1 + 4n2Jot+-+:+4nNIN = CN 


Then coefficient matrix [A], column matrix [J], and column matrix [C] can 
be formed to satisfy the N linear equations. Therefore, the unknown radiosity 
matrix [J] can be determined by solving the given inverse matrices [A] and [C]. 


[A]U] = [C] 

[J] = [A] "[C] = 
an a2 AIN It C1 
[aj-| m AN [J] h2 H= 
AN1 AN2 ` ANN JN CN 


Once the unknown radiosity J from each surface i has been solved from the 
aforementioned matrix relation, radiation heat transfer from each surface can 
be shown from Equation 13.6 as 


a Ei Ji oT; — Ji 
' (-s)/sA;  (1—s)/tAi 


(13.14) 


Special example for a three-surface enclosure problem: If surface temperatures 
shown in Figure 13.7 are given (T1, T2, T3), how to determine surface heat 
transfer rates (q1, 42, q3)? 

From Equation 13.13, 


Eu-]i : Jliz] 
(= ei)/Aiei 2. 
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2 2 
d : 
3 3 
3 
3 1 3 
= 
1 

1 1 


FIGURE 13.7 
Radiation heat transfer among a three-surface enclosure. 


Apply for surface 1: 


En —h A h-h " h-h a h-j 
(1 —e1)/Ai&1 1/AıFıu 1/A2F2  1/A1F33 


A € A € 
1 s a i (; Lh = (A2Fia)fi + (—A2Fia)J2 + (A1F13)J1 + C-AiFia)Js 


A18 
a ( DI FAF Arf) Jı + (-A2F12)J2 + (—A1Fi3)Js 


1- £1 
A181 A181 ,4 
= Ep = T 
1— £1 " 1— £1 E 


> ay 2425/2 + 4213/5 = 0 


where aj = (Aie1/(1 — £1) + A2F12 + A1F13), 412 = —A2F12,413 = —A1F13, 
cq = (A181/(1 — &1))oTT. 
Apply for surface 2: 


Ep» — J2 _ h-hh ]h-h ]2 — Js 
(1—€2)/Azeg 1/A2Fi2 1/A2Fo2 = 1/A2F3 
A A 

2£2 Ev ( 282 


1 )h = (A2Fo1)J2 + (-A2F21)1 + CA2F23)]2 + (—A2F23)J3 
— £2 1— e2 


A2£2 
1—- £2 


^ (—A2F21)J1 + ( + A2Fo1 + As) J2 + C—42F23)]3 


A2£2 A2e2 4 
= Ep = T. 
1— £2 be 1— "mu 2 


=> ari + a22J2 + a23J3 = C2 


where 45 = —A2Fo1, az = ((Az282/1 — £2) + A2F21 + A2F23) ,d23 = —A2F 23, 
c2 = (Aze2/(1 — £2))oT 3. 
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Apply for surface 3: 

Pie. dem ol dm dh 
(1—€3)/4383  l/AsF31 1/A3F32 1/A3F33 
As£ A3£ 

963p ( 383 


); = (A3F31)J3 + (—-AsE31)]1 + (A3F32)J3 + (—A3F32)J2 


1- £3 1- £3 
A3&3 
^ (-A3F31)f1 + (—A3F32)J2 + put A3F31 + A3F32 ) J3 
A363 A3&3 4 
1- £3 us 1- d 3 


= ü31]1 + 432J2 + a33J3 = c3 


where 43; = —A3F31, a32 = —A3F32, a33 = (A3e3/(1 — £3) + A3F31 + A3F32), 
c3 = (A3e3/(1 — £3))oT3. 
From the above three linear equations, the following matrix can be formed: 


an an m3 h C1 
A-|a 82 423 =]Jo} C=| C2 
431 432 433 IE C3 


Alternatively, we can apply Equation 13.7 to each surface and get 


h = &Epn + Q — €1) [Farsi + Fi2J2 + F13J3] 
Ja = e2Ep2 + (1 — e2)[F21J1 + F22J2 + F23J3] 
Ja = £3Er3 + (1 — e3)[F31J1 + F32J2 + F33J3] 
Similarly, the above three linear equations can be rearranged in order to 
obtain the matrix relation as [A][J] = [C] and then solve for [J] = [A]! [C]. 


Once matrix [J] is determined, that is, J4, J2, and J3 have been determined, 
then use Equation 13.14 to find surface heat transfer rates as 


Eve En-h _ oTt -h 

n= G—ep/Aie) CAD 
ET: Ep -]h _ oTi — Ja 

2 (1 —€)/Azeg | (1— €2)/42£2 
cs Eys-J3 | oT} — J3 


(1— e3)/A383 — (1 — £3)/A3£3 
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Case B—Given each surface heat flux to determine its temperature, q; given, > 
‚=? 
j=? 


Use energy exchange between surface i and the rest of surfaces j, from 
Equation 13.6, 


N l-J; 
Sai] 
qi = 2 UAE; (13.15) 


Apply the above to each surface (1, 2, 3, ..., and N) and obtains N radiosity 
linear equations as 


afi + a]24 t aNJN 50 


à51]1  a22]24- -+ a2NJN = C2 


ax1]1 + 4n2J2+-+++ 4nNIN = CN 


The following matrix can be used to solve for [J]: 


Once matrix [J] has been solved, use Equation 13.14 on each surface i to 
determine surface temperature on each surface 


| Ew-ji oT Ji 
=> i= = 
(l—«)/ejAji (1 — eD/eiAi 
or 1 
UE 
Ey = oT? — di Hi 
Therefore, 


(1 —¢: S ,N 1/4 
T;= (2€ £j)/ Aig; +1) (13.16) 


[o] 


Case C—Combined Case A and Case B 


e Some surfaces are given temperatures but heat fluxes are unknown. 
e Some surfaces are given heat fluxes but temperatures are unknown. 


e Use the same procedure shown for Case A and Case B in order to 
form matrix [A], column matrix [J], and column matrix [C]. 


e After determining matrix [J], either heat fluxes or temperatures can 
be determined. 


Special case for the blackbody radiation problem: Use the aforementioned results 
for any blackbody surface with unity emissivity (e; = 1). 
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13.2 Radiation Exchange between Gray Diffuse 
Nonisothermal Surfaces 


The following shows how to solve radiation heat transfer between non- 
isothermal surfaces [4—5]. In this case, one shall consider radiation exchange 
between two differential surfaces (which can be assumed as a uniform tem- 
perature over each differential element) as shown in Figure 13.8. Then the 
aforementioned analysis method can be applied. 

Consider radiosity from a differential element i, 


Ji? = sioT ED + (1 — e0GiG2 
N 


= ejoT? F) + (1 e) 97 | Jj) dFaA;—aA; (13.17) 
j-lA 
Define known quantity 
2 Q1. QFdAj-dAj 
K(ri, rj) = dA; 
Therefore, 
N 
aea E [IEKE zo aa, (13.18) 
j=l A. 


J 


For Case A problem, obtain N equations, where T; is known, solve the 
integral and J;(7;) can be obtained. 


FIGURE 13.8 
Radiation exchange between nonisothermal surfaces. 
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When J;(7;) is determined by using the matrix method, and for given T;(r;), 
then 


4) e) = > [orico - Ij) (13.19) 
A/i 1-— sj 


can be solved. 
Example 
Apply the numerical method—Simpson’s rule (Trapezoidal rule) for the nonisother- 
mal surfaces shown in Figure 13.9. 


Given: £a = 0.9, Ta = 1000—1500°C 


ep = 0.2, Tp = 300°C 


1. Qa-? 
2. Compare qa = qai + qa? =? 


For case B problem, if (q/A); is given, then 


qe, S0 -J() 
(3); E- 1/dFaa;- dA; 


when J; (7;) is determined by the matrix method, and for given (q/A) ; (7), then 


= 1-¢ E L 
eT ^a) = — (3), © +0) 
I 


a b Ja Ib 
^ | 1000C 
[i 
lm: 2 300C 
[i 
V 
X T 1250€ 
lm 1 
i 
x -1500C ii 
lm 


FIGURE 13.9 
Radiation between nonisothermal surfaces. 
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13.3 Radiation Exchange between Nongray Diffuse 
Isothermal Surfaces 


The following (a) integral model or (b) band model can be used to deter- 
mine radiation exchange among isothermal diffuse nongray surfaces [4,5] as 
sketched in Figure 13.10. 


a. Integral model 


oo 
(4). = | PUES (13.20) 
0 
b. Band model 


e = Y (4), Ake (13.21) 


13.4 Radiation Interchange among Diffuse and Nondiffuse 
(Specular) Surfaces [4,5] 


Exchange factor by using the image method, as shown in Figure 13.11, 


Eai—a4 = Fai-aat 03FA1@)—A4 (13.22) 
—— —— 
diffuse specular reflection 
Ea2—aa = Fa2—aa + 93F A2(3)- A4 (13.23) 
Eai—a1 = Fait + 93F41@)—A1 (13.24) 
0 


Reciprocity Rules AiEAi- Aj = AjEaj—ai 
£, En 


| 
! 
! Nonmetal 
l 
l 
l 


Metal 


FIGURE 13.10 
Radiation exchange among diffuse, isothermal, nongray surfaces. 
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13) "E ~ 1 


2(3) 2 
Specular surface 


FIGURE 13.11 
Radiation exchange among diffuse and specular surfaces. 


C 
13.5 Energy Balance in an Enclosure with Diffuse 
and Specular Surface 


Ng is the diffuse reflection surface, 
N — Ng the specular reflection surface. 


Assume all surfaces shown in Figure 13.12 are diffuse emitting, gray, and 
isothermal; then 


Ji = sioT? + (à — 8G; 


where G; = G? + G5. 
From the diffuse surface, 


Nd 
e E paver (13.25) 
j=l 
where 
EAi-Aj = Fai-aj + 5 PF Ai(k)—Aj 
k 
FIGURE 13.12 


Radiation heat transfer between N surfaces (including diffuse and specular) in an enclosure. 
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From the specular surface, 


N 
Gi— Y; goTPEai-aj (13.26) 
j=Nd+1 


for given T;, from the above equations, J; can be solved. 
If T; is given, G; can be solved (G; = G2 +GẸ). 
For the Ng diffuse surfaces, 


PH = a —x (sr? ji) (13.27) 
or for the N — Ng specular surfaces, 
(4), —ti (er? x: Gi) (13.28) 


Remarks 


In undergraduate-level heat transfer, students are expected to know how to 
calculate radiation heat transfer between two surfaces or between two sur- 
faces with a third reradiating surface by using the electric network analogy 
method for many engineering applications such as electric heaters, radia- 
tion shields, and electric furnaces with insulating side walls, and so on. In 
intermediate-level heat transfer, this chapter focuses on how to analyze and 
solve radiation heat transfer problems in an N-surfaces enclosure by using the 
matrix linear equations method for more complicated electric or combustion 
furnaces applications. Students are expected to know how to set up a matrix 
from linear equations by applying energy balance on each of N-surfaces 
with given surface temperatures or surface heat fluxes BCs. Here we assume 
that each N-surface has gray and diffuse properties and keeps at isother- 
mal condition. We do not go into much details for any N-surface behaving 
as nongray, nondiffuse (specular), or nonisothermal condition. These require 
more complex mathematics and belong to advanced radiation topics. 


PROBLEMS 


13.1. A rectangular oven is 1m wide, 0.5m tall, and 2m deep into the 
paper and is used to bake a carbon-fiber cloth with an electric 
heater at the top. All vertical walls are reradiating (reflectory and 
insulated). Take £1 = 0.7, £2 = 0.9, and e3 = 0.8. The heater tem- 
perature is 650°C when 20 kW of power is supplied. Convection 
is negligible. 

Given: 


m —8 
o = 5.67 x 10 VI 
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13.2. 


13.3. 


13.4. 


13.5. 


13.6. 


a. Based on the analogy of electric resistance network, draw 
radiation heat transfer network from surface 1 to surface 2. 

b. Determine the cloth (surface 2) temperature. 
A rectangular oven is 1 m wide, 0.5 m tall, and very deep into the 
paper and is used to bake a carbon-fiber cloth with an electric 
heater at the top. All vertical walls are reradiating (reflectory and 
insulated). Take £1 = 0.7,£? = 0.9, and £3 = 0.8. When 20 kW of 
power is supplied, the heater temperature is 650°C. Neglecting 
convection, what is the cloth temperature? 

A cubic furnace (1 m x 1m x 1m). During the steady-state oper- 

ation, the top surface is cooled at 250°C and the bottom floor is 

heated at 1000°C. The side walls are insulated refractory surfaces. 

The view factor between the top and bottom surfaces is 0.2. 

a. Determine the net radiation transfer between the top and 
bottom surfaces. 

b. Determine the temperature of the insulated refractory sur- 
faces. 

c. Comment on what effect changing the values of emissivities of 
top, bottom, and refractory surfaces would have on the results 
of (a) and (b). 

Consider two aligned, parallel, square planes (0.5m x 0.5 m) 

spaced 0.5 m apart and maintained at T1 = 500 K and T? = 1000 K. 

Calculate the net radiative heat transfer from surface 1 for the 

following special conditions: 

a. Both planes are black and the surroundings are at 0 K. 

b. Both planes are black with connecting, reradiating walls. 

c. Both planes are diffuse and gray with £1 = 0.6, £2 = 0.8, and 
the surroundings at 0K. 

d. Both planes are diffuse and gray (e1 = 0.6 and £2 = 0.8) with 
connecting, reradiating walls. 

A room is 3m square and 3m high. The walls can be taken as 

adiabatic and isothermal. The ceiling is at 35?C and has an emit- 

tance of 0.8, while the floor is at 20°C and has an emittance of 0.9. 

Denote the ceiling as surface 1, the floor 2, and the walls 3. 

a. Set up the radiosity equations. Determine and evaluate all 
the shape factors, and tabulate as a 3 x 3 array. Solve these 
equations to determine the heat flow into the floor, q2. 

b. Draw the radiation network. Use the network to obtain an 
expression for q2, and solve for q2 again. 

A thin plate (surface area A, emissivity £1, absorptivity o1) is 

mounted horizontally facing above a larger horizontal surface 

(area Ay, emissivity £2, absorptivity a2). 

a. Give the corresponding thermal radiation network associated 
to the problem. 

b. Develop an expression without the radiosities for the radiation 
heat transfer rate from 1 to 2. 

c. What is the limit of this expression when the second surface is 
infinite? 

d. Let surface 2 be the sky which is a blackbody at a temper- 
ature 15°C cooler than ambient air, which is at 2°C. The 
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plate is well insulated at the bottom. Let h be the average 
convective heat transfer coefficient between the surface and 
ambient air. Given h = 10 W/m? K, £1 = 0.54 = a4,0 = 5.67 x 
10-8 W/m? K+. Determine the equilibrium plate temperature. 

13.7. Consider two very large parallel plates with diffuse, gray sur- 
faces. Determine the irradiation and radiosity for the upper plate 
(at T = 1000°K, £1 = 1). What is the radiosity for the lower plate 
(at T2 = 500°K, e2 = 0.8)? What is the net radiation exchange 
between the plates per unit area of the plates? 

13.8. A 0.25-m-diameter sphere (surface 1) is located inside of a 0.5-m- 
diameter sphere (surface 2). Surface 1 is 200°C and surface 2 is 
100°C. Determine all of the view factors and calculate the net heat 
transfer rate (W) between the two spherical surfaces. Show all 
work and list all assumptions. (Note: o — 5.67 x 10-8 W/m? K$) 

13.9. Fora three-surface enclosure problem as shown in Figure 13.7, do 
the following problems by using the matrix method. 

Given T1, T5, T3, determine q1, 42, 43- 

Given 41,492,943, determine T1, T5, T5. 

Given T1, T», q5, determine q, q5, T3. 

Given T1, 92,43, determine q1, T5, T3. 

Given q1, q2, T3, determine T4, T5, q5. 


oan Tp 
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Radiation Transfer through Gases 


E 
14.1 Gas Radiation Properties 


A volume of gases, such as CO2, H20 (water vapor), CO, NO, NH3, SO», HCI, 
the hydrocarbons, and the alcohols, can emit and absorb energy at a given 
temperature and pressure. It is important to determine gas radiation proper- 
ties such as emissivity and absorptivity for combustion furnace designs [1-5]. 
The combustion products (CO», water vapor, CO, NO, and NH3) have radi- 
ation properties but air (oxygen and nitrogen gases), helium, and hydrogen 
have no radiation properties (transparent to radiation). Assume that there is 
no scattering effect, in order to simplify the analysis. In general, gas emissivity 
and absorptivity increase with pressure and volume, but decrease with tem- 
perature; gas emissivity and absorptivity vary with wavelength [1] as shown 
in Figure 14.1. Gases absorb and emit radiation in rather narrow wavelength 
bands rather than in the continuous spectrum exhibited by solid surfaces. For 
real gas, gas absorptivity is not the same as emissivity. But under gray gas 
assumption, absorptivity can be equivalent to emissivity. 

Figure 14.2 shows that gas radiation properties (carbon dioxide, water 
vapor) increase with their partial pressure and geometric mean bean length 
(four times volume divided by surface area), decrease with temperature [1]. 
The results were obtained by applying hemispherical gas radiation to an ele- 
ment area at the center of the base, as shown in Figure 14.3. Several other 
geometries that contain gases are also sketched in the figure. In general, gas 
emissivity and absorptivity are relatively low, approximately equivalent to 
an order of magnitude 0.1. 


£c = &(PcL, Tg) = 0.1 (14.1) 
£w = &w(PwL, Tg) = 0.1. (14.2) 
At 1 atm total pressure, CO» has partial pressure P. and water vapor has 
partial pressure Pw. L, geometric mean bean length, is defined as 
4V 4V 
L = — =0.9— 14.3 
A a (14.3) 
where V is the volume and A; is surface area. 
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FIGURE 14.1 
Band emission of carbon dioxide and water vapor. 
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FIGURE 14.2 
Gas radiation properties for water vapor and carbon dioxide. 
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FIGURE 14.3 
Hemispherical gas radiation to an element area at the center of base. 


The concept of geometric mean beam length for other gas mass geometries 
will be discussed in a later section. 
The total gas emissivity for combined CO» and H20 can be obtained as 


Eg = &c + Ew — AE (14.4) 


where Ae = 0.01 is a correction factor of emissivity for overlap of X for CO2 
and H20. 
For gray gas, 


Eg = Ug (14.5) 


14.1.1 Volumetric Absorption 


Consider radiation heat transfer between two parallel plates at T? and T5, 
filled with absorption gas at a uniform temperature Tg. Spectral radiation 
absorption in a gas is proportional to the absorption coefficient k; (1/111) and 
the thickness L of the gas. The radiation intensity decreases with increasing 
distance due to absorption [3], as shown in Figure 14.4. 


dL (x) = —kh, (x) dx (14.6) 


If K, is a constant value for a given gas, we obtain 
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T, Tj 
ho | h(x) LL 
>| < 
0 dx L 


FIGURE 14.4 
Absorption in a gas. 


Performing integration, we obtain 


Inh (x) = —K,x + Cy 


L(x) Z eC Kirt) = Ce kx 


atx =0,C= lo 
Lx)2Lge 
atx=L 
hi = hoet (14.7) 


This exponential decay is called Beer’s law. One can define the transmis- 
sivity as 


yo ae kt (14.8) 
lo 


The absorptivity is 
om, 21-5, 21-e EL, 

For gases, 0 = €, = emissivity. 

If we consider both gas emission and the absorption effect, the intensity 
of the beam is attenuated due to absorption and is augmented due to gas 
emission along the distance [2]. Assume a local thermodynamic equilib- 
rium, absorption coefficient will equal emission coefficient, and Equation 14.6 
becomes 


dl, (x) = [-K h(x) + Kil ]dx (14.9) 


where K; Ip, is intensity gained due to gas emission, — KI}, (x) is the intensity 
attenuated due to gas absorption. 
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Performing integration, we obtain: 


dh, (x) = -K [h (x) — Ip] dx 

dih (x) — h] = 
Uh.) — h] 
In[I (x) — Ip] 2 -Kx + C1 


Ky dx 


I,(x) — Ip, 2 eC BD) = Ce 


atx =0,C = ho — Ip, 


LÆ = Thy, + (ho — I) e f* 


h@ =hoe™ +p- e) 
at x = L, and we obtain 
LL) = ge + hyd e 5.) = Lot + Ione (14.10) 


In general, the absorption coefficient K, is strongly dependent on wave- 
length. If we use the averaged overall wavelength of total properties, we 
obtain: , = K,a=1—-ta=¢h =I, 


In = h = oT; 


14.1.2 Geometry of Gas Radiation: Geometric Mean Beam Length 


The typical gas emissivity data were obtained by applying radiation to hemi- 
spherical (of radius R) collection of gases radiating to an element of area at 
the center of the base, as shown in Figure 14.3. For other furnace shapes, 
there exists an equivalent mean beam length (L), defined as the radius of 
a gas hemisphere which radiates to unit area at the center of its base the 
same as the average radiation over the area from the actual gas volume shape 
[2]. Consider two surface elements dA; and dA; of an enclosure containing 
an isothermal gray gas at temperature Tg, use total properties, as shown in 
Figure 14.5. The irradiation dG; coming to surface dA; from surface dA; is 


dG; = I; cos0j dw; (14.11) 


where I; is the intensity approaching surface dA;, using the concept devel- 
oped in Equation 14.10, replacing L by R = IF e^ F^ hpg (1 — e^ F5),I* the 
intensity leaving surface dA; = J;/1,J; the radiosity leaving surface dA; = 
emission and reflection from surface dAj, Ip, the intensity from blackbody 


280 Analytical Heat Transfer 


FIGURE 14.5 
Elemental surface for radiation in an enclosure containing an isothermal gray gas. 
gas emission = Epg/ = oT? /%, Egg the blackbody gas emission = oT3, dwj = 
dAj cos 6j /R2,R the distance (beam length) between surface dA; and dAj, and 
K the gas absorption coefficient. 

Therefore, 


cos 0j cos 0; 
dG; — | U eR + Epg(1 — =] ar 44) di 


cos 0j cos 0 
=] ~ | li [je epps eS dA; dA; (1412) 
A; Aj 


Be] 


The distance (beam length) R varies over the surface. For convenience, we 
define a mean surface (mean beam length) L;j, such that 


1 cos 6j cos 0; 
.a-KLij —KLi; 1 J : 4 
Gj = U; e "9 + Epg(1 —e 7 A | | XR dA; dA; 
Ai Aj 


= D; e Eli 4 Egg (1 — eK Fi (14.13) 


Radiation Transfer through Gases 281 


Comparing Equations 14.12 and 14.13, we obtain 


1 cos 0j cos 0; 
-KLjp. —KR j 


Aj Aj 


If KLi is small, for the optically thin gases low pressure, e Gate KLi, 
Equation 14.14 becomes 


5] | cos re cos 0j dA; dà; (14.15) 
i7 n | 


Aj A 


LyAiFij = LiAjFj (14.16) 


> 


If a furnace or combustion chamber can be modeled as a single-surface 
enclosure, that is, with a uniform wall temperature and emission (uniform 
radiosity Js), Aj = As, Fij = 1, Lij = Lj; = L Equations 14.13 and 14.14 become 


= Je FK + Epg(1 — eK (14.17) 
1 0 cos 0 
gb | | e RR Oe dAs dA; (14.18) 
Ag xR2 
As As 


If KL is small, for the optically thin gases low pressure, eK = 1 — KL, 
Equation 14.18 becomes 


1 cos 0 cos 0 
L= A 
As J| xR es 

As As 


| AV 
TA 


(14.19) 


where V is the volume of the gas in the enclosure and A, is the enclosure 
surface area. 

In general, the geometric mean beam length (L;;) between surfaces i and j of 
an enclosure should be determined from Equation 14.4, and can be deter- 
mined by Equation 14.15 for the optically thin gas (i.e., small absorption 
coefficient K, low pressure, and small enclosure Lij, KLij is small). In addi- 
tion, it can be determined from Equations 14.18 and 14.19, respectively, for 
a single-surface enclosure with a uniform temperature and emissivity. How- 
ever, in some problems, for the optically thick gases (i.e., KL is not small, 
high pressure), the geometric mean beam length (L) is less than the above- 
mentioned values. From experience, the geometric mean beam length has 
been proved to be a good approximation for the actual mean beam length. 
For practice, Equation 14.3, L = 0.9(4V/As), can be used. 
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142 Radiation Exchange between an Isothermal Gray Gas 
and Gray Diffuse Isothermal Surfaces in an Enclosure 


Since we know how to obtain gas radiation properties such as emissivity and 
absorptivity and how to determine the view factor between two surfaces, the 
following shows how to determine radiation heat transfer between surfaces 
inanenclosure with radiation gases. Assume that there are N gray diffuse and 
isothermal surfaces [2,4,5]. This implies that each surface at T; has uniform 
radiosity J; (emission plus reflection). Also assume that radiation gases are 
gray gases at uniform pressure and temperature (emissivity — absorptivity) 
and have no scattering effect. Figure 14.6 shows an energy balance on surface 
i and an energy balance between surface i and the rest of enclosure surfaces j 
through gases. 

If given surface i temperature (Tj) and gas temperature (Tz), the follow- 
ing shows how to determine heat transfer rate from surface i(q;) and from 
radiation gases (qz). Gas transmissivity is inversely proportional to the gas 
absorption coefficient as 


tg =e} (14.20) 


where k = is the total absorption coefficient (predetermined), for example, 
k = 0.3m7!,L is the mean beam length (predetermined from Equation 14.3). 
Since gas absorptivity+gas transmissivity = 1,05 + tg = 1. 
Therefore, 


led = tg Bg (14.21) 
For given T;, Tg, how to obtain qi, qg? 
Perform energy balance on surface i, net heat transfer rate = 


radiosity (energy out) — irradiation (energy in) 


qi = Ai Vi — Gi) (14.22) 


FIGURE 14.6 
Radiation heat transfer through gases in an enclosure. 
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and 
Ji = £iEpi + (1 — e)Gi (14.23) 
Therefore, 
Epi — Ji 
MUERE UU TEES 14.24 
1 — Geren vie) 


Performing energy balance between surface i and the rest of surfaces j 
through radiation gases, 


qi = Ai(Ji — Gi) 
=A; [i = E — Gig) — Pidie] + Aitig]i — AitigJi 
= Ajtig(Ji — Egg) + 9 | AFG — aig) Ui — Jj) (14.25) 


where 
AiG; = 3 ' AjFiJ;1 — ag) + AitigEng 
= Y AF]; — og) + AitigEbg (14.26) 
And from the following relationships: 
Aii — ig]i) = Aifi(d — fig) 
= AjJi(1 — dig) 
- AF; — aig Ji 


Therefore, 
N 
Ji - Ep Ji - Ji 
Ji = & 4 y J (14.27) 
1 zm 1 
J= ee 
Aitig AiFi(1 — dig) 
— ———— 
resistance due to resistance due to view factor 
gas emissivity and gas absorptivity 


If gas has no radiation properties, thatis, e; = ag = 0, tg = 1, then the above 
equation returns to the one we have seen before as 


N 
ow Ji -Hj 
qi = »» l/AiFij 


j=l 
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14.2.1 Matrix Linear Equations 
Apply method 2—the matrix method for N surfaces enclosure with participat- 
ing gases. For case A problem, given temperatures to determine heat fluxes. 
Let the right side of Equation 14.24 — the right side of Equation 14.27 to form 
the matrix as before: 

au +aiz]2 + +--+ 41nNIN = C1 

21/1 + a22]2 + +--+ a2N]N = c2 

a3iJ1 + 432J2 + +--+ 43nJn = 63 


aniji + 4n2J2 +--+ + a4nNIN = CN 


Therefore, 


In addition, combining Equations 14.23 and 14.26, we obtain J; = emission 
from surface i + reflection from surface j 


N 
= s;Epi + (1 — &)) | XC Fifi — ag) + £igEbg (14.28) 
j=l 


I 
AS 
o 
n 


Similarly, Equation 14.28 can be used to form the matrix [A][J] 
follows: 


Ji = &1En + A — e)[Fu A — ag) + £1,gEbg + Fi2/2(1 — ag) + &jgEpg ++- ] 
J2 = £&2Ep2 + (1 — €2)[FaiJi — ag) + €2,gEpg + F22J2(1 — ag) + £g Epg +++] 


Jn = enEpn + (1 — £N [FN1A (1 — ag) + &N,gEbg 
+ Fua]20. — ag) + EN gEbg +--+] 


Once matrix [J] has been solved, then surface heat transfer rate can be 
determined from Equation 14.24 as 


Epi — Ji 


7 -—a-9/GA) 
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If we consider energy balance between gases and enclosure surfaces i, the 
heat transfer rate (energy releases) from gases to the enclosure is 


= A Epg — Ji 
dg = X Aisig Erg -Ji = » TAitig (14.29) 
i=1 i=1 ^ 


However, we still need Equations 14.24 and 14.27 or Equation 14.28 to solve 
Ji using the matrix method. The aforementioned gas radiation problems can 
also be solved by method 1—the electric network analogy method. 


14.2.2 Electric Network Analogy 


Special case 1: Figure 14.7a shows several combustion furnaces that can be 
modeled as radiation between two surface enclosures containing hot radia- 
tion gases, if Tg > T, > T»: By using Equations 14.24, 14.27, and 14.29, Figure 


A1£ AF -04.5,) A3£5 


FIGURE 14.7 
(a) Radiation between hot gases and two-surface enclosures; (b) Electric network for radiation 
from hot gas to two-surface enclosure. 
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14.7b shows the associated electric network from hot gas to surfaces 1 and 2. 
Hot gases release energy to surfaces 1 and 2 through their resistances (with 
gas emissivity less than unity); each surface has its own resistance (with sur- 
face emissivity less than unity). There is a reduced view factor between two 
surfaces because gas cannot be completely seen through between two sur- 
faces (due to the gas absorption effect). If gas absorptivity is zero, the view 
factor is the same as the one with nonparticipating gases (such as air). Energy 
balance on surfaces 1 and 2 must be performed in order to solve for radiosities 
Jı and J2, respectively. Then, energy releases from hot gases, and heat transfer 
to surfaces 1 and 2 can be determined. 

Special case 2: Figure 14.8 shows that several combustion furnaces can be 
modeled as heat transfer between hot gases and a single gray surface enclo- 
sure (assume an enclosure at a uniform temperature). The simple electric 
network can be used to solve this type of problem. 

From Equations 14.24 and 14.28, solve for qı as 


h = &Ep + (1 — 8)0[A — og) + egEpg] (14.30) 
qı = (En — JnAi8/0 — £1) (14.31) 


Substituting Jı into q1, we obtain 


A1810g0T2 A1818g0T; 
AS epidead do md 
A181 4 " 
= TÉ —e oT. 14.32 
=e eraann. Sd 


Special case 3—Net radiation heat transfer between nongray gases and a single 
black enclosure: To further simplify the problem, assume that the whole furnace 


1-gray or black surface 


FIGURE 14.8 
Radiation between hot gases and single-surface enclosure. 
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Black six-surface 


Gray gases T, 
CO, + H,O 


FIGURE 14.9 
Radiation between hot gases and single black enclosure. 


surface is a blackbody at a uniform temperature as shown in Figure 14.9. Net 
heat transfer rate = hot gas emission and absorbed by the black surface-black 
surface emission and absorbed by gases [1]. 


4 4 4 4 
qnet = (£gAsoT,) - As — (&&As0T,) - tg = Aso(egT, — o4T;) (14.33) 
—— m —— 
emission emission 
from the gas from the surface 
For gray gas, 


£g — Ag (Otherwise, tg Æ og) 
and for nongray gas 
£g = £c + Ew — At 


Ag = A + Aw — Aa 


Aa = Ag 
For water vapor, 
T 0.45 T 
dw = Cw (35) FÉ (r.i) (14.34) 
For carbon dioxide, 
T 0.65 T. 
des z) T (r ,P i=) (14.35) 
c c (2 c Ss c T. 


Note that the problem will be more complicated if we consider radiation 
exchange between nongray gases and a single gray enclosure, or radiation 
exchange between nongray gases and an N-surfaces enclosure, where N — 
1/2; 3:1: NS 


288 Analytical Heat Transfer 


R Evy 
1 1 
A£ ARE 1-€p 
2 1£g1 y ES. RÉgR xus 
bl <— « 
R LS VWV- Wh. Jr AWN e 
1 *— 
1-£, h AE 29 “PR 
A£; 1 1TigR qr 


FIGURE 14.10 
A gray enclosure and a refractory surface filled with a gray gas. 


Special case 4—Gray enclosure filled with a gray gas: Figure 14.10 shows a 
furnace consisting of a hot or a cold gray surface (1), a refractory surface R, and 
a gray gas, g, where each element is assumed to be at a uniform temperature 
—T3, Tg, and Tg; determine the radiation heat transfer between the surface (1) 
and gas as 


a(t — T3) 
|» (0 = e)/Ai& + 1/{A18g1 + 1/[1/(Aregr) + 1/(A1F1RTıgR)]} 


fig (14.36) 


Special case 5—Two gray surfaces with a gray gas: Figure 14.11 shows a furnace 
consisting of a hot gray surface (1), cold gray surface (2), a refactory surface 
R, and a gray gas g; determine the radiation heat transfer [1]. 

Real furnace applications—The zone method: Figure 14.12 shows the concept of 
the zone method for real-furnace applications proposed by Hottle (MIT) [5]. 
Inareal furnace, combustion gases as well as furnace surface temperatures are 
nonuniform. The problem can be solved by dividing gases and surfaces into 
a number of gas zones and surface zones, respectively. Energy balance can 
be performed on each subsurface (each zone) and between each subsurface 
and the rest of subsurfaces (zones) through gas zones. View factors need 
to be calculated between subsurfaces too. The solution procedures are quite 
complicated. 


FIGURE 14.11 
An enclosure of a gray hot surface, a gray cold surface, and a refractory surface. 
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Air fuel | 


FIGURE 14.12 
Concept of zone method for real furnace heat transfer problem. 


Surface zones Surface zones 


» 


Gas zones Gas zones 


Zone for gases T,; = Number of gas zones, a uniform temperature in 
each zone 


Zone for surfaces T; = Number of surface zones, a uniform temperature 
in each zone 


The problem will be even more complicated if convection effects are con- 
sidered, which is up to 20% of heat transfer rate for a circulation well-mixed 
furnace. In reality, soot formation and radiation can further make the problem 
harder to model. 


143 Radiation Transfer through Gases with Nonuniform 
Temperature 
14.3.1 Cryogenic Thermal Insulation 


In some applications, such as cryogenic thermal insulation, radiation heat 
is transferred from surface 1 to surface 2 through participating gases with 
varying temperature as shown in Figure 14.13. For a simple 1-D problem, 


FIGURE 14.13 
Radiation heat transfer through gases with varying temperature. 
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gray gas temperature changes from gray diffuse surface 1 to surface 2 [5,6]. 


e Nonuniform gas temperature: Cryogenic thermal insulation. 


e For simple case: 1-D gray gas, gray and diffuse surfaces. 


14.3.2 Radiation Transport Equation in the Participating Medium 
al — 
a> — 


al 
— #0 
30 7 


0 


dI} (0) = —k I ds — nt ds + ky zd ) as 4 nny ) as (14.37) 


where k, is the absorption coefficient, r} the scattering coefficient, ey, the 
emission power, and G; (y) the scattering into the area ds from surrounding. 
Also dl; (0) =.... 
The net heat flux: 


1. gr. = [5.(5,9) cos daw 


where h, = I* — I, v —Number of mean free path, 
n X P 


y 
u- [apay = t= (L/h) = LBs, 
0 


With X, the mean free path, B} volumetric extinction coefficient B, = 
ky +1. 


2. dq/dy = 0, that is, q = const. if only consider radiation, no conduc- 
tion, no convection. 


Boundary conditions: 
Radiosity at surface 1, 


J toT] 0-06 


ItO == = 
T T 
ro- h_ e20Ts + (1 — £2)G2 
T T 


From the above (1), (2), and BCs, a solution can be achieved by an 
exponential or numerical method [6]. 
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TL 


FIGURE 14.14 
Nondimensional temperature and heat flux profiles. 


For 1-D, gray gases, gray and diffuse surface, radiation only, the heat flux 


o (Ti — T2)Q 


= 14.38 
7 1rQ(/e)4 dey 2) Wen) 
q 1 
= = 14.39 
eame TODT dd 
4 
dues HEIN (14.40) 
h-j 


where Q is the nondimensional heat flux, $(x) is the nondimensional 
temperature profile, as sketched in Figure 14.14. 
Temperature profile: 


1. 3 
$9 =1-5Q-7Qr (14.41) 


Physical significances: 
Special case (a)—Optical thin medium: vj, = Ly, « 1 ~ 0, or system dimension 
« mean free path, then, Q — 1 and the physical heat flux is 


| e(ri- 13) 
^ (e) + (1/5) - 1 


This equals to surface radiation problem. 
Special case (b)—Optical thick medium: B is large or x, —> oo, then Q = 
(4/3) (1/11) is small, 


>q (14.42) 


q=0 (ri - Tj) -- (14.43) 


If considering black surfaces, £1 = £2 = 1, from Equations 14.39 through 
14.41, the temperature profile between two surfaces with participating 
medium can be obtained and sketched in Figure 14.15, 

a. $ = 1/2 = (T^ — TOG — 15) for the optical thin medium. 

b. $—21- (t/t) = (T^ — TOS — 15) for the optical thick medium. 
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Vu 


FIGURE 14.15 
Temperature profile between two black surfaces through participating gas. 


If considering conduction and radiation, 


Ti - T o(T?—T3)Q 
=g-t+tgr=k + 14.44 
quiere e S BEDRUSEE (6) C2) eng 
If considering convection and radiation, 
S c(Ti-T$)Q 
q = qconv + Gr = hAT + Ca (14.45) 


1+ Q((1/e1) + (0/2) — 2) 


Remarks 


In the undergraduate-level heat transfer, from charts, students are expected 
to know how to read the emissivity and absorptivity values of water vapor 
and carbon dioxide in a furnace at given size, temperature, and pressure, 
and then apply these properties to calculate radiation transfer between these 
gases and the furnace wall, assuming the blackbody furnace wall at a uniform 
temperature. 

In the intermediate-level heat transfer, this chapter focuses on how to 
derive volumetric absorption; geometric mean beam length; radiation trans- 
fer between gray gases at a uniform temperature and an N-surfaces furnace 
with each surface at different gray diffuse uniform temperature conditions. 
Students are expected to know how to analytically solve gas radiation prob- 
lems by using the matrix linear equations method for an N-surfaces furnace 
with various surface thermal BCs. By using electric network analogy, this 
chapter has also provided several relevant engineering applications such as 
radiation transfer between gas at a high uniform temperature and one-surface 
furnace assuming the gray diffuse surface at a low uniform temperature; 
or between gas at a high uniform temperature and two-surfaces furnace 
assuming gray diffuse surfaces with each surface at different low uniform 
temperatures. 

This chapter does not go into much detail on real-furnace applications 
with varying gas temperature and surface temperature by using the zon- 
ing method. We only deal with the 1-D varying gas temperature, steady-state, 
and gray diffuse surface problem. However, in real-life applications, there are 
many gas radiation problems involving flow convection; 2-D or 3-D varying 
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gas temperature; cylindrical or spherical furnace geometry; nongray gases; 
nongray nondiffuse surfaces; gases with scattering particulates and soot for- 
mation; and sphere fillet or fiber porous medium. These topics belong to 


advanced radiation transfer. 


PROBLEMS 


14.1. 


142. 


143. 


14.4. 


14.5. 


A hemispherical furnace is shown in Figure 147. If the furnace 
contains CO» + No gases at 1 atm pressure and temperature Tz, 
determine the total radiation heat transfer from gases to sur- 
faces 1 and 2 (assume Tg > T, > Tz, and make other necessary 
assumptions). 

a. Based on the analogy of electric resistance network, draw a 
radiation heat transfer network from gases to surfaces 1 and 2. 

b. Determine the total radiation from gases to surfaces 1 and 2. 
The final solutions should be the function of given tempera- 
tures, surface area, and radiation properties. 

A hemispherical furnace is shown in Figure 14.7. 

a. If the furnace contains N2 gas at 5 atm pressure, determine the 
net radiation heat transfer from surface 1 to surface 2 (assume 
T; > Tz, and make other necessary assumptions). 

b. If the furnace contains CO? + Np gases at 5 atm pressure and 
temperature Tg, determine total radiation heat transfer from 
gases to surfaces 1 and 2 (assume Tg > T1 > T», and make 
other necessary assumptions). 

c. Reconsider (b), if surface 1 now is a reradiating surface, deter- 
mine the total radiation heat transfer to the surface 2 of the 
furnace. In this new condition, comment on whether the radi- 
ation transfer to surface 2 will be higher, the same, or lower 
than that of (b) (make necessary assumptions). 

A long hemicylindrical furnace is shown. 

a. Determine the net radiation heat transfer from surface 1 to 
surface 2, q12. 

b. If T? = T2(0), describe how to determine 415. 

c. Consider combustion gray gas with a uniform temperature Tg 
and emissivity Eg inside the furnace, and determine the total 
radiation heat transfer from gas to surfaces 1 and 2, Jg. Assume 
T1, T» constant. 

A hemispherical furnace, with a reradiating floor and a water- 

cooled ceiling, contains CO2 and N2 gases at 1 atm pressure 

and 1000°C. Take ¢; = 0.8,e¢9 = 0.7, D = 1m, and T» = 500°C. 

Determine the radiant heat transfer to the ceiling of the furnace. 

Assume gray gases. 


Given: o = 5.67 x 10-9 (w/m?K?). 
Volume of a sphere = (4/3)n((1 /2)Dy? 
Surface of a sphere = 4n((1/ 2)D)? 


A hemispherical furnace, with a reradiating floor and a water- 
cooled ceiling, contains 2CO and 8Np2 gases at 1 atm pressure 
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and 1000°C. Take £1 = 0.8,£? = 0.7, D = 1m, and T» = 500°C. 
Determine the radiant heat transfer to the ceiling of the furnace. 

14.6. A cryogenic storage chamber has double walls for the purpose of 
insulation against heat loss. The gap between the walls is filled 
with a gas whose properties are 


Thermal conductivity: K(T) 22 x 1077 x T°K (KW/(m — 
°C)) 
Volumetric radiation extinction coefficient: B = 1076 (m2 /m?) 


a. Determine the rate of heat loss if one wall is at 500°K and the 
other wall is at 100°K. Take £1 = £2 = 0.1, L = 0.2m. 
b. I£ $ = 100 (m? /m? ), what would be the result in (a)? 
14.7. Acryogenic storage chamber has double walls for the purpose of 
insulation against heat loss. The gap between the walls is filled 
with a gas whose properties are 


Thermal conductivity: K(T) =1 x 1077 x T? K(KW/(m —9?C)) 
Volumetric radiation extinction coefficient: B = 1076 (n? / n? ) 


The walls are made of a polished metal, with an emissivity of 0.2. 
The gap between the walls is 0.5 m. 
a. Determine the rate of heat loss if one wall is at 300°K and the 
other wall is at 100°K. 

b. If 6 = 100 (m2/m?), what would be the result in (a)? 

14.8. A cryogenic storage chamber has double walls for the purpose of 
insulation against heat loss. The gap between the walls is filled 
with a gas whose properties are 


Thermal conductivity: K(T) — 3 x 1077 x T? K(KW/(m — °C)) 
Volumetric radiation extinction coefficient: B — 1076 (m2 / m? ) 


The walls are made of a polished metal, with an emissivity of 0.1. 

The gap between the walls is 0.3 m. 

a. Determine the rate of heat loss if one wall is at 400? K and the 
other wall is at 100°K. 

b. If $ = 100 (m? /m? ), what would be the result in (a)? 

14.9. A gas turbine combustion chamber may be approximated as a long 
tube of 0.4m diameter. The combustion gas is at a pressure and 
temperature of 1 atm and 1000°C, respectively, while the chamber 
surface temperature is 500°C. If the combustion gas contains CO2 
and water vapor, each with a mole fraction of 0.15, what is the 
net radiative heat flux between the gas and the chamber surface, 
which may be approximated as a blackbody? 

14.10. Consider a hemispherical furnace, with a reradiating floor and a 
water-cooled ceiling, contains 2CO» + 8N» gases at 1 atm pressure 
and 1200?C. Take £1 = 0.9, £2 = 0.6, D = 1.5 m, and T» = 350°C. 
Determine the radiant heat transfer to the ceiling of the furnace. 

14.11. Considera hemispherical furnace radiation heat transfer problem. 
The furnace floor (surface 1) has area A1 and emissivity e; at tem- 
perature T1, whereas the furnace enclosure (surface 2) has area 
A» and emissivity £2 at temperature T». If the furnace contains 
CO» + N2 gases at 1 atm pressure and temperature Tz, determine 
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the total radiation heat transfer from gases to surfaces 1 and 2 

(assume Tg > T1 > T», and make other necessary assumptions). 

a. Based on the analogy of electric resistance network, draw a 
radiation heat transfer network from gases to surfaces 1 and 2. 

b. Determine the total radiation from gases to surfaces 1 and 2. 
The final solutions should be the function of given tempera- 
tures, surface area, and radiation properties. 

14.12. Considerahemispherical furnace. The hemispherical furnace wall 
has surface area A1, emissivity £1, at temperature T1, whereas the 
furnace floor has surface area A», emissivity £2, at temperature 
T5. If the furnace contains CO» *-N? gases at 10 atm pressure and 
temperature Tg, determine the total radiation heat transfer from 
gases to surfaces 1 and 2 (assume Tg > T2 > T1, and make other 
necessary assumptions). Assume that the gas emissivity is eg. 

a. Based on the analogy of electric resistance network, draw a 
radiation heat transfer network from gases to surfaces 1 and 2. 

b. Determine the total radiation from gases to surfaces 1 and 2. 
The final solutions should be the function of given tempera- 
tures, surface area, and radiation properties. 

14.13. For a cylindrical furnace (top wall 1, bottom wall 2, side wall 3) 
with hot gray gases, solve the following problems by using the 
matrix method. 

a. Given T, T2, T3, Tg, determine q1, 92,93, qg- 
b. Given 41,42, q3, qg, determine T1, T2, T3, Tg. 
c. Given T1, T5, qs, Tg, determine q1, 42, T3, qg- 
d. Given q1,42, T3, Tg, determine T1, T5, q5, qg- 
e. Given T, T2, T5, qg, determine q1, q2, 43, Tg. 

14.14. For a cubic furnace (top wall 1, bottom wall 2, four side wall 3) 
with hot gray gases, solve the following problems by using the 
matrix method if the side wall is a reradiating surface. 


a. Given T1, T?, TR, Tg, determine q1, 92, QR, qg- 
b. Given q1, 42, JR, Ig, determine T1, T5, Tr, Tg. 
c. Given T1, T5, qr, Tg, determine q1, q2, TR, dg. 
d. Given q1, q2, TR, Tg, determine T1, T5, qr, Jg- 
e. Given T1, T2, Tr, dg; determine q1, 92, QR, Tg. 
[— s 
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Appendix A: Mathematical Relations 
and Functions 


A.1 Useful Formulas 


TUNE QE EC. 
sinx=x- 4 tu m 
E x x* x6 x8 
cos x = Ji + a $ a 
3 5 7 
: x x x 
sinhx-x-c tata te 
2 4 6 
x x x 
cose pu t at ep ts 
X _ oX 
Sint E e 
2 
X —X 
coda dE cue 
2 
dsinx =cosxdx; dcosx = —sinxdx 


dsinhx 2coshxdx; dcoshx =+sinhxdx 


| sinx dx = — cosx + c; [cosxax =sinx+c 


| sin? xdr = -5 sinxcosz + 5x +c = pu oo 
"S 2 ~ 4 2 


| cos? xax = Pg at agaist PERE l sin 2x + PE 
"S 2 E! 2, 


[sinh xax = cosh x + c; | cosh xax = sinh x +c 
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1 1 
| sink? xdx = 5 sinh x cosh x — att C 


1 1 
Je? xdx = 2 sinh x cosh x + 2* +c 
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A.2 Hyperbolic Functions [1] 


x sinhx cosh x tanh x 

0.00 0.0000 1.0000 0.00000 
0.10 0.1002 1.0050 0.09967 
0.20 0.2013 1.0201 0.19738 
0.30 0.3045 1.0453 0.29131 
0.40 0.4108 1.0811 0.37995 
0.50 0.5211 1.1276 0.46212 
0.60 0.6367 1.1855 0.53705 
0.70 0.7586 1.2552 0.60437 
0.80 0.8881 1.3374 0.66404 
0.90 1.0265 1.4331 0.71630 
1.00 1.1752 1.5431 0.76159 
1.10 1.3356 1.6685 0.80050 
1.20 1.5095 1.8107 0.83365 
1.30 1.6984 1.9709 0.86172 
1.40 1.9043 2.1509 0.88535 
1.50 2.1293 2.3524 0.90515 
1.60 2.3756 2.5775 0.92167 
1.70 2.6456 2.8283 0.93541 
1.80 2.9422 3.1075 0.94681 
1.90 3.2682 3.4177 0.95624 
2.00 3.6269 3.7622 0.96403 
2.10 4.0219 4.1443 0.97045 
2.20 4.4571 4.5679 0.97574 
2.30 4.9370 5.0372 0.98010 
2.40 5.4662 5.5569 0.98367 
2.50 6.0502 6.1323 0.98661 
2.60 6.6947 6.7690 0.98903 
2.70 7.4063 7.4735 0.99101 
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(continued) 
x sinh x cosh x tanh x 
2.80 8.1919 8.2527 0.99263 
2.90 9.0596 9.1146 0.99396 
3.00 10.018 10.068 0.99505 
3.50 16.543 16.573 0.99818 
4.00 27.290 27.308 0.99933 
4.50 45.003 45.014 0.99975 
5.00 74.203 74.210 0.99991 
6.00 201.71 201.72 0.99999 
7.00 548.32 548.32 1.00000 
8.00 1490.5 1490.5 1.00000 
9.00 4051.5 4051.5 1.00000 
10.00 11013 11013 1.00000 
eee 
A.3 Bessel Functions 
A.3.1 Bessel Functions and Properties [2] 
Behaviors of Bessel functions for small arguments: 
(Quay. as 
=1 
Jo(x) (12 (212 
Eo a 
h6)-5-^imr + 3B 
oe (x/2)" (x/2)* (x/2)* 
TEST teet) 1(v41) 2tv-c1(v-2) 
(QUA. Dt 
I =] vu 
Se qat ons t 
x x /2)3 x /2)° 
tw (x/2) (x/2) 
2 1!2! 2!3! 
2)" 2)? 2)4 
be (x/2) (x/2) (x/2) dioe: 
r@ 4 1) 1((v41) 2!(v4- 1(v4-2) 
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Behaviors of Bessel functions for large arguments: 


2 T UT 
Jo) 7 4l E cos (s 1 2 ) 
Dei T UT 
Yo(x) © 4/ ms sin (s z 7 ) 
e* 4v2 —1 
Iy(x) © 1 
I: ( E ) 


[n 4v? —1 
& | — 1 
K,(x) 325 ( + 8x 


Properties of Bessel functions: 


d d 
qx om) = —mJ1 (mx), —[Yo(mx)] = —mY (mx) 
X dx 


L inon] = mh (mx), SG] = —mK, (mx) 
x dx 


A.3.2 Bessel Functions of the First Kind [1] 


x Jo(x) Ih) 

0.0 1.0000 0.0000 
0.1 0.9975 0.0499 
0.2 0.9900 0.0995 
0.3 0.9776 0.1483 
0.4 0.9604 0.1960 
0.5 0.9385 0.2423 
0.6 0.9120 0.2867 
0.7 0.8812 0.3290 
0.8 0.8463 0.3688 
0.9 0.8075 0.4059 
1.0 0.7652 0.4400 
1.1 0.7196 0.4709 
1.2 0.6711 0.4983 
1.3 0.6201 0.5220 
1.4 0.5669 0.5419 
1.5 0.5118 0.5579 
1.6 0.4554 0.5699 


1.7 0.3980 0.5778 
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(continued) 

x Jo(x) ho 
1.8 0.3400 0.5815 
1.9 0.2818 0.5812 
2.0 0.2239 0.5767 
2.1 0.1666 0.5683 
2.2 0.1104 0.5560 
2.3 0.0555 0.5399 
2.4 0.0025 0.5202 


A.3.3 Modified Bessel Functions of the First and Second Kinds [1] 


x e *To(x) e *I(x) e*Ko(x) e* Ky (x) 
0.0 1.0000 0.0000 oo oo 

0.2 0.8269 0.0823 2.1407 5.8334 
0.4 0.6974 0.1368 1.6627 3.2587 
0.6 0.5993 0.1722 1.4167 2.3739 
0.8 0.5241 0.1945 1.2582 1.9179 
1.0 0.4657 0.2079 1.1445 1.6361 
1.2 0.4198 0.2152 1.0575 1.4429 
14 0.3831 0.2185 0.9881 1.3010 
1.6 0.3533 0.2190 0.9309 1.1919 
1.8 0.3289 0.2177 0.8828 1.1048 
2.0 0.3085 0.2153 0.8416 1.0335 
2.2 0.2913 0.2121 0.8056 0.9738 
24 0.2766 0.2085 0.7740 0.9229 
2.6 0.2639 0.2046 0.7459 0.8790 
2.8 0.2528 0.2007 0.7206 0.8405 
3.0 0.2430 0.1968 0.6978 0.8066 
3.2 0.2343 0.1930 0.6770 0.7763 
3.4 0.2264 0.1892 0.6579 0.7491 
3.6 0.2193 0.1856 0.6404 0.7245 
3.8 0.2129 0.1821 0.6243 0.7021 
4.0 0.2070 0.1787 0.6093 0.6816 
4.2 0.2016 0.1755 0.5953 0.6627 
4.4 0.1966 0.1724 0.5823 0.6453 
4.6 0.1919 0.1695 0.5701 0.6292 
4.8 0.1876 0.1667 0.5586 0.6142 
5.0 0.1835 0.1640 0.5478 0.6003 
5.2 0.1797 0.1614 0.5376 0.5872 


5.4 0.1762 0.1589 0.5279 0.5749 


continued 
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(continued) 

x e *Io(x) e *I(x) e*Ko(x) e* K(x) 
5.6 0.1728 0.1565 0.5188 0.5633 
5.8 0.1696 0.1542 0.5101 0.5525 
6.0 0.1666 0.1520 0.5019 0.5422 
6.4 0.1611 0.1479 0.4865 0.5232 
6.8 0.1561 0.1441 0.4724 0.5060 
7.2 0.1515 0.1405 0.4595 0.4905 
7.6 0.1473 0.1372 0.4476 0.4762 
8.0 0.1434 0.1341 0.4366 0.4631 
8.4 0.1398 0.1312 0.4264 0.4511 
8.8 0.1365 0.1285 0.4168 0.4399 
9.2 0.1334 0.1260 0.4079 0.4295 
9.6 0.1305 0.1235 0.3995 0.4198 
10.0 0.1278 0.1213 0.3916 0.4108 

D 


A.4 Gaussian Error Function [1] 


n erfn n erfn n erfn 


0.00 0.00000 0.36 0.38933 1.04 0.85865 
0.02 0.02256 0.38 0.40901 1.08 0.87333 
0.04 0.04511 0.40 0.42839 1.12 0.88679 
0.06 0.06762 0.44 0.46622 1.16 0.89910 
0.08 0.09008 0.48 0.50275 1.20 0.91031 
0.10 0.11246 0.52 0.53790 1.30 0.93401 
0.12 0.13476 0.56 0.57162 1.40 0.95228 
0.14 0.15695 0.60 0.60386 1.50 0.96611 
0.16 0.17901 0.64 0.63459 1.60 0.97635 
0.18 0.20094 0.68 0.66378 1.70 0.98379 
0.20 0.22270 0.72 0.69143 1.80 0.98909 
0.22 0.24430 0.76 0.71754 1.90 0.99279 
0.24 0.26570 0.80 0.74210 2.00 0.99532 
0.26 0.28690 0.84 0.76514 2.20 0.99814 
0.28 0.30788 0.88 0.78669 2.40 0.99931 
0.30 0.32863 0.92 0.80677 2.60 0.99976 
0.32 0.34913 0.96 0.82542 2.80 0.99992 
0.34 0.36936 1.00 0.84270 3.00 0.99998 
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The Gaussian error function is defined as 


n 
2 
erfyn = v [eau 


0 
The complementary error function is defined as 
erfen = 1 — erfn 


x 


Ve ~ 4at 
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A 


Ablation, 91 

at flat wall surface, 91 

problems, 89 

velocity, 91, 92, 93 
Absorption coefficient, 277 

gas transmissivity and, 282 

wavelength and, 279 
Absorptivity, 224, 225, 275. See also 

Emissivity 

brick wall, 231 

gas, 278, 286 
Adiabatic surface, 9, 10, 11 

at midplane, 19 
Algebraic method, 243, 253, 255 
Angle factor. See View factor 
Atmosphere gases, 231—232 


B 


Band emission, 276 

Band model, 270 

BC. See Boundary condition (BC) 

Beer's law, 278 

Bessel function solutions, 27 
characteristics, 30, 31 
heat generation problem, 28 
heat loss problem, 29 

Biot number, 72, 115 

Blackbody, 225 

Blackbody radiation, 225, 267 
fraction method, 228 
functions, 229-230 
gas emission, 280 
matrix linear equations, 267 
in spectral band, 228 
spectral blackbody emissive 

power, 226 

Stefan-Boltzmann law, 226 
surface radiation properties, 223 

Boundary condition (BC), 3, 9 
constant surface temperature, 74 


convective, 10, 23, 74 

flat plate heat conduction, 18, 19 

heat conduction equation, 6 

surface temperature, 9 

thin rectangular plate, 60 

2-D heat conduction, 12, 45, 46, 50, 51 
Boundary layer, 125 

approximations, 135 

concepts, 125-129 

conservation equations, 137 

functions, 145 

hydrodynamic, 125, 126 

integral approximate method, 153 

internal forced convection, 167 

laminar, 128 

natural convection, 186 

Reynolds analogy, 138 

similarity, 136-138 

thermal, 2, 126, 127, 129, 146, 173 

turbulent, 128, 195, 196 

velocity, 2 

velocity profile, 205, 206 

wall temperature profile, 211 


C 


Carbon dioxide 
band emission, 276 
gas radiation properties, 276 
radiation between hot gases and, 287 
Combustion 
furnaces, 285 
products, 275 
Conduction, 1. See also Heat conduction 
Bessel function solutions, 27 
through circular tubewalls, 15, 16 
critical radius of insulation, 17 
cylindrical rod heat, 20 
finite difference method, 119 
flat plate heat, 18, 19 
Fourier's conduction law, 1 
with heat generation, 18 
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Conduction (Continued) 
heat rate, 7 
multidimensional heat, 54 
1-D, 2, 22 
one-dimensional, 22 
through plane walls, 13, 14 
radiation effect, 26, 30 
thermal resistance, 14 
through thermal-electrical network 
analogy, 14 
2-D conduction equation, 45 
with uniform cross-sectional area, 21 
Conservation of energy, 130, 135, 
152, 199 
in differential control volume, 6, 7 
fully developed flow, 209 
general form, 6 
for incompressible flow, 136 
similarity, 146, 188 
steady-state constant properties, 134 
uniform wall temperature, 175 
unsteady state, 134 
Conservation of mass, 130, 131 
boundary layer, 150 
integral method, 151 
Reynolds time-averaged method, 197 
Conservation of momentum, 130, 
132, 133 
Continuity equation. See Conservation 
of mass 
Contour integration, 251-253 
Convection, 2 
advanced heat, 150, 179 
boundary condition, 23, 51 
boundary on surface nodes, 106 
external forced, 141 
heat convection equations, 130 
heat transfer, combined modes of, 4, 5 
heat transfer coefficient, 3 
internal forced, 167 
natural, 185 
Newton's cooling law, 2 
surface, 9, 11 
thermal resistance, 14 
type, 3 
Crossed-string method, 243-246 
Cryogenic thermal insulation, 289-290 
Cylindrical coordinate system, 8 
heat conduction equation, 8 
2-D heat conduction, 53-54 
Cylindrical medium, 20 
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D 


Differential element 
hemispheric radiation from, 223 
radiation exchange, 268 
Diffuse surface, 224 
blackbody, 225 
brick wall, 231 
Dimensional analysis. See Boundary 
layer—similarity 
Dissipation function, 130 
Double-area integration, 243, 250 


E 


Earth's atmosphere, 231 
Eddy diffusivity, 200, 201 
Electric network analogy, 259 
furnaces with reradiating surface, 262 
gas radiation problems, 285—289 
radiant heater panel problem, 263 
radiation between two-surface, 
259, 261 
radiation heat transfer 
applications, 259 
reradiating surfaces, 261 
Electric network analogy, 259-263 
Emissivity, 224. See also Surface 
radiation—properties 
average, 227, 230 
gas, 275, 277, 279 
of metal, 4 
monochromatic, 224 
surface, 4, 227 
Enclosure 
elemental surface for radiation, 280 
energy balance, 271 
of gray hot surface, 288 
radiation exchange, 257, 282 
Reciprocity rule, 240 
three-surface, 247, 265 
two-surface, 260 
view factor for N-surface, 240 
Energy 
integral equation, 152, 210 
storage, 7, 117 
Energy balance, 264 
at boundary nodes, 106 
in enclosure, 271 
finite-difference, 105, 114 
at interior nodes, 106, 117 
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radiation, 224, 225 
radiation flux and, 26, 72 
of small control volume, 22, 27 
Energy conservation, 6, 152 
in 3-D system, 8 
Energy equation. See Conservation of 
energy 
Energy exchange, 258 
Enthalpy /energy equation, 199—200 
Exchange factor, 270 
External forced convection, 141, 157-166. 
See also Internal forced 
convection; Natural convection 
integral method, 150 
similarity solution, 141-148 


F 
Fin 
conduction through, 21 
efficiency, 25-26, 30 
energy balance, 22 
heat transfer rate, 21, 24 
performance, 25 
temperature distribution, 22 
Finite heat flux, 9, 10 
Finite-difference energy balance method, 
105, 119 
energy balance equation number, 105 
explicit method, 114-116, 118 
implicit method, 117, 118 
transient heat conduction, 114, 117 
2-D heat conduction, 105-113 
uniform heat flux, 107 
Flow conditions, 3 
Fourier's conduction law, 1 
conduction heat rate evaluation, 7 
Fraction method, 228 
Freezing—Neumann solution, 87-89 


G 


Gas 
absorption in, 278 
absorptivity, 275, 282, 286 
combustion furnaces, 285 
elemental surface for radiation, 280 
emissivity, 275, 277, 279 
geometric mean beam length, 275, 

279-281 

hemispherical gas radiation, 277 
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matrix linear equations, 284—285 
net heat transfer rate, 287 
optically thick, 281 
optically thin, 281 
radiation between hot, 285, 286, 287 
radiation heat transfer, 282 
radiation properties, 275 
radiation transfer through, 275, 
289-292 
spectral radiation absorption, 277 
transmissivity, 282 
volumetric absorption, 277 
zone method, 288—289 
Gas radiation, 221 
geometry of, 279 
hemispherical, 277 
properties, 275-281 
Geometric mean beam length, 275, 
279, 281 
Grashof number, 185, 187 
Gray diffuse 
isothermal surface, 257—259, 282—283 
nonisothermal surfaces, 268-269 
Gray gas 
absorptivity and, 275, 278 
gray enclosure filled with, 288 
net heat transfer rate, 287 
surfaces with, 288 
temperature, 290 
total emissivity, 277, 287 
Gray gas, isothermal 
elemental surface for radiation, 280 
radiation exchange, 282—283 
Gray surface, 224. See also Diffuse surface 
emissive power, 226 
with gray gas, 288 
radiation exchange, 270 


H 


Heat conduction, nonhomogeneous, 56 
Heat conduction. See also Heat 
conduction equations 
ablation, 91-93 
cylindrical rod, 20 
finite-difference energy balance 
method, 105 
flat plate, 18, 19 
freezing and solidification problems, 
87-89 
melting and ablation problems, 89 
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Heat conduction (Continued) 
with moving boundaries, 86 
nonhomogeneous, 56 
numerical analysis, 105, 121-123 
1-D, 2, 13 
through solid medium, 6 
3-D, 54 
transient, 69, 117-121 
2-D, 12, 45 
Heat conduction equations, 1, 10, 12 
boundary conditions, 9 
conduction, 1 
convection, 2 
derivations of, 6 
Fourier’s conduction law, 1 
general heat conduction equations, 6 
heat transfer combined modes, 4 
initial conditions, 9 
Newton’s cooling law, 2 
1-D, 13, 18, 20, 79, 114 
radiation, 3 
simplified, 10 
Stefan-Boltzmann law, 4 
3-D, 54, 69 
3-D coordinate systems, 8 
2-D, 45, 108 
velocity and thermal boundary 
layer, 2 
volume element, 7 
Heat convection equations, 125, 131, 
139-140. See also Convection 
advanced heat convection, 150, 179 
boundary-layer approximations, 135 
boundary-layer concepts, 125-129 
energy conservation, 130 
general, 130 
mass conservation, 130 
Momentum conservation, 130 
2-D, 131-135 
Heat diffusion equation, 81 
Heat flux, 9, 14, 128, 290. See also Heat 
transfer rate 
boundary condition, 84 
to cooling fluid, 19, 21 
determination, 264, 189 
energy balance, 105 
finite, 9, 10 
finite difference method, 107, 112 
Fourier’s conduction law, 1 
net, 290 
nondimensional, 291 


Index 


as nonhomogenous boundary 
condition, 58 
profiles, 129, 291 
Reynolds number, 129 
surface, 11, 49, 83, 84, 116, 128, 173, 
179, 257, 263, 267 
total, 5 
transient temperature, 91 
2-D heat conduction with, 50 
uniform, 107, 172, 176 
variable separation, 49 
wall, 131 
Heat resistance. See Thermal—resistance 
Heat transfer 
combined modes, 4 
between two surfaces, 5 
Heat transfer coefficient, 2, 3, 128. See 
Nusselt number 
Heat transfer rate. See also Heat flux; 
Newton's law of cooling 
convection, 14, 16, 289 
determination, 5, 16, 282, 284 
through fin, 24, 26, 30 
gases to enclosure, 285 
increasing, 21 
net, 282, 287 
wall, 13, 15 
Hemispheric radiation, 221, 222, 223 
Hemispherical furnace, 285, 293 
Hydrodynamic boundary layer, 125, 126, 
127. See also Thermal boundary 
layer 
for flow entering circular tube, 167 
integral approximate method, 
153-157 
Reynolds number, 125, 126 
shear stress, 126 
thickness, 125, 129, 150 
Hydrodynamic fully developed 
flow, 167 


I 


Infrared (IR), 221, 222 

Initial conditions, 9, 10 

Insulation 
BCs in surface nodes, 107 
conductivity of, 18 
critical radius of, 17 
cryogenic thermal, 289 
perfect, 261 


Index 


Integral method, 85, 151, 156, 191. See 
also Similarity solution 
energy conservation, 152 
integral approximate solution, 190 
integral equation, 150-152 
laminar flow and heat transfer, 150 
laminar natural convection, 190-193 
mass conservation, 150 
melting and ablation problems, 89 
1-D transient problem, 69, 86 
outline, 153-157 
for semiinfinite solid material, 85-86 
Integral model, 270 
Internal forced convection, 167, 175-179, 
180-184. See also External forced 
convection; Natural convection 
entrance length, 168 
flow in circular tube, 173 
force balance, 172 
friction factor, 171-172 
fully developed flow and heat 
transfer, 169 
shear stress distribution, 168 
uniform wall heat flux, 172-175 
velocity and temperature profiles, 
167-169 
IR. See Infrared (IR) 
Irradiation, 224 
from black coal bed, 231 
energy balance, 225, 257, 258, 282 
in isothermal gray gas, 280 
Isothermal surface, 239. See also 
Nonisothermal surface 
radiation exchange 
radiation exchange, 239, 240, 257-267, 
270 


L 


Laminar flow and heat transfer 

fully developed, 169-179 

integral method, 150-157 

similarity solution, 141-148 
Laminar natural convection, 190-193 
Laplace transform method, 81-84 

heat equation, 114 

1-D transient problem, 69 

for semiinfinite solid material, 81-84 
Laplace's equation, 51 
Latent heat, 87, 90 
Low thermal conductivity material, 92 
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Lumped capacitance method, 70 
Biot number, 72 
energy balance equation, 73 
radiation effect, 72-73 
0-D transient problem, 69 


M 


Mass conservation, 130, 131, 197 
incompressible flow, 132 
Mass conservation, 150 

Matrix linear equations, 263-267, 
284—285 


Melting 
ablation, 91 
heat conduction with moving 
boundaries, 86 
integral technique, 89-91 
latent heat of, 87, 90 
slow, 90 
Momentum conservation, 130, 132, 133 
Momentum equation, 176. See also 
Conservation of momentum; 
Natural convection 
integral equation, 150-152 
natural convection, 186 
RANS, 198 
similarity, 143, 188 
2-D heat convection equations, 131 
x-direction, 134, 141 
y-directions, 136, 199, 200 
Monochromatic 
directional radiation intensity, 221 
emissivity, 224 
hemispherical emissive power, 222 
Multidimensional transient heat 
conduction, 76 
with heat generation, 77 
in slab, 75 


N 


Natural convection, 185, 193-194. See 
also External forced convection; 
Internal forced convection 

boundary layer, 186 
buoyancy-driven, 185 

heat transfer coefficient, 3 
integral method, 190-193 
numerical results, 189 
similarity solution, 185-190 
vertical wall, 185 

vs. forced convection, 3 
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Newton's law of cooling, 2, 21 


Nongray gas 

net heat transfer, 286-287 

radiation exchange, 288 

Nonisothermal surface radiation 

exchange, 268—269 

Nusselt number, 129, 213. See also 
Prandtl number; Reynolds 
analogy; Reynolds number 

calculation, 138 

determination, 180, 181, 182, 184, 189 

local Nusselt number distribution, 
158, 159, 160, 161, 162, 164, 165 

surface, 183 

uniformwall heat flux, 172 

uniformwall temperature, 175 


(0) 


1-D. See One-dimension (1-D) 
One-dimension (1-D), 1, 6, 103 

conservation in, 7 

energy balance, 116 

heat conduction, 2, 10, 13, 76, 78, 83, 

84, 85 

heat flux, 291 

with heat sink, 11 

with heat source, 11 

hollow cylinder during, 123 

transient conduction, 70, 78, 181 

transient heat, 81 

transient heat equation, 79 

variable separation, 73 
One-dimension (1-D) steady-state heat 


conduction, 1, 13, 31-37, 38-43. 


See also One-dimension (1-D) 
transient heat conduction 
cylindrical medium, 20 
fin application, 11 
through fins, 21, 27 
without heat generation, 15 
with heat generation, 18 
heater application, 11 
through plane walls, 13 
problem, 1 
radiation effect, 30 
One-dimension (1-D) transient heat 
conduction, 74, 79, 96, 97 
and characteristic length, 70 
convection BC, 77, 85 


Nongray diffuse isothermal surfaces, 270 


Index 


finite difference energy balance 
method, 114, 116 

heat diffusion equation, 81 

without heat generation, 69 

with heat generation, 76-78, 114 

integral method, 85-86 

Laplace transform method, 81-84 

semiinfinite solid material, 78, 86 

similarity method, 78-81 

in slab, 73-74 

solution, 81 

surface heat flux boundary 
condition, 84 

surface temperature boundary 
condition, 83 


P 


Planck emissive power, 225 
Plane angle, 223 
Prandtl mixing length theory, 205 
Prandtl number, 129, 185. See also 
Nusselt number; Reynolds 
analogy; Reynolds number 
of air, 41 
calculation, 138 
effect on law of wall, 208 
entrance length to tube diameter 
ratio, 169 
heat transfer coefficient 
determination, 165 
molecular, 200 
turbulent, 200, 201, 203 
unity, 150, 208 
Pumping power, 171 
heat transfer coefficient, 21 


R 


Radiant heater panel model, 263 
Radiation exchange, nonisothermal 
surface, 268-269 
Radiation heat transfer, 3, 221, 233-237, 
272-274, 282, 288, 293-296 
absorptivity determination, 231 
blackbody, 225 
between coal bed and brick wall, 227 
effect, 26, 30 
electric furnace applications, 257 
electric network analogy, 259-263, 285 
emissive power, 221-223 
between enclosures, 260, 285, 287 


Index 


energy balance, 225, 271-272 
exchange factor, 270 
flux, 26, 72 
gas, 221, 275-281, 289 
between gas and enclosure, 285—289 
hemispheric, 222 
matrix linear equations, 263-267 
net, 286 
network representation, 260 
between nonisothermal surfaces, 268 
nonparticipating medium, 257, 
272-274 
solar and atmospheric, 231 
spectral, 222 
Stefan-Boltzmann law, 4 
surface, 4, 221, 223-231, 240, 257-259, 
264, 268-269, 270 
between surfaces, 258, 261, 269, 
270,271 
three-surface enclosure, 264—267 
transport equation, 290-292 
Radiation intensity, thermal, 221 
blackbody, 225 
distance, 277 
Radiosity, 239, 273, 274, 290. See also 
Differential element 
energy exchange, 258 
gray diffuse isothermal surface, 257 
linear equations, 263, 264, 267 
at surface, 290 
uniform, 281, 282 
unknown radiosity matrix, 264 
RANS equation. See Reynolds-averaged 
Navier-Stokes equation (RANS 
equation) 
Rayleigh number, 185. See also Prandtl 
number 
Reciprocity rule, 240, 270 
Reflectivity, 224 
from emissivity, 225 
hemispherical, 237 
Reradiating surfaces, 261 
Reynolds analogy, 138-139 
for turbulent flow, 203-205 
Reynolds flux, 200 
Reynolds number, 125, 126, 129. See also 
Grashof number; Nusselt 
number; Prandtl number 
average friction factor determination, 
138 
for fluid flow in circular tube, 169 
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friction factor and pressure drop 
vs., 172 
function of, 126 
pressure drop, 171, 172 
thinner boundary layer, 167 
Reynolds time-averaged method, 197 
Reynolds-averaged Navier-Stokes 
equation (RANS equation), 
195-197 
continuity equation, 197-198 
eddy concept, 200-203 
enthalpy /energy equation, 199-200 
force balance in circular tube, 202 
momentum equation, 198-199 
Reynolds analogy, 203-205 
Reynolds flux, 200 
2-D turbulent boundary layer 
flow, 203 


S 


Semiinfinite solid material, 78 
integral method, 85-86 
Laplace transform method, 81-84 
1-D transient heat conduction, 78 
similarity method, 78-81 
Shape factor. See View factor 
Shear stress, 126, 163 
distribution, 168 
laminar-type, 200 
profile, 127 
Reynolds number, 148, 167 
turbulence, 195 
wall, 131, 145, 205 
Similarity functions, 143, 187 
Similarity method, 78-81, 187, 162 
freezing and solidification problems, 
87-89 
heat conduction, 86 
laminar flow and heat transfer, 
141-149 
1-D transient problem, 69 
for semiinfinite solid material, 78-81 
velocity and temperature profile 
determination, 205 
Similarity solution, 141, 148-150 
boundary conditions, 144, 147 
continuity equation, 141 
energy equation, 146 
flat plate laminar boundary layer 
functions, 145 
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Similarity solution (Continued) 
laminar natural convection, 185-190 
momentum equation, 186-187 
numerical integration, 144—145 
similarity function, 146 
similarity momentum equation, 143 
stream lines, 142 
temperature profile, 148 
velocity and temperature profiles, 

188-189 
velocity profile, 146 

Similarity variable, 79, 142, 143, 187 

Single black enclosure 
net radiation heat transfer, 286 
radiation between hot gases 

and, 287 

Single-surface enclosure, 281 
radiation between hot gases and, 286 

Solar collector, 232, 233, 236, 237 
solar radiation, 231 

Solar flux, 231 
in Earth's atmosphere, 231 
house with skylight, 233 
radiation gain, 72 

Solar radiation, 231—233 
absorption, 232 
maximum emission, 227 
spectral blackbody emissive 

power, 226 

Solar spectra, 232 

Solid angle, 223 
unit, 221, 239 

Spectral blackbody emissive power, 226 

Spectral radiation, 222 
absorption, 277 

Spherical coordinate system, 8, 64 

St. See Stantan number (St) 

Stantan number (St), 139, 215 

Steady-state, 10-11 
ablation velocity, 91, 92 
constant properties, 134 
constant-property flow, 133-134 
cylindrical medium, 20 
heat conduction, 1, 12, 13, 15, 18, 27, 

45, 105 
solid material, 121 

Stefan-Boltzmann law, 4, 226 

Superposition, 46-47, 54 
multidimensional heat conduction, 

54, 75 
for nonhomogeneous BCs, 52 


Index 


3-D heat conduction, 54, 56 
2-D heat conduction, 53-54 
Surface radiation, 221. See also Thermal 
radiation 
blackbody radiation, 225 
diffuse surface, 224 
emissive power, 223, 224 
flux, 221, 222 
gray surface, 224 
hemispherical emissivity, 224 
monochromatic emissivity, 224 
properties, 223-231, 239, 257 
radiation transport equation, 291 
spectral blackbody emissive 
power, 226 
Wien's displacement law, 227 
Surface temperature boundary 
condition, 83 


T 


Temperature, nondimensional, 291 
Thermal 
conductivity, 8 
energy generation, 7 
resistance, 14 
Thermal boundary layer, 126, 129, 146, 
168. See also Hydrodynamic 
boundary layer 
over flat plate, 126, 127 
for flow entering circular tube, 167 
heat flux, 128, 129 
heat transfer coefficient, 128, 129 
integral method, 153 
over solid surface, 130, 131 
thickness, 128, 139, 140, 157, 158 
uniformwall heat flux, 172, 173 
Thermal radiation, 221 
for blackbody, 234 
in hemispheric radiation, 222 
intensity and emissive power, 221 
Thermally fully developed flow, 
167, 174 
3-D. See Three-dimension (3-D) 
Three-dimension (3-D), 1 
Three-dimension (3-D) heat conduction, 
8. See also Transient heat 
conduction 
in cylindrical coordinates, 53-54 
equation, 8 
finite difference method, 113 


Index 


multidimensional heat conduction, 75 
problem, 54 
spherical coordinate system, 8 
steady-state, 54 
unsteady, 69 
Three-surface enclosure, 264—267 
Total hemispherical emissivity, 224, 235 
Transient heat conduction, 69, 93-104 
engineering application problems, 86 
Fourier's conduction law, 1 
lumped capacitance method, 70-73 
with moving boundaries, 86-93 
multidimensional, 75—76, 77 
1-D, 76-86, 91, 114-117, 118 
3-D, 12, 76 
2-D, 117-121 
variable separation method, 73-78 
Transmissivity, 224, 225, 278. See also 
Absorptivity; Beer's law; 
Reflectivity 
gas, 282 
Transport equation, 290-292 
Turbulent diffusivity. See Eddy 
diffusivity 
Turbulent flow heat transfer, 172, 195, 
208-219 
in circular tube, 209 
energy equation, 209 
energy integral equation, 210-211 
final heat transfer coefficient, 213, 215 
law of wall, 205 
method, 196 
Nusselt number, 213 
Prandtl mixing length theory, 205 
RANS equation, 195-197 
Stantan number, 215 
velocity and temperature profile, 196 
Turbulent mixing, 126, 128, 195 
2-D. See Two-dimension (2-D) 
Two-dimension (2-D), 1 
boundary-layer equations, 3, 185-186 
boundary-layer flow, 2, 203, 207 
conduction equation, 45 
energy conservation, 134 
heat convection equations, 131-135 
mass conservation, 131 
momentum conservation, 132 
temperature distribution, 49 
Two-dimension (2-D) steady-state heat 
conduction, 45, 56-63, 64-68 
boundary conditions, 46 
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equations, 45 

finite-difference energy balance 
method, 105, 106 

finite-differential format, 108 

with heat generation, 108 

nonhomogeneous BCs superposition, 
52,54 

problem, 56 

temperature distribution, 49, 50, 51 

variable separation, 45, 49 

Two-dimension (2-D) transient heat 

conduction, 117-121. See also 
Finite-difference energy 
balance method 

finite difference, 118, 119 

multidimensional heat conduction, 75 


U 
Uniform heat flux, 107 


V 


Variable separation method, 45, 49 
boundary conditions, 45-46, 50 
Laplace's equation, 51 
multidimensional transient 
conduction problems, 75 

1-D transient conduction problems, 
73-74, 76-78 

solution, 69 

superposition, 46-47 

surface convection BC, 51 

surface heat flux BC, 49 

temperature BC, 45 

2-D temperature distribution, 49 

View factor, 239-243, 256 
algebraic method, 253, 255 
applications, 255 
calculation, 263, 274 
between circular tubes, 246 
contour integration, 251—253 
crossed-string method, 243-246 
between differential areas, 241 
between disks, 242 
double-area integration, 250 
evaluation, 243 
geometrical resistance, 259 
N-surface enclosure, 240 
between plates, 245 
radiation heat transfer determination, 

257, 273 
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View factor (Continued) 
Reciprocity rule, 240 
resistance due to, 283 
between surfaces, 251, 253, 

286, 288 
3-D geometries, 254 
2-D geometries, 246-250 


WwW 


Wall, law of, 205 
temperature profile, 211, 213 
velocity profile, 208 
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Water vapor 
band emission, 276 
energy emission and absorption, 275 
gas radiation properties, 276 
heat transfer rate, 287 
radiation between hot gases and, 287 
Wien's displacement law, 227 


Z 


0-D. See Zero-dimension (0-D) 
Zero-dimension (0-D), 69 
Zone method, 288—289 


